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On generalized eigenfunctions of operators in a Hilbert space

by
KAZIMIERZ NAPIORKOWSKI (Warszawa)

Abstract. A triplet ¢ < H < ¢' is constructed for a given commutative O*-
algebra of bounded operators in tho Hilbert space H, It is shown that the generalized
eigonfunctions exist itf the corresponding eigenvalue belongs to the spectrum of the
algebra, Some sufficient conditions of this kind are found in the ease of an arbitrary
triplet,

Let H be a separable Hilbert space and 4 a bounded selfadjoint operator
in H. It is well-known that, in general, A does not possess a complete
gystem of eigenvoctors in H. Generalizations of the notion of eigenvector
have been congidered by many authors and can be found in books [1]—[4].
One of the ways is to take a locally convex gpace @ and a continuous
linear injection ¢ < H () such that & is dense in H. The scalar product
in H defines then an antilinear injection H < @. If 4 (P) = ¢ and the
regtriction of .4 to @ is continuous ag a mapping @ — D then one can consid-
er the eigenvalues- and eigenfunction problem for the operator 4': &' — &,
i. e. to find e C* and e;¢ @ such that 4'e, = Ae;. The functionals e, are
called generalized (stromy) eigenvectors.

The authors mentioned above found wvarious sufficient conditions
for the space P to obtain a “large enough” collection of generalized eigen-
vectors 1. e. for almost every AeSp(4) there exists a generalized eigen-
vector corresponding to A.

It camn happen that this collection is “too large”, i. e. it contains also
eigenvectors ¢, for A ¢ 8p(A4). We consider the problem of finding a space @
for which the collection of generalized eigenvectors is “large enough”
but not “too large”. Beeause we do not use direct integral decompositions
of I, all the conditions are fulfilled for every A, not only for almost
every A '

Lot o De a commutative (™-algebra with unit, elements of which
are bounded linear operators in H. Since each commutative (*-algebra
possesses & fundamental vector, we can, by using the Zorn’s lemma, obtain
an ordered family of vectors (b, <) Satistying the following conditions:

() Weo identity @ and its image in H.
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a) hie (U ohy)5 0l =1,
Jj<i
b) k,; is a fundamental vector for o/ |(J Ut‘,(hi)_l_,
J<
¢) (U #h)* = {0}, T has a minimal element 1.
il

The separability of H implies that I must be countable. It can bo
easily seen [4, 5] that I can be chosen either finite or the set of natural
numbers.

‘We define

Dy = oAby,
”fp,‘”i: = inf {”.A.“: @ = .Ah,;, .AEM}.

Let @ Dbe the algebraic direct sum @ @;. The norm in & is defined by
qel

Ipllas = (3 lpa2)™.

el

Since P; = (@) for ¢ 5 j, we may consider & as a subspace of H.
From the definition of [ip,l; we get lgill> oz and [l > lplly. This
means that the injection @ = H is continuous and ¢) implies that & iy
dense in H. From the construction of @ it follows that 4.(®) « & for every
A e o and that the restriction of 4 is continuous as a mapping @ into .

Let Sp(s¢) denote the set of all continuous linear multiplicative
functionals on .

TaEOREM 1. Let of, @ be as above. Then

1° 2e Bp( ) if and only if there ewists e;e O such that for each A.e o
Aley = A(A)es,

2° Let H, = {6,¢ O': A'6, = A(A)e, for each A< o). H, is a lineor
closed subspace of P, The norm on H, induced from &' is a Hilbert space
norm. Let H; be the closed subspace of I spanned by &, and let H, be the
set {e,e Hy: (D)) = 0 for j 5= 4} Hyy s o one-dimensional subspace of .
Let ¢, be such an element of Hy that { Ty, ey == L Then the mapping
@i —> @i (+) defined by ¢,(A) = Loy, 6> cam be uniquely emlended 1o o unitary
operator mapping Hy owto I*(Sp (), py) where uy is the speciral measure
generated by hy. Besides H = (P H,.

del

Proof. It follows from the construction of & that @' can be repre-

sented as the space of sequences (fi)i, Where fie ®; and 3 [f;l} < co.
ial

This way we can consider &; as subspaces of @',
From b) it follows that &, is a separating vector for o, hence the
mapping A — Ak, defines an isometry J: o -> @,. Let now Ae Sp(sf).

ion°
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The functional ¢, == AoJ™' iy an element of @, and.can be considered
ag an element of &', Let ¢ == Ak, and Be o Then

(By, ey == (BARy, 0 == A(BA) = A(B)A(A) = A(B) {Ahy, e;) = L(B) g, €:) -
This means e, = A(B)e;.

