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On peut alors reproduire la fin de la démonstration du théordme ITI,I1,
pour conclure

1Pofllam = E’

ce qui achéve la démongtration puisque # est arbitraire.
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On weak compactness*

by
MANUEL VALDIVIA (Valenecia)

Abstract. In [1] E. E. Floyd and V. L. Klee have proved that a bounded
closed. convex subset O of a normed linear space fails to be weakly compact if
and only if there is a decreasing sequence of closed linear manifolds whose inter-
section is empty and each of which intersects . We obtain here some properties
of certain locally convex spaces, analogous to that explained above, related with
other results of V. Ptdk and R.C. James (see [5] and [2]).

We use here vector spaces over the field K of real or complex numbers.
When we use the word “space” it means “locally convex separated vector
gpace”. For every space H we denote, as usual, by E' and B* its topological
and algebraical dual, respectively.

LEMMA. Given a space B lot M be a dense subset of B [o(H', B)] with
cardinal number a. Let 2 be a point of (H'Y*. If G is the linear hull of U {z}
there exists in B [o(H', @)] a dense subset with cardinal number non-larger
than a.

Proof. Suppose that zis not in &. Let L be the subspace of &' [o (¥, 1)]
generated by M. If the restriction of 2 to L is not continuous we put
L = P. If the restriction of z to I is continuous let y be a point of Z such
that ¢y, &> = <z, #'>, for all #' of L. Then there exists a '« E such that
{y, 7 # {#, 2’y and therefore, if P is the subspace of E'[o(E, E)] gener-
ated by LU {z'}, we have that the restriction of 2z to P is not continuous.
The subspace Pnz~'(0) is dense in P and also in E'[o(E', B)]. We take
#he P, wy¢ 27(0). Given any »' of B we can write

o =y iy, Yy e27'(0), Ae K.

Let {#: de D} be a net in Pnz™'(0) which converges to y' for the
topology o (F', B). We shall show that the net {z3+A2,: de D} converges
to @' for the topology o (E', ). Indeed, if v« B we have that

* Supported in part by the “Patronato para el Fomento de la Investiéa.cién
en la Universidad”.
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iirg(w&%—ﬂw{,, vy = E’%(ﬂﬁu @)+ 2, @) = {Y'y @) + My, w) = <o’y @)
and
E%(a’:i“}‘zwt,n 7 = iil;)l(m,l,;, & +a<my, &y = 15, 2) = <&, 2.

Since 2 ¢ B the dimension of P is infinite and its eardinal number ig
not larger than a. Therefore, it is obvious that there is in P a dense subset
for the topology o(Z', @), with cardinal number non-larger than a. M

We shall apply next the following result that has heen used by
V. Pték in [4]: a) Let A be a bounded convem set in a space B. If A is not
weakly relatively compact, there exists a point z of the weak closure of A in
('Y, 2¢ B, so that given amy finite set {21, @y -y @0} of B, there emists
an moeA such that @;(my) = %;(2), j = 1,2, ...,n

THEOREM 1. Let A be a bounded convex set in « space T. If A is not
weakly relatively compact and if in B [o(B', B)] there exisis a dense subset
with cardinal number o, then there is a filter & in B which satisfies the
Sfollowing  conditions:

1) & has not any weakly adherent point in B,

2) F induces o filter in A.

3) & has a sub-basis {H;: icI} of closed hyperplanes, so that the
cardinal number of I is not larger than a.

Proof. Since A is not Weakly relatively compact, we take a point
z of the weak closure of 4 in (®')*, which satisfies the condition of result

a). Let & be the linear hull of BuU {z}. According to Lemma, there exists

a dense set in B [o(E', @)], {#;: ie I}, 50 that the cardinal number of I
is not larger than a. If V; = {#: 4¢@, |{zm,2)| <1} then the family
{¢+V;: i I} is a sub-basis of neighbourhoods for 2 separated topology
and, therefore, ﬂ(z»{— Vi) = {z}. In Glet L; = 2+2;7%(0), ¢ I. The filter

F generated by {H = I;NE: ie I} induces, according to the result a),
a filter in A. Furthermore I; = 2+ V; and, therefore,

NE=(L)nEe [ e+ Vi]0B = gD =,

ie. # has not any weakly adherent point in J. "]

CoROLLARY 1.1. Let A be a bounded convex set in a space . If A is
not weakly relatively compact and B [o(&, B)]is separable, then there ewists
in B a sequence {H,}x., of closed hyperplames, so that | ﬂ H,|n4 =0,
p=1,92,..., ad () H, —0@. "

n=1

THEOREM 2. Let a be o cardinal number. et A be bounded conves
set of a space B. If A is not weally relatively compact and B, equipped with

icm
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the topology of Mackey w(E',E), is the inductive limit of o family A of
closed subspaces of B [u(E B)], so that if Me< # there is in M a dense
subsetl, with cardinal number non-larger than a, then there exists in E a filter
which satisfies the conditions 1,2 and 3 of Theorem 1.

