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Bochner’s theorem, states, and the Fourier transforms of measures
by
G. LUMER* (Orsay and Seattle)

Abstract., We consider the linear functionals on a complex Banach algebra 4
(with approximate identity), which admit a “Bochner type” representation on the
Gelfand (maximal ideal) space, and characterize them in terms of norms invariant
with respect to certain groups of transformations of 4. Classical and abstract Bochner
theorems (on positive-definitness) are then easily derived. Also follows a charac-
terization of the Fourier transforms of complex measures in terms of translation-inva-
riant norms.

Let @ be a locally compact abelian group, and denote (a determi-
nation of) the Haar measure on G by “do”. The well-known Bochner
theorem on positive definite functions asserts that pe LI°(Q) = L®(dw)
is positive definite if and only if it is the Fourier transform of a finite
positive measure. '

Here we give a new proof of this theorem, as well as new abstract
and L' (@) results related to the characterization of the Fourier transforms
of measures of finite total variation.

Our approach uses simple ideas and techniques, which are at the
same time of rather general nature. The point of view differs from the
usual one in that, rather than Hilbert-space related (using inner-products,
iterated Schwarz inequalities, or relating to spectral theory), it is connect-
ed with states in general Banach algebras and the approximation of
spectra by numerical ranges (see {1], [3], and Section 17 below).

The paper is self-contained. Let us recall that if 4 is a unital Banach
algebra, i.e. one with a unit element 1 of norm 1 (we shall always use the
same symbol for the unit element and the number 1) and if 4* is its dual
as a Banach space, then gpe A* is called a (normalized) state if {p|| = (1)
= 1. We call a norm on a Banach algebra A4 “compatible” (with A) if
it is a Banach algebra norm for A equivalent to the original one (and
makes 4 unital if it was originally unital). Bochner’s theorem will easily

* This research was supported in part by National Science Foundation grant
227217, Part of the material in this paper was presented recently — November 1971 —
in the second of two talks given by the anthor at the Séminaire d’Analyse Harmonique,
Université Paris-Sud (Orsay).
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be derived (see Corollaries 2 and 3 below) from the next theorem. Below,
by “a transformation of 4" we shall simply mean “a mapping of 4 into 47,

1.

THEOREM. Let A be a complex commulative unital Banach algebro
amd let I" be a finite group of norm-preserving transformations of A, salisfying
yab = yayb, for ye I, a,be A. Then, a linear functional ¢ on A dis of the
form
(1) @(r) = f ddu  for Voed,

A (A)
where M (A) is the Gelfand space of A, & the Gelfand transform of @, and p
a probability measure on M (A), if and only if ¢ s a stale with respect 1o

every Iimvariant compatible morm on A (to say that || || és imvarient
means of course [yx|| = ||, for yeI', ze A).

Proof. Suppose we 4, |sp(x)| = spectral radius of # iy < 1. We
shall show that there is a Iinvariant compatible norm ||| [|{| on A4 such

that [||o||| < 1. (We denote the original norm by | |)). Let # be the number
of elements in I. We renorm 4 as a Banach space by defining Vy <4,

@)yl = sup{l(y2"1 0% ...y @)yl py,m, -
jl’ jl’ e

..., are hounded say by K,
< Iyl < E™|lyll. Next we sot

o vned}

» Jn integers == 0}.
Since |sp(»)] <1, the [2] for j =0,1,2,
and gince the y are morm-pregerving, |yl

Vyed, |lylll = %up l—'{% (thus ||| ||| is the operator norm of 2z —yz
on A renormed as m (2)). Clearly ||| }|| is compatible with A. If yye T,
ye A, then -

20920 o patPmpgy | = I (07 L pyateyy)]

5 )yl
. Thus Vyel', ye A,

= (y5 eyt p®s
and hence from (2) we see that |y,y| = [y’

ity el Iy~ {(yw) 2l lyv=2el
myym = Sup ’ = iU - 7 == §U - oo 14 .
] B S e s Rl
Hence ||| ||| is I“invariant. Finally, to check that |||#||| < 1, notice that

gmce any collection {y;, yy,...,y,} contains n distinet elements only
if one of them is the identity, it is cleay 1711&1: in any case, Vee A, (y, 0/ pya'

<+ Puts’n) g is again of the form (ylm V2 o y;mjn)z with the '
zmd the j' integers > 0, go that ezl < [lell’ and therefore |||@]|] < 1.
Now, if ¢ is a stabe for every I'—andrI‘la:Ilt compatible norm on 4,
and «, ||| ]|}, are as above, then [rp(w) [llz]|| < 1. This shows that VJeA
lo(¥) < Isp(y)] = sup-noxm of § on #(4). It follows that (@) = ¢(y)

in I'

icm°

Bochner’s theorem, stales, and the Fourier transforms of measures 137

is well-defined and (via Hahn-Banach) we see that ¢(%) f Gau, p

a measure of total variation || < 1. Since qo(l) =1= !|,u[!, ,u nmst be
a probability measure; therefore (1) holds and one half of the theorem
is proved; the other half is immediate. QED. ‘

As a consequence we derive the known Bochner—-Weil-Raikov theo-
rem for *-algebras (see [2], p. 261; our terminology in the corollary below
ig that of [2]).

