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On perturbations of deviations
of periodic differential-difference equations
in Banach spaces

by
8. ROLEWICZ (Warszawa)

Abstract. Lot X be a Banach space and ¥ be a linear subset of X equipped
with such a topology that it is a Banach space.
We consider a differential difference equation

m
(00 R 2B+ 3 Ailtyw—h) = y @)
=0 .
where b = (hg, ..., bpy) is a system of reals.

In the paper it is shown that if equation (1) hag a unigue w-periodic solution,
then an equation which we get from equation (1) replacing & by h’ also has a uni-
que w-periodic solution provided that b’ differs from I little enough. Moreover, it is
proved that the solution depends on h in a countinuous way.

Let X be a Banach space and let ¥ be a linear subset of X (not neces-
sarily closed) equipped with a norm not weaker than the norm in the
space X. Let us assume that ¥ with this new norm is a Banach space.

Let A,(f), % = 0,1, ..., m, be continuous linear operators mapping ¥
into X. We assume that all 4,(f) are continuous in the norm topology
and are periodic with a period o (briefly w-periodic) with respect fo the
real parameter t. )

Tet 0X (vespectively CX) denote the space of all continuous w-periodic
functions «(t) of the real argument  with values in the space X (respect-
iwely Y).

Tet us consider a differential-difference equation

n
(1) (Ara) () L o' )+ Y dia(t—h) =y ()
=0
where % = (figy +.., hy) it @ system of real numbers.

Let us look for a solution #¢0F of the equation (1).

When all %, ..., hy, are commensurable with «, there is a simple
method of reducing this problem to the problem of solving a certain system
of differential equations in the space 0%. Tt is done by the method of
algebraic operators (see [2] and [3]).
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When h; are not all commensurable with o, the solutions can be
found by approximations on the basis of a perturbation theorem for
finite-dimensional systems (proved in [3] Ch. V, §3).

The aim of this note is to show the perturbation theorem. for the
infinite-dimensional case. '

TrsoreM 1. Let the equation (1) have & unique solution afeCy for
each y<OF . Then there is an & > 0 such that the equation

) A¥ (@) =y,
where B = (hyy ..., by), has @ unique solution al,eOF provided that
hy—hil <e<Le & =0,1,...,m.

Moreover, if & — 0, then @, = af] in the space O .

Proof. To begin with we shall replace the equations (1) and (1)
by equivalent integral equations. For this purpose we shall introduce
an operator R defined on the space CF and 0 by means of the formula

2

t w
(Rav) (8) .—.nf w(s)ds—*(—(; +1)0f ©(s)ds.

Tt is easy to verify (see [1]p. 317, [3] Ch. V § 3) that R 'is an isomorphism
mapping OF (respectively OF) onto the space 0! (respectively 0%')
of the continuous differentiable w-periodic functions with values in the
space X (respectively Y) with the standard norm

Mz () = sup Cle@)-+ s’ @I,
<i<o

where || || denotes the norm in X (respectively in Y),

Applying the operator R to the equations (1) and (1') we get the
equivalent integral equations )

(2) Thm = R?/p
(2’) TTL'w =Ry7
‘where

(Tho) (1) = (BAZ)(®)

. m i @
— a(t)—(0)+ Z[f Ay(s)a(s—hy)ds — (7‘0- +1)0f A;(s)w(s——h@)ds],

1=0 0

Let us observe that for each kh the operator T, is a continuous lin-
ear operator mapping OF' onto CX'. The assumption of the umigue-
ness of the solution of the equation (1) implies the uniqueness of a solu-
tion of the equation (2). In other words, the operator T4 is an isomorphic
mapping of C¥* onto OF.
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‘We shall show that T, depends on k in a continuous way in the norm
topology. Indeed, we may assume 0 <#<Cw. Then

m i ’
®  WTe-T ol = | 3| [4olole—h)—ate—nas—

=0

w

—(i+1) f As) falo— ) — (s —Klas
]

<f e [o(s—h) —a(s —h)1ds] +

1i=0
+2 \U Ay (8)[w(s — ;) — w(s—hy) dsn) .
[]
Let us now estimate the first integral

