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On power series in the differentiation operator

by ,
THOMAS K. BOEHKME (Santa Barbara, Calif.)

Absteact. Lot s be the differentiation operator in the Mikusifiski operational
caleulus and lot (apla == 0,1, 2,...) be a sequence of complex numbers an infinite

00
number of which are nom-zero. It is shown that the infinite series § = 3 a,s™ is

n=0
convergent in the field of operators if and only if the Denjoy-Carleman class 07{1/|an[}
is not quasi-analytic. In particularif My, = 1, My > 0, a,ud Mn is a log convex sequence

(M} < My_y M, for cach n = 1 2,8,...), then § = Z —J—M—— is convergent in the
n=0 Mpn

field of operators if and only if 2 M| My < oo,

Using & reasonable notion oLl suppon it is shown that if § = 2 ap 8™ is con-
e
vexgont in the field of operators then § has support equal to {0).
1. Introduction. We shall give necessary and sufficient conditions
for convergence in the field of Mikusiski operators of power series in
the differentiation operator s,

00
8 =2’ans” ay, i8 a complex number for » =0,1,2,...

Our terminology and notation for Mikusitiski operators shall be as
in Mikusingki’s book [4].

In §2 the classes Oy {M,} of Carleman and Mandelbrojt are discussed.
We stato the important theorems (Theorems 2.4 and 2.6) of Carleman [2]
and Mandelbrojt [3] who charvacterized in different manners the quasi-
-analytic classes Oy {M,} in terms of the sequences (M,). We show some
of the properties of these classes in § 2. A rather special property is proved
in Qorollary 2.8 which. is needed in the proot of the important Corollary 8.6.

In §3 il is shown (our principal theorem) that § is convergent in
the field of operators ift and only it the class 0r{1/|a,|} is not quasi-analytie.
Application of the theorems of Carleman and Mandelbrojt then yield
critevia in terms of the coefficients «, which are necessary and sufficient
for § to be convergent (Corollaries 3.3, 3.4). It iz shown that if § is
a convergoent series then (using the terminology of [1]) the support of 8 is
the single point zero.
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o0
§ 4 proves a uniqueness theorem. Namely,if § = 3 a,s" is convergent
nz0

in the field of operators then § = 0 implies a, = 0 for every s.

2.Quasi-analytic classes. Let (M, [n = 0, 1, 2, ...) be a sequence of posi-
tive real numbers. By O;{M,} we mean the clags of all intinitely differen-
tiable functions ¢ such that there are constants f, > 0 and B, depending
on ¢ and

(1) Max |p™ ()| < foB," M, each n =0,1,2,...
@el

We shall allow M, to be infinite so long as infinitely many M, ure tinite.

We always suppose

(2) My=1, 0<M, < ooforeachn=0,1,2,..., M,< cc
for infinitely many n.

DzriNrrioN 2.1. A sequence (M,,) is said to be logarithmically convew i
M, < M, , M,,, foreach n=0,1,2,...

Lmva 2.2. Cr{M,}is & vecior space under pointwise addition of Sfune-
tions. Let J be am interval, a and b real numbers, such that meJ implios
az+-bel. Then for ¢ in Or{M,} we have p(w) = @(aw --b)e Oy {M,}. If
(M) ds a logarithmic comvex sequence then C{M,} is an algebra under
pointwise multiplication of functions.

Proof. That C;{M,} is a vector gpace and has the stated property
under affine transformations follows from (1). If moreover (M,) is loga-
rithmically convex and M, = 1 then

MM, <My M, =M, 0<k<n.
Thus if ¢ and o are in C;{M,} then '

n
\1 .
@ De@y@I< b, D) (;2) BB MM, o< BBy (Bt B,
Jew=0)

for each # = 0,1,2,..., and the lemma follows from (3).
Dermnmron 2.3. 0;{M,} is said to be quasi-analytic if gpe Op{M,},
@ge I, and
@™ (@) =0 for each n =0,1,2,...
implies ¢(x) = 0 on I.

We are particularly interested in those Cr{M,} which are not quasi-
-analytic.
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If (M) is logarithmically convex there is a simple characterization
die to Mandelbrojt of the guasi-analytic classes in terms of the sequence
(M,). In the genoral ease, where the M, are not necessarily logarithmically
convex, nocessary and sufficient condifions in order that Cr{M,} be
quasi-analytic woere first given by Oarleman [27].

TumoruM 2.4 (CARLEMAN). Let

fo = (M) for each m = 0,1,2, ...
and
ty = Ming, o for each n = 0,1,2, ...
Jeos0 '

Them Cp{My} is mot quasi-analylio if and only if

S
1 1L
> e w00,
dd

T

When the sequence (,) is not log convex it is still possible to asso-
ciate with (I1,) o log convex sequence (M,°). This process is deseribed
in detail by Mandolbrojt [3]. He cally the sequence (M,°) the comvew
regularized sequence of (M) vegularized by means of logarithms.

