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Some Mazur—Orlicz—Brudno like theorems

by
J. TZIMBALARIO (Tel Aviv)

Abstract. In this paper the Mazur—Orlicz-Brudno consistency Theorem is
extended to certain BIC-spaces. These spaces, named W-hump spaces, generalize
the Solid spaces and Hump spaces. Examples of spaces possessing the TV-hump prop-
erty, but none of the Hump property and the Solid property arve given. Results
which relate cores and diameters of cores of matrix transforms, are also obtained.

1. Introduction. This paper is concerned with properties of limit-

-points assigned to a sequence by “regular” matrices. We obtain these

properties by using a method due to G. M. Petersen 19]. In Section 3
we define the “W-hump” property of BK spaces and we show that this
property generalizes the “Hump” property [6]and the “Solid” property [4].

Examples of BK spaces possessing the W-hump property, but none
of the Hump property and the Solid property, are given. Also we study
(u*, B) spaces defined by A. Jakimovski and A. Livne in [5]. In § 4 we
obtain o necessary and sufficient condition for the existence of the ine-
quality

oo
(1.1) lim 1 Zankwk| <6
>0 k=0
when A = (a,;) i8 a given generalized “regular” matrix [4], ¢ > 0 a given
real constant and z a sequence belonging to a (u*, B) space. By using
this inequality, we generalise the well known Manur—Orlicz—Brudno’s
theorem to W-hump spaces. This result is known only for Solid spaces
(see [4]). Theorems ave obtained, which relate cores [3] and diameters
of cores of matrix transforms of sequences belonging to a given. (u*, I)
space by different genceralized “regular” matrices.
§ 2. Terminology, notations and assumptions. We denote by I a closed
subspace of co-dimension one, of a given BE space (D, |- ). If we denote
e=(1,1,1,..), @& =(1,0,0,...), ¢ =(0,1,0,...),
and
g o= {e% e, ..., ot ={e e .,

then we assume that ¢ and ¢t ave Schauder bases for # and D respectively.
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For a given BK space I, the space (¥, B) is defined as the space
of all infinite sequences ¥ satisfying:

gl = 1) = sup sup | 3 3 o] < o0

@.1)
n20 Jxlp<l ' =0

(see A. Jakimovski omd A. Livoe [B]); similarly the space (x*, H) and
IIe are defined by u* = (4" B) = (2*(1 ).
It is obvious that

< 1l 2]

n
(2:2) su-pl}jm{ lolalyls,  sup| 3 v

=0

for we B, ye A* and zep*.

Tt B = ¢,, then A* =1, and u* = m.

Tor an infinite matrix A = (&, 1)y rme 20d an infinite sequence
© = {&}imo Of complex numbers denote Az = {(AB)nfnze; (A2)n =
i’ %y, Where by the existence of Az we mean the convergence of this

1ast geries for each n = 0.

DerFINITION. The matrix A is called conservative with respect to
Dif D <o, and is called regular with respect to D if it is conservative
with respect to D, lim,e = 1 and lim o = 0 for each v F.

By Theorem 5.1 of [3] we have:

THREOREM 2.1. A matriv A = (Gpp)mnso 98 regular with respect to D if
and only if the following conditions are satisfied:

(@) imye’ =0 for =0,
(i) d(4e), (m=0) and limye =1,

(iif) sup [{tmn}usoll i = M < oo

In 1;112 sequel we assume that D < u*.

§ 3. The W-hump property.

DeriNTrioN. The matrix A
following conditions are satisfied:

= (Gpp)npmo 18 & block matrim if the

(i) There exist two sequences of positive integers A(n) and u(n)
such that for every n = 0:

3.1) A(n) < w(n), A(n+1) = u(n) and A(n) 4 oo

(i) @p; = 0 for k> u(n) and &k < A(n) (v = 0).
(i) sup 2 [, i — G ega] = M < 0.
n=0 =

icm
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It is clear that |a,,| < M/2 for n, k> 0.