2.

CoROLLARY. Let A denole a complew commutative Banach algebra with
an isometric (or merely continuous) imvolution © — o, satisfying (a%)"
= (&), Then the linear functional p on A is positive and extendable (onto A
extended by adjoining o unit element) if and only if 4t is of the form

(1) plo)= [ ddg,
SH(A)
where p 18 a finite positive measure on M (4). (V)

Proof. We assume the involution is isometric (if it is merely conti-
nuous, the simple renorming |[lz||| = sup {|=, llz*|} will bring us back
to the isometric case), and we shall apply theorem 1 taking I' to be the
group of two elements generated by y, yo = 2* Vae A. Merely the “only
if” part of the statement needs proof, and in that case we can assume A
to be unital; then all we must show is that “¢ positive, p(L) = 1” implies
“p iy a state with respect to any *-invariant compatible norm on A”.
Let 8 = {ue d: u = u*}, then for any compatible norm {|| ||| it is simple
and routine to see that |p(u)| < |||u]|| for ue § (elements in § with positive
spectra have square roots in 8). Now Vwed, © = u+1v, u,ve S, and if
i1l 11l is compatible and *-invariant, ||lu}]] < ||jz]|], so that |[Reg(z)| = |p(u)|
< |llell]. Thus Voed, |p®) = Rep(e®s)| < ||le?2]l] = ||lz]]] (for some
¢® complex, || =1). QED.

3.

COROLLARY (BOCHNER’S THEOREM FOR LOCALLY COMPACT ABELIAN

GROUPR). A funmction pe L™ (G) is positive definite if and only if it is the
Fourier transform of a finite positive measure.

(*) In 26 I one actually assumes A semi-simple and self-adjoint, which we do
not assume here since it is stronger than what we need and makes the result less
useful. It should also be noticed that the Sechwarz inequality for positive functionals
lp(y* o) 2 < o*y) @ (5% 2), or lp@)|? < ke (@) for positive extendable ones (% a con-
stant), is never needed here not even at the start to see that a positive continuous
@ is extendable in the I () context (the existenco of an approximate identity permits
to verify this by an easy direct computation), nor in the abstract context where one
can sgimply define “extendable” by “admitting a positive extension to the algebra
with a unit element added”.
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Proof. It is standard that this follows with little offort from Coro-
llary 2 by considering the positive functional g, on 4 = L*(¢f) associated
to p vin ¢, (f) = [fpdr Vie A. (See [2], p. 141).

G

4. Comments. In what precedes the basic issue is that one can con-
struct an appropriate I“invariant remorming, with respect to a group I'
of norm-preserving transformations of A relevant to the situation at
hand. In the above context I was a finite group akin to involution. One
may want to consider invariant renormings with respect to other groups
or families of transformations of 4. Certainly in the I(@) context, there
is another group of isometric transformations of different nature than

the above group I': the one coming from “translation”. The simultaneous -

action of both types of groups is taken wup in the next theorem, in the
abstract context. The latter applied to the L™ (G) context yields a charac-
terization of the Fourier transforms of (complex) measuves of finite total
variation related to translation-invariant norms on L*(&).

5.

THEOREM. Let A denote a compler commutative Banach algebra with
an approvimate identity (we mean o bounded net {e} such that Vuwed
lwe, — || tends 10 0). Suppose that 4 is a family of norm-preserving tramsfor-
mations of A, and I' o finite group of morm-preserving lransformations
of 4, connected with the multiplication im A in the following way: Vu, ye 4
and yel, ded,

YaY = yuyy,

" dwy = ady.
Then a Umear functional @ on A admits the representalion
() [ @,

()

where v is a (complew) measure of finite total variation |v|| < ¢, if and only
if @ 18 bounded with norm < ¢ with respect lo every simultancously 1" and
A-invariant compatible norm on A.

Proof. As in Theorem 1 the main point is to show that for any a’e A
with [sp(#)| < 1, we can find a I" and d-invariant compatible norm on 4,
I 1, for which j||#]] < 1. Now, for sueh an 2, we shall congtrnet a /in-
variant norm with ||l#{|| < 1 in essentially the same way as in the proot
of Theorem 1 (a slight modification being needed because of the lack
of a unit element), and under our assumptions this norm will also be
d-invariant. Again we renorm in two steps as follows. For y < A, we define
(letting 7 be the number of elements in I)

p(a) =

y
(3) gl = Emp.{”(?’l"”jl')’2“972 a Vnm/"')?/”: Ills ves veyoves yne 1
Juyday ooy Jy integers > 0}.
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Defined in this way || ||’ is again an equivalent Banach space norm on A4,
and [igl]] = sup 1221