“) ‘Ut Ay(s)als—hi)ds — ftAf(sm(sw;)dsll
h;;—h.; : '

= U Ay()ols—h)ds+ [ Ay(s)a(s—h)ds—
0 h,;:—h
()

— [ A@wes—hyds—
0 .

f A;(s)m(s—h})ds”
t (B —hy)

hi—h; ¢
<|f adrds| ol p+| [ Adsas] ol +

0 ¢ e (g—hy) ‘ “

(2

t
| J e — A= R 1] - lolge-
hg=hy °
The continuity of 4,(s) in the norm topology implies that the right
side of the inequality (4) tends to 0 when h; — h;.

Let us observe that similar estimations hold for the second integral.
Then, by the inequality (3), T depends on 7 in a continuous way in the
norm topology.

Thus by the perturbation theorem for bounded operators (see for
instance [4] Ch. O III) there is an &> 0 such that for all »' satisfying
the inequalities

M—h <e<s (E=0,1,...,m)

the operator T, is also an isomorphic mapping CI* onto 0%, This means
that the equation (2’) has a unique solution a¥,c0%1 for each yeOF™
Moreover, the solution af tends to the solution af of the equation (2)
in the norm of the space 0%
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Since equations (2) and (2’) are equivalent to the equations (1) and
(1), the equation (1') has a unique solution 2% 0¥ and, moreover, o,
tends to the solution of the equation (1) # in the norm of the space (7,

Exavpre. Let us consider the equations

, P m & Py
4 —u(x, E E t) — =
( ) at ( ) )+ L “1,7(5”’ ) awf w 11 y(w: t)
and. )
6 m k 6,
4" —u(w,t . 1) —— =
) ulo, Hig‘,g“’”(w’ ) = VD

defined for —oo <#< +o0 and a <@ < b, where the functions e, ;(»,?)
are continuous and w-periodic with respect to ¢ If for each continuous
function y(x,?) w-periodic with respect to ¢ such that

(8) y(a,1) =y(b,1) =0

there is a unique solution u} of the equation (4) such that u¥(z,?) is -
periodic with respect to ¢ and, moreover,
(8" uj(a,t) =uj(d,t) =0,
then there is an &> 0 such that the equation (4') has a umique solution
ul: (,1) w-periodic with respect to ¢ and satisfying the boundary condi-
tion. (5) provided i

y—hil < e<<e (1 =0,1,...,m).
Moreover, u, tends uniformly with the derivatives of the order1, 2,...,%
with respect to # when & — 0.

We ggt the above result putting instead of ¥ the space of continu-
ous functions »(z,?), w-periodic with respect to f, k-time differentiable
with respe.ct to » and satisfying the boundary condition (5).

For differential-difference equations of higher orders we get in a simi-
lar way -

THEOREM 2. Let us consider a differential-difference equation

: kE m
(6) D D A2 (t—h) =y ()
J=0 i=0

with the inittal conditions

(7) w(j)(o) = &y, j=0;17"‘7k’“2
(where, as wsual, we write xV () =£w) Wi
, g7 - e assume that A, () are

?onti%uous linear operators mapping Y into X, continuous with respect o t
in the morm topology and w-periodic with respect to t.
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Lot us comsider simultameously the differential-difference equaiion

E m
6" D) 345,08 6—hg) = y(2)
=0 i=0
with the initial condition (7).
If there is a unique w-periodic solution x; for all initial values (&, - .., Tys)
and all functions yeC=, then there is an &> O such that for

h—hil <e<e G=0,1,...,m,

there i3 o unique o-periodic solution oy of the equation (6) with the initial
conditions (7). Moreover, &y, — %, in the space Q’f when ¢ — 0.

Proof: In the same way as in the proof of Theorem 1 we apply to
both sides of equations (6) and (6') the operator E.

The right sides of the resulting equations together with the initial
conditions (7) can be interpreted as a continuous linear operator T}, (re-
spectively T;) mapping the space X X X x ... x X x 07! into the space 0.

n—1 time
By the same caleulations as in the proof of Theorem 1 we conclude
that | Ty — Tyl — 0 provided % — h. Further the proofis the same as the
proof of Theorem 1.
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