We denote by m‘"’ the sequence {@,;Ttpmo-

DErFiNITioN. A BK space F with ¢ < F, has the W- hump property
if for each sequence ze¢ F and for each block matrix W, there exists a ge-
quence of indices #; } oo such that:

(3.2) ST 2 || < Ol 7.
mp|| Z o < Owlals
DrErINTTION. If & = {#}ys,, 8€b () = {@g, @4, vovy g, 0, ..}

‘We need some lemmas:

LeMwA 3.1. Let B be a BEK space and ¢ be & Schauder basis for B.
Then:
(8.3) = {z[sup||,(x)ly = M (2)

20

Proof. T weut, [ ()], <

< oo},

@], < o0, and by Lemma 5.4 of [5]

we have
L(@)ls < Ih(wc)l!m < ll2] s
Conversely:
If [;(2)lz < M () < oo, by the same Lemma 5.4 [5],
le(@) e < ()2 < M (2) < 00

and by the definition of the norm in u*, zeu. M

DrriNizIoN. A BK space H is Solid (with constant O >
# B and each real sequence 6 = (6,, 6, ...)
<Clzlg (see [4]).

If E is Solid, then for each {y}zsoc m and {@p}imo¢ (u*, E), we obtain
{@itimoc (u*, B) and:

(8.4) 1{% Y sl w5 < Crlol e, E)*
If B is Solid, then (u*, B) is Solid (see [4]).

THREOREM 3.1. Suppose I is Solid and that ¢ is ¢ Schauder basis for I.
Then (u*, B) is W-hump.

Proof. Let we (u*, B) and W = (a;) & block matrix. Define a se-
quence {B;};5, in the following way: f; = a;; if there is an ¢ such that
@y # 0 (there is at most one such £), and f; = 0 otherwise. The sequence
{Bs}j=0 is bounded, hence {82}y, belongs to (x*, ), and then:

y 2,

1) if for each
" )
116 F im0 € B and || {w;, 310]‘}7;;0”5'

sup J

»=0

< Oplofp < oo

when 4 = g,z.6". W
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DEFINITION. A BK space I has the Hump property with a hump
constant ¢, 0 < € < oo, if, from each sequence {&"} 50 of elements z"¢ I,
leMz<1, of the form & = (0;...; 05084155 ¥ms 05 ...) ‘Wwhere
Alm) < p(n) and hm/l(w + oo, 1L 1s possible to extract an 1nf1n1te

subsequence {mnk}hso such that /l(n,aH) > u(ng) (k= 0) and:

(3.5) sup H "

mz=0

<.

It is trivial to see that if B is hump, then (u*, B) is hump (see [6]).
Lrzvma 3.2, Let B be a BEK space with ¢ & Schauder basis in it. If
@e (u* B) and 0 = {Oy}rmo€ bv, (the space of all bounded variation sequences
which tend to zero), then T = {0;Fx}ymec B and ||E| g < Kplo| 40
Proof. Set:

(3.6) w®=(0505..50; 0,25 ...5 0,25 05...).

7
= max sup \ Zﬂk(yﬂk)

m<l<n W<’ g
o — Orep1) (ZJIJO}) -|~01(2J1w) -

= max sup {! Z

m<i<n Wi*<t ™ =5

(8.6') el un,m)

m~1
~ 03 )
=0
-1
< ) 181 = Bl ol + 0B 161 [0l e+ B ]
k=m

-1
= I@lue { ) 15— psl + max (6,4 16,]).
e m<l<n
Since e bv,, the sequence {,(%)}ns, is a Cauchy sequence in (u*, B). By
Lemma 5.4 from [5], this sequence is also a Cauchy sequence in ¥ and
since by the same Lemma, B is a closed subspace in (u*, &), Fe J. Taking

CEHEONUSSIN
TumoREM 3.2. Suppose B has the Hump property, and thatpis a Schaw-

der-basis for B, then (u*, B) has the W-hump property.

Proof. Let xe(u* H) and W a block matrix. By Lemma 3. 2, and
by Lemma 5.4 of [5]:

m =0 in (3.6), we obtain &, <

(n)
25 < ”_””Ol w* < Olaf p* < oo,
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By the Hump property, we can find a sequence {n};, such that:

sup , [ 2 )

=0

<

» »
Since || 3 a"®||,n z < || 3 2|z, B has the W-hump property. m
k=0 =0

TurROREM 3.3. Assume that for a BE space B with ¢ a Schauder basis
for E, (u*, E) has the W-hump property. If W is a block matriz, ve (u*, B)
and a"("k’ 18 the sequence given by the W-hump property, then the sequence
7= 2 ) belongs to (u*, B).

k=0

Proof. Let we (u*, B), then by the assumptions we have

s 3o < o

p=0

»
@< || Z &« < sup|| ) ™]|,. < co by Lemma 3.1 and by Lemma
PO k=0

5.4 of [5] we(,u*, E). A
Now we give one example of a W-hump space which is not Solid and
not Hump. We need two more lemmas.