DeErINirioN 2.5, Let (My|n = 0,1,2,...) satisfy (2) and suppose
that

(4) 1) et 2 00

Let U be the convex hull in B of the set {(n,log M,): » =0,1,2,...}.
A

W A Z
.

7

Mg, 1

The boundary of {7 consists of the union of {(0, a,): @, > 0} with a convex
polygonal eurve [ The soquence (M,°|n = 0,1, 2, ...) is uniquely defined
by the condition

(mylog M,%el"  for each o == 0,1,2,..
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Some of the most important properties of the sequence (M, °) are
P,: (M0 n =0,1,2,...) is a log convex sequence.
P,: I M, is log convex to begin with, then M,° = M, for each
=0,1,2,...
P;: I (M,) and (H,) are two sequences such that M, < M, for such
»=0,1,2,... then M,°< M,° for each n.
P, M,S< M, for each n = 0,1,2,...
In Theorem XII of ([3], p. 78)
following:

TeEOREM 2.6 (MANDELBROJT). Suppose I is a compact interval and
that (M) satisfies (2). In order that Oy{M,} not be quasi-analytic it is neces-
sary that (4) holds. If (4) holds then Cr{M,} is not guasi-amalytic if and

only if

Mandelbrojt proves the

o

(5) Z JJI'{”O < oo,

n=0 w1

In particular we get the following corollaries.

CoroLLARY 2.7. If (M,) is a logarithmically convew sequemoce then
Or{M,} is mot quasi-analytic of and only if

0
- M,
- < 00,

6
) .

n=0

Proof. If (M,) is logarithmically convex and (6) holds then (4)
necessarily holds. Thus for a logarithmically convex sequence (5) alone
(and thus (8) alone) is necessary and sufficient in order that Cr{M,} not
be quasi-analytic. ‘

CoROLLARY 2.8. Supposs O{M,} is not quasi-omalytio. Then there
ewists alogarithmically donvew sequence M, such Op{8,% < O1{M,}, O {M,%
s not quasi-analytic, and for every B> 0

™ ' B

< o0

na=0 "

Proof. Let g, = MMy, for each n =1,2,... Since O {I,}

is not quasi-analytic 2 on< oo and since (M%) is logarithmically
N=0

icm
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convex, @q}0. Pick two sequences of integers () and (m,) such
that )
Ty < My K Mgy

2 on < 10

L2 My

for each ¢ =0,1,2,...,
for each ¢ =0,1,2,...

and
Omy S Qn,f2 for each ¢ =0,1,2,..,

We will define o new sequence (g,) by

o = 2%,  when m;<n <y,
and
o = 2"y, When m<n < m,.
Then.
@) 0
and
o0 .
(Y - 7~ Y - - O/ 2\
(9) Zen:@ e,wl«‘Z(Zen)é Qn+Z(E)< oo,
el n g 120 n@ng n<ny 10

Let (M7,%) be given by

L
- J=1
Mno = [ ” ej] .
Jost
Since
me .
W%zgn-l~1 for n =0,1,2,...
fe
(M) s logarithmically convex in view of (8), and 0, {M,°%} is not quasi-
analytie in view of (9).

Moreover, for each i let 0; = [T (8n/e,) and C; = 0,;2"™. Then
nen;

M. o
28 0, ] [(ofe) < 02 PM < D2 or >
M" Iy

Since M.,°< M, we have

ﬂ"a Mﬂo

W, S Is S ;279 when # >
n ]

A

which proves (7).
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CoROLLARY 2.9. Suppose Cr{M,} is not quasi-analytic. If I' = T =[a, b]
there is @ mowirivial, nonnegative function peCyr{M,} with support in I'.

Proof. By Corollary 2.8 0;{M,} = C;{M,"} where (I,°) is loga-
rithmically convex and C;{J,°} is also not quasi-analytic. Let y be a non-
trivial funetion in C;{M,°} such that ™ (@,) =0 for all » = 0,1,2,...
Now p does not vanish identically on at least one of the two intervaly
[a %01, [0, b]. Suppose v is nontrivial on [,, b] and that @, is the largoest
value of # such that y vanishes identically on [w,, @], Lot p* (@) = p(w)
for we[w;, b] and p*(z) =0 on [a,2,]. If b—ax, > &> 0 then

0(w) = y* (@) p(— (2 — @) + @, +¢)

has support on. [@,, #, + &], is nontrivial, and since (M,") is logarithmically
convex (3) shows that 6e 0, {H,°}. Taking & sufficiently small and letting
@ be a translate of 6 yields a function which satisties the requirements
of the corollary.