To prove the reverse we remark that a common generalized eigen-
vector ¢, defines o functional A by the equation A’e, = A(A)e;. The
functional A is automatically linear and multiplicative. e, = 3 ¢y, where

il

epe P Wo take such i that (b, e,> # 0. Then

[<Ahyy ey = A(A)] [y 0] < 1A Bllo lleillor S 1Al lesllor

Wo seo that 14(A) < Al lleule (| <y ead)™", hence 4 is continuous.
The proof of 1° iy complete. S

99 'We show first that dim Hj; = L. Xf it is not, we can pick two linearly
independent genoralized eigenvectors e; and 6. We can normalize them
50 that <hy, 6> == (hyy by == 1. (I e g iy, 65> =0 then (Ahy, ey
= A(A) Chy, e =0 and ey == 0.) Then we get <hy;, ¢, —é;» = 0, whence
6y = 6. To see that H, is a Hilbert subspace of @' we compute the norm
of e

el == #up <oy e35] = sup | ) 0y )
Jil] lplls=1 *%eT :

s U 2 10;] flepell = (2; Wz)w'
1.

gl 57
Thus H, is isometric with %, where J is a subset of I. :

For the proof of the rest of the theorem it is enough o remark that
overy Ade o |, defines a function A—-A(4) = {4k, ¢,y which maps
Sp (o Iy, continuously into the set of complex numbers. ﬂ.fhe mapping
from. o |, into the space ¥ (Sp(« lrr) 18 just the Gelfand isomorphism.
The divect integral decomposition of H is obtained by repeating the
method of [3]. ‘ . '

TumormM 2. Let of be a commutative C*-algebra of bounded operaiors
in o Hilbert space 11 Lot ® < I be a locally convex space dense and c‘:ontiaz-
wously embedded in 1. Let & bo invariant for of and let the 1'oswictwns‘ of
dlements of o be continuous as mappings from @ tnto . If the mapping
Jrom of inte L(®', ') defined by A A s weakly continuous then the
generalisod cigenfunciions cxist only for e Sp().

Proof. Lot e, bo o generalized eigenvector. Then for pe @ and de o

dp, Al ey = A(A) <py &1 -
When. |4 || -+ 0 then. from. our assumption the left-hand side tends to zero,
and if ¢ iy chosen such that {p, ¢;» 5 0 we can conclude that A(4)—0
i.e AeSp ()
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THEOREM 3. Let H, o and D be as in Theorem 2. Let pe G possess the
property that sty is dense in D. If the mapping Ap — A is continuous as
a mapping of a subset of D into of then for each Le Sp () there ewists a genera-
lized eigenvector e, corresponding to A

Proof. The mapping J satisfying J (4de) = 4 is well defined because
@ is a separating vector for 7. For a given A« Sp () we define é, = AoJ. é,
is continuous as a composition of two continuous mappings, hence it
can be (uniquely) extended onto the whole space @. We denote the exten-

sion by e;. It is to prove that 4’6, = A(A)e, for A e o. We take an element.

of @ of the form By and compute:

(Bp, A'e;y = (ABy, &) = (ABp, & = AJ(4Bp)) = A(4AB)
"= A(4)-A(B) = A(4) {Bg, &) = (Bp, i(4)e;>.

Since we have assumed that the set of vectors By, Bes is dense in @,
the equality (v, 4'¢;> = {y, A(4)e,> holds for every ye &.
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chr’ die Existenz von Schanderbasen in Sebolev-Besov—Riumen.
Tsomorphiebeziehimgen

von

HANS TRIEBLL (Jena)

Zusammenfagsung. In dor Arheit wird die Struktur der Sobolev-Slobodecldj-
Riume W3, dor Lebesgue-Rilwmo HY und der Besov-Réumo Be ¢ untersucht: Isomor-

phie zn by, (), Typ((0, 1)), Txistons von Schauderbagen, Skaleneigenschaften.

1. Binleitang. Mit R, wird der n-dimensionale reelle euklidische
Raum bezeichnet. 2 ist ein beschranktes Gebiet, Q R, der Klagge C*®,
Die Rdume L, (IR,), LT,((O, 1)) und I, haben die iibliche Bedeutung,
1<p< oo In der Arbeit werden die Lebesgue-Réaume Hy(R,), Hy(R),
Hy,(2), die Sobolev-Slobodeekij-Réume Wy (B,), W5(D), 'W;;(Q) und die
Besov-Riume Bj, ,(R,), Bl ,(Q) untersucht; 0<s< 005 0 <t< oo; .
L<p<oo; 1 ¢« oo, Siimiliche Riume sind komplex. Die genaue
Detinition. erfolgt im zweiten Abschnitt. Das Ziel der Arbeit ist der
Nachweis der Hxistenz von Schauderbasen in den genannten Réumen,
sowie der Beweis von Isomorphiebesiehungen.

Um die Resultato besser formulieren zu konnen, fithren wir den Be-
griff der Skale von Bamachriumen ein (Lifteigenschaft). Es sei — oo < M 4
< My << 0o, {By} Myacnt, Sel eine Menge von Banachriumen,

By, < By, e My <A < M,

(= bozeichnet stets oine stotige Hinbettung). (B} mercn, Deift Skala,
falls ey eino Monge linearer Operatoren {Ao}o-s:;mMg- w, gibt mit:

(w) A, 86 aul B g Uoliniert und vermittelt eine isomorphe Abbil-
dung von By, wul gang By,

(h) Int .A‘g‘) dio Binschrinkung von 4, auf Bagrorns #3205 M+
;0w Mgy 8o vermittolt ,/15,"’ eino isomorphe Abbildung von B Mot
aul ganz By .

‘ (¢) Ag’;mg;wo "‘"g:)‘lw 5 (00 0ot e € My— M),
(B ist nomreichend, die letzte Rigenschatt fiiv » = 0 zu fordern).

Das Hanptziol der Avbeit ist der Beweis des folgenden Satzes.

Sarz, (a) Hs sed N >0 und 1 <p<co worgegeben. Damm sind
(G (B} ocgone umd {115 ()}gcpy  Shalen. Simitliche Riume H3(R,),
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