LevmvaA 3.3. Let By, B, be two BE spaces with ¢ a Schauder basis in
each space. Then:
(8.7) (w* By 0 By) = (p*, By) 0 (p*, By).

Proof. Let |#lg,z,
Te (,LL*, El n Ez)

= [#z, + 2]z, be the norm of E; nH,. Let
‘By Lemma 3.1

@z i = li(@ e, +:(@)lz, < M () < co.

Then Ht(w)”El M (@), (= ”EZ
e (p*, ;) and @e (,u*, ).

Wwe (u* By) N (p*, By)
< co, and then:

< M(z), and by the same Lemma 3.1

» then [, (@)z, < My(2) < oo, (@)l 5, < My(w)

le@Nzynm, = l@e, + @), < My (2)+Ma(e) < co.
By Lemma 3.1, ze(u*, B, N1E,). M

Lemma 3.4. Suppose the assumptions of Lemma 3.3 are satisfied, and
that B, is o Solid space and B, a Hump space. Then (u*, B, N B,) has the

W-hump property.
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Proof. Let ze (u*, By NE,) and W a block matrix. By Lemma 3.2,
1= » < K ||@ll«. By the Hump property of H,, there is a sequence {n;}
such that:

sup | S]], < .

Hence, by Theorem, 3.3 % = Z o™ Dbelongs to (u*, B,), where

T = {05 @p}pmo With o <1 (B> J).oBy virtue of by the Solid property of
By, Te (u* By), and so by Lemma 3.3 Ze (u*, Iy N H,).

THEOREM 3.4. There ewists a BE space B such that (u*, H) has the
W-hump property and not the Solid and Hump property.

Proof. Let:

(3.8) { ‘ V

< oo} B, = ofgy-

Denote B = By N E,. It is easy to see that ¢ is a Schauder basis for H,
and E,. Then by Lemma 3.3

(u* By O By) = (p*, Ty) N (u* By).
F, is Solid, and by Lemma 3.1, (u*, B,) = F,. By the same lemma, (u*, E,)

= Mg, While it was proved in [8] that #, and (u*, By) have the Hump
property. Now the norms of the spaces (u*, F;) and (u*, H,) are:

(3.9) Il my = )

=1

n?

Zn,
@z, = sup
n>1

Hence Lemma 3.4 implies that (u*, B, N E,) hag the W-hump property.
Let @ = {,} where @, = (—1)%V%k (k>

3 (—1)VE

k=1

1), then we H,.

Since <1, we(u*, H,;) and so we (u*, B, N B,). But

the sequence ¥ = || = 43 (k> 1) has the property that limy,, ¥ =
4 oo, hence ¥ ¢ (u*, By N Ey). This proves that (u*, B, N 7,) is not Solid.
For the following sequence of blocks:

(—1% <<,

2™ =
0 elsewhere,

icm°®
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on+1_y

“m(m”(y',E’l) = Z
S

=

1/j, and we obtain § < &™)}z, <1,

()
@ * = 8su
l I] (u*,EBy) — 91}3}-1 I ] 7

Therefore llw(“)ll(,‘,,ElnEz) <2< oco.
For each subsequence of disjoint block, we have

1 1
H }gm(”k) (#*,EynEy) = H ]gm(”k)

and this proves that (u*, F; N E,) is not a Hump space. W

(e*,E7) > l/2

§ 4. A theorem concerning dispersion of limit points. We need the
following lemma:

LEMMA 4.1. Let A = (Gyp)m nzo b€ @ regular matriz with respect to D,
and suppose that ¢ is a Schauder basis for B and (i*, E). Then there ewists
a matric B = (b,,,), reqular with respect to D, with the following properties:

(i) There exist two sequence of positive integers {A(m)}, {u(m)} such
that A(m) < u(m) (m = 0) and A(m) 1 oo,
(1i) b =0 for n<< l(m) and n > u(m),

(iii) hnl( Z BBy — v bmnmn) =0 for all we(u* B).