=20 2]l
existence of the approximate identity at this point to see that || || and ||| [}]
are equivalent). As before we see that ||| ||| is [-invariant and satisfies
x|l <1. Now for any de 4,

defines a compatible norm on A (we use the

Iy a@h 02 ...y @i syl = ||8((71071p20% ... poain)y)|
= [y 2,2 ... paim)yll,

and |8y = {lyl, hence from (3) we have |dy| = |yl' for yed, ded.
Therefore :

l(8y) =l oyl lly=l’
dyll] = su = = JU - .
oyl = sup =22 = sup-— 1o = sup— e = iyl
So ||| ||| is I" and A-invariant. Now if ¢ is bounded in the way described

in the statement of the present theorem, then it follows from what we
have just established that VzeA,

o (@)] < ¢18p (@) = 61l ]leos,

| llo = sup-norm on .#(A). Thus (using first Flahn-Banach to extend @,
@ (%) = @(x)) it follows that (1”) holds with » a complex measure on £ (4)
of total variation < e.

The converse part of the theorem is obvious. QED.

For any he L°(G), let us denote by ¢, the functional on L*(&) defined
by @ (f) = [fhde. We consider L(), as usual, a Banach algebra under

@

convolution. Below, “translation-invariant” has the obvious meaning
in the L*(G) context, “involution-invariant” refers to the usual involution
F=f5 (@ =f(-0.

6.

COROLLARY. The function he L™ (@) is the Fourier transform of a (com-
plex) measure of finite total variation <e, if and only if ¢, s bounded
with norm < ¢ with respect to every tramslation-invariant compatible norm
on LM@Y, or equivalently, with respect to every simultancously tramslation
and involution-invariant compatible norm on L*(G).

Proof. Apply Theorem 5 with 4 = {4,: ge G} where §, is defined
by (8,f) (t) = f(t+¢) for any te @, and I' iy the group of two elements
generated by y where yf = f* Ve I{@).

7. Comments. In [3] spectral states (called there topological states)
were . considered, and it was observed that the integral representation
which these states admit has the form one knows by Bochner’s theorem
to hold for continuous positive functionals of norm 1 on L*(G). This left
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oper and suggested naturally the compelling question of whether the
classical Bochner theorem (and perhaps some generalized form of it} could
be indeed recovered —proved —from a nwmerical range/states approach,
This meant one should try to obtain some result(s) easily applicable given
the hypothesis of the classical Bochner theorem and asserting that (under
the appropriate conditions) a given linear functional is a spectral state.
Theorem 1 above does exactly that, while in Theorem. 5 one does not
insisb on having states nor a unit element since one has in mind the
Fourier transforms of complex measures (and of course one also congiders
in the latter theorem different transformations of 4 than in Theorem 1).
Finally, notice that while in our applications the transformations of 4
were linear or conjugate linear, no such thing is needed nor was assumed
in the theorems given above in the abstract conbext, (Theorems 1 and 5)
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Un critdre de compt'?éité
dans les espaces vectoriels topologiques

par
PHILIPPE TURPIN* (Osay, France)

Sommaire. Dans log ogpaces vectoriels topologiques les plus usuels, notamment
L’espace des fonctions mosurables sur (0, 1) muni de la topologie de la convergence
en mesure, un ensomble borné B ost précompact si et seulement §'il existe pour tous
voisinage U de 0 un gous-espace vectoriel L de dimension finie fiel que B < L+ U.

1. Soit B un espace vectoriel topologique, réel ou complexe. Une
partie B de B est dite mince quand pour tout voisinage U de 0 dans
il existe un sous-espace vectoriel L de I/ de dimension finie tel que
Bc L+ U.

Par exemple tout précompact de E est mince.

On rappelle que B = J est dit borné quand tout voisinage de 0 ab-
sorbe B (¢’est & dive contient wB pour quelque u > 0).

Tout borné mince d*un espace localement convexe, ou ([6]), plus
généralement, d’un espace localement pseudo-convexe (c’est & dire dont
tout voisinage de 0 contient un voisinage U de 0 qui absorbe U+ T)
est précompact. 8. Rolewicz pose le probléme de savoir si, dans un espace
vectoriel topologique quelconque, tout borné mince est précompact.
([6], p- 165). ,

On donne ici, sans résoudre ce probléme, quelques classes d’espaces
vectoriels topologiques cdont tout borné mince est précompact et on
obtient notamment le résultat suivant,

Tuiorime L. Dans Vespace L°(0,1) de toutes los (classes de)
fonctions mesurables aw sens de Lebesgus sur Dimtervalle (0,1) muni
de U topologie de la convergence on mesure, lowt borné mince st relativement
COMPaCs,

On démontre en fail (Propositions 3 et 4), plus généralement, le
Théordme 2 ci-dessous. ‘

Soit 7 une mesure positive sur une tribu de parties d'un ensemble 7.
Soit ¢(w, t) une fonction numérique de @ 3> 0, te ', p(x, ) étant m-mesu-

* Co travail était presenté pendant la “Conference sur los espaces de fonctions
et espaces modulaires”, Poznai, 1-5, Octobre, 1971,
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