3. The convergence of power series in s. Because of the property of
Or{M,} under affine transformations (Lemma 2.2) if I is a compact
interval and Cr{M,} is not quasi-analytic then O {M,} is not quasi-
analytic for any compact interval I’. Thus all compact intervals are
equivalent with regard to whether a sequence (M,) defines a quasi-ana-
Iytic class on I. The convergence of the power series

o0
8= das", n=01,..
n=0

can be characterized in terms of the quasi-analyticity of Cr{1/layl}.

TuworeM 3.1. 8 is convergent in M if and only if Or{1/la,|} 45 not
quast-analytic.

Proof. If 8 is convergent there is an infinitely differentiable function ¢
in % such that

(10) D) ™

N
is almost uniformly convergent. Let I be a compact interval which containg
the. support number of g. Since (10) is uniformly convergent on I the
“terms a,p™ are uniformly bounded on I and thus for some Bp>0

Ma}xlqa(")(t)l S Bollanl, m=0,1,2,...
which proves that C;{1/a,l} is not quasi-analytic.

Conversely, if 0;{1/|a,|} is not quagi-analytic then (Corollary 2.9)
there is a nontrivial function pe O07{1/la,)} with support in the interior
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of I. Tf B, is a constant such that (1) holds and (@) = ¢(w/2B,) for »/2B,

SUD [, 5 (@)] = SuD a,p" (0)/(2,)"| < B, /2"

o0
for each n = 0,1,2,.... Thus 3 o™ iy uniformly convergent on R

and § is convergent in 4, "0

OonornAny 3.2. Lot M, = 1/|la,|. A nocessary condition that S be
convergent in M ds that (4) holds. If (4) holds o noogssary amd sufficient
condition that 8 ba convergont is that

o

)1 My,

P e 90
) kL

Proof. Theorem 3.1 and Theorem 2.6.
TFor logarithmically convex sequences thiz criterion of convergence
is particularly simplo.
OororrAwy 3.3. Suppose (M,) is such that M,2 < My M, for each
n o= 0,1, 2,... Then
©
= N2
M

T

18 convergent in A if and only if

oM

ot Mgy

From Oarleman’s Theorem we have another characterization.
JOROLLARY 3.4, Let
1

vy, == Max [2.1.0]
N0
Then 8 4n convergent 4f and only 4f

o
}J Wy, T O,
el
Tho following definition is from [L].
DREINITON 8,5, An. operator ee 4 has support equal to a si.ng.le
point {wy} if for encl 6= 0 and each &> 0 there is a ¢ with support in

o0
(—e&, 6) and o y with support in (w,— 8, @, 8), ¢(2) = 0:_{0 pdy =1, and
Ap ==y,
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CoROLLARY 3.6. If § is convergent then suppS = {0}.

Proof. If § is convergent O)_; ;{1/|a,|} is not quasi-analytic. Let H,°
be as in Corollary 2.8. By COorollary 2.9, for any &> 0, & > 0, O, {#,%}
contains a nontrivial positive function with support in ( — &, &) and by (7)

(11) Bp = D' a,g™

Ne=
is uniformly eonvergent and from (11) we see supp Sp < [ — &, 8,]. Taking
gy < Min[e, 6] completes the proof.
4. The uniqueness theorem. We shall prove the following theorerm.
ToEOREM 4.1. If

is convergent in M and 8 =0 then a, =0 for n =0,1,2,...
Proof. Let p< %™ be a convergence factor for §. Let Aqe (0, 1) and
define f(, )

(12) fl@, %) = 2.0 A" @)

N=0

If T> 0 then Dirichlet’s test for wuniform convergence shows that (12)
is uniformly convergent on D where

D= o<T)x{ 0<A< hy 0< 4o < 1}

In particular for each Ae [0, 1] the series (12) is almost uniformly con-
vergent. Let ¢,(x) = p(iz) when 0 < A< 4,. For each such 1

-] © N
D) %k g™ (0) = 3 aup (@) =lim (3 a,8")
ne=0 M) N—roo 020

is almost uniformly convergent amd by the uniqueness of sequential
limibs in # the right hand side of this equation must be zero. Thus the
left hand side is also zero and (12) is zero for every ie (0, 1) and every .

For each fixed @, f(z,, A) is analytic on Al < 1 and since it vanighes
identically we have

an(p(n) (wo) =0

for every » = 0,1,2,... and every @,. Since no ¢ vanishes identically
a, =0form =0,1,2,...

icm
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