Mm—+a n=0

Proof. The proof followg by Lemma 2.1 of [4] and Lemma 5.2 of [5].

Remark. In the rest of this paper, we assume that the matrices
are regular and the sequences from (u*, B). If ¢ is a Schauder basis in
(A", B), then by Lemma 4.1, we may study omly row-finite matrices.
Suppose therefore that the matrices are row-finite.

Moreover, it may be assumed that the matrices are triangulares,
for otherwise, equivalent matrices satisfying this condition can be con-
structed by repetition of the rows. In this case u(n) = n. In the sequel
we also agsume that (u*, ) has the W-humyp property.

THEOREM 4.1. Let A be a regular matriz with respect to D. Let {A(n)}
be the sequence given by Lemma 4.1, and let a = 0. Then ve (u*, E) salisfies:

(4.2) Tim ‘ Z g T |

N=»00

if, and only if, for each sequence {{y®y}nso belonging to (u*, B) with || <1
(&= 0), im |l — Ll = 0 and having at most one jump (change) of &), when
ky00
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Any<k<<n (n=0)

(4.3) Iim | 2 G S — 2 N ARS
m,n—>00 ' =

Proof. Necessity. Since we may suppose that 4 is a triangle, we
have:

m m M

by = 2 Doy g}amlc = ( — Lt Clc) [ S 2 [P

To== ()41 Te=A(m)+1 e ()1

By the properties of the sequence {£}:

m
| (=t s | < = ot bl Hmadimol i 0]
R=A(m)+1
(for some 4, which may depend on m)
< | =&+ lsuP | {@ne}eoll1¢] [’”ll;ﬂ - 0.
Consequently
m n
Te \ :
(4'4) lim ]tm — | = 111'[1 ( Cm 24 B By, — Cn Z 1o T I < 2a.
Moo My N—r00 Res=2(m)+1 Foma(n)+1
m
Remark. lim It —Clm Y Gy =0,
M—r00 k=A(m)+1
. o m
(4.5) lim [,] = lim O @1 | < @
MN—»00

M0 e A(am) 4+ 1
Remark. There are sequences  such that the set of the limit points
of ¢, is.a dise.
Sufficiency. Asgsume that the matrix A satisties the conditions

of the theorem, and that there is a sequence e u*, a constant b such
that:

Lim ’ Zammk‘ = b > a

n—+00 " |0

and a sequence of positive integers {n;} such that:

Mm< Am-+1) (1>0) and lim Zanl;hmk =D,

l-sc0 ;20

For each k there is at most one n; such. that L O Denote by {¢,)
the following sequence:

=0

.2 3

(4.6) i3 1;

2 1 0.1.
,4: 4: Rl ,—5—,....

icm
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Let the sequence {£,,}:
:) (63 0).

(m = 0) and there is at most

Cm = G} A(‘ni— y<m< 24(
<1

Tt is clear that lim |¢,,— £,_y| = 0, &,

M—rc0
one jump in £, if A(m) <m <% (n>0). In the sequence {¢;}, there are
infinitely many zeroes. Let W = (a;) where
& Apyeiny) <J <
0 otherwise.

(4.7) Qyy = S i) (5> 0)

W is a block matrix with sup 3 |au;—a

n=0 k=0
erty, once with regard to the even rows of W, and second, to the odd
rows of W, and by Theorem 3.3, there exist two disjoint sequences ', ="’
e (u* E) such that {(42'),},s, and {(4%"'),}m=e ave two disjoint subse-
quences of {(A%),};,- The sequence # = &’ —a'" belongs to (u* B) and
has the form {{,@:}z5o Where {3}, has all the properties needed in the
theorem. Hence

wkr1] = 2. By the W-hump prop-

m i(AE)m-
m,n—rc0

But there exists a subsequence of (4%),
limit —b. Therefore lim (AF),, — (4T),| =

My N>

(AE),| < 2a.

with limit b and another with
2 1bf > 2a, which is a contra-
diction.

§ 5. Consistency theorems. In this part we obtain some results about
Iimit -points of transforms by regular matrices with respect to D, when
(p*, B) is W-hump.

The first result is an extension of the well-known consistency theorem
due to Mazur—Orlicz-Brudno (see [7], [8], [9], [10]).

THEOREM 5.1. Let A, B two regular matrices with respect to D, such
that ¢, = eg O (u*, B). Then, A and B are consistent in (u*, B). .

Proof. We may assume that 4 and B are triangles with the same
sequence A(n) (see Lemma 4.1).

If 4 and B are not consistent in (u*, B), there is a sequence ze (u*, B)
sucll that lnn o, lmw exigh and hmm aéhmm By regularity, we may

assume 1hmt hmm # 1, and hmx 0 By Theomm 4.1, each sequence

{Crire} belonglng to (u*, B) with the specials {{;} is summable by B. Then
{¢pay) 18 also limitable by 4 and by Theorem 4.1, {z,} is also limitable
by 4 to 0, which is a contradiction. B

Notation. We denote by XK (x) the core of a sequence x and by

Q) = lim |2,—a,| (see [3]).
My N>
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THEOREM 5.2. Let A and B be two regular matrices with respect to 1.
If Q(4x) < Q(Buw) for all ze (u*, B), then
(5.1) K(Az) c« K(Bz) for all we(p* H).
Proof. By the same procedure as in Theorem 5.1, we take A(n)

identical for both matrices. Let we (u*, B) and denote lim [12 Dygoy| = B.
Mr00  Kws

By Theorem 4.1, the family of sequences # = {{;a,} has the property
that Q(BZ)< 2R, then Q(4F) <2k and by the same theorem,

—— 0
lim 1 E [ I < R.
m—»o0 k=0

‘We proved that for each we(u*, H) each circle around the origin
which includes X (Bux), also includes K (Aa).
If we (u*, E) and 2, is a complex number, by regularity of B we have:

o0 @
tim | 3 0y (@—2) = Y bayt#’| = 0
mooe | 2p =0
and a similar equality for 4.

By the above equality, a cireular region around 2° which includes
K (Bz), under the transformation »— 2% will become to & circular region
around the origin which will include K (B (x—=2%)). Then, this region will
include K{A(v—2%)) and by the inverse transformation, we concludo
that the circular region around 2° includes also K (4x).

Then by Lemma 1 of A. Robinson in [3], p. 149: K (4d») = K (Bx)
for all we (p*, B). W

Remark. We can obtain a little more than Theorem 5.2 if 'we remem-
ber the remark of Theorem 4.1.

TumorEM 5.3. Let A and B be two regular matrices with respect to D.
If for all e (u*, B), such that the set of limit points of (Bw) is connected we
hawve Q(Ax) < R2(Bx), then for oll xe (u*, H)

(5.2) 0(Ax) < Q(Bw).

Proof. Suppose that there is a sequence @e (u*, B) such that the
set of limit points of (Bx) is not connected, and Q(4w) > Q2(Bw). Then,
we may assume that there is a circular region around the ovigin (by o suit-
able transformation ax--fe) which includes I (Bax), but not all X (4x).

By Theorem 4.1 and its remark, there iy a sequence @ == {{u}
e (u* B) with Q(4(Zw)) > 2(B(fw)) and K(B(Zz) is a disk, which is
a contradiction. M

Theorems 5.2 and 5.3 give:

TEmOREM B5.4. Suppose the assumptions of Theorem 5.3 are salisfied.
Then K (Ax) « K (Bx) for oll ze (u*, B).

TerorEM 5.5. Let A and B be two regular matrices with respect to D.

icm°®
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If:

ze(u*, B) and Q(4Az) < Q(Bz) = I limsz.
4

Then
Q(Az) = Q(Bw) for all ze (u*, B).
Proof. First it will be shown that from ze (u*, B) and Q(4z) < 2(Bx)
we may conclude that limwze K (Bz). Suppose that there is a sequence

4
e (p*, B), 2(Bx)> 0, limo¢ K(Bz). By a linear transformation we may
A
obtain a sequence from (u* H) such that limz = —d, (d>0) and
A
lim |(Bz),| > 2d.

N—>00

By Theorem 4.1 we¢ obtain a sequence Z = {{;#}e(u* E) with
Q(BZ) > 4d and Q(AZ) = 2d, which contradiet the hypothesis.

Now suppose there is a sequence we (u*, F) with Q(4x) < Q(Bw).
Then lim# exists, belongs to K (Bz) and Q(Bz) > 0. By a similar proof

A
as before we obtain the contradiction.
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