Proof. In (H')* let 2 be a point of the weak closure of .4, which is
not in E. Since E'[u(F, B)] is the inductive limit of .# and z¢ E, there
exists an M e .# such that the restriction of 2 to M is not continuous. If
M+ is the orthogonal subspace of M in ¥ and ¢ is the canonical mapping
of B onto B/M*, we have that ¢(A) is not weakly relatively compact,
since the restriction of z to M is a point of the weak closure of ¢(4) in
(M')*, which is not in B/ML. We apply Theorem 1 and we find a family
{K;: ieI} of closed hyperplanes in B/ML, so that the finite intersections
intersect ¢ (4) and ﬂ K; =, being the cardinal number of I non-larger

than o« If H; —go‘l( :), ©¢1I, the filter # generated by {H;: ieI}
satisfies the conditions of the theorem. [ ]

CorROLLARY 1.2. Let A be a bounded convex sef in a space B. If A is
not wea,kly relatively compact and B, equipped with the topology of Mackey
u(E', B), is the inductive limit of the family of all the closed separable sub-
spaces of B [u(H', E )1, then there is in B a sequence {Hﬂ}nm1 of closed hyper-
planes, so that [ﬂ HNA #0, p=1,2,..., and (‘]H =@.
n=1
THEOREM 3. Let o be an infinite car dmal number. Let A be a bounded
conven set in & space H. Let B be o saturated family of absolutely conves,
closed and bounded sets of E'[c(H', H)], such that B = |J{B: Be %} and
if Be % there ewists in B a dense subset, with cardinal nwmber non-larger
than a. If A is not weakly relatively compact and H, equipped with the topol-
ogy of the uniform convergence on the sets of %, is complete, there exists
a filter F in B which satisfies the conditions 1, 2 and 3 of Theorem 1.

Proof. In E'[u(E', F)] let 4 be the family of all the closed subspaces
generated by the elements of #. It is easy to prove that B [u(F, F)]
is the induective limit of .# and, therefore, Theorem 2 can be applied. A

COROLLARY 1.3. Let A be a bounded convex set in & space B. Let B be
the fomily of all the closed bounded spearable absolutely convew sefs of
E'[o(E, B)]. If 4 is not weakly relatively compact and B, equipped with
the topology of the un’iform convergence on the sets of 2B, is complete, then

there exists in B a sequmce {Hn o1 of closed hyperplanes, so that (ﬂ H, )
n=1
NA #£@,p=1,2, ,wndﬂHn—@

n=1
COROLLARY 2.3. Let A be a bounded convex set in a space B. If A 4is
not weakly relatively compact and B [u(E', B)] is bornological, then there
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n
exists in B a sequence {H,}o., of closed hyperplanes, so that (N Hn)m
=] =1
NA #0, p=1,2,..., and N H, =0.
n=1
Proof. It is inmediate since I is complete for the topology of uniform
convergence on every sequence of B'[¢(F', B)] which converges to the
origin for the convergence of Mackey, (see [3], p. 388). B
We shall apply next the following result that we have obtained in
[61: b) Let B be a locally conven space. Suppose that in B'[o (X', T)] there

is o family B = {B;: i< I} of compact absolutely conves scts, so that U B;
e del
is dense in B [o(B', B)], being o the cardinal number of I. If A is any weally

(relatively) a-compact set of B, then A is weakly (relatively) compact.
THROREM 4. Let A be a bounded convex set in o space B. Suppose that

in T'[o(F, B)] there is a family B = {B;: iecI} of compact absolutely

convex sets, so that L% B; is dense in I [o(B, B)], o being the cardinal

1€,
number of 1. If A is not weakly relatively compact there exists in B o filter &,
which satisfies the following conditions:

1. F has not any weakly adherent point in H.
2. F induces a filter in A. ’

3. & has a basis {L;: jedJ} of closed linear manwifolds, so that the
cardinal number of J is not larger than a.

Proof. According to result b), the set 4 is not weakly relatively
a-compact and, therefore, there exists in A a subset {#,: p <P} whichis
not weakly relatively compact, so that the cardinal number of P is not
larger than o. Let B be the convex hull of {x,: peP}. If F is the closed
subspace generated by B, its dual F' can be identified to I'/F*, being
F*+ the subspace of B orthogonal to F. If ¢ is the canonical mapping of
E onto B'[F+ we have that in F’ [o’(I’ )], {p(B;): ie I} is a family of
compact sets with dense union in F'[o(F’, F)]. Smoe in I there existy
a dense set with cardinal number non-larger than e, it results that each

@(By), ¢ I, has a dense subset with cardinal number non-larger than a.
Since F has dimension non-zero, then o is infinite and, therefore,
Flo(F, F)] has a dense subset with cardinal number B so le,
f<acard I =aa=a.

The set B is not weakly relzntlvely compact and, therefore, applying
Theorem 1, there exists a filber &, in # which hag not any weakly adherent
point and it induces a filber on B, so that &, has a sub-basis {H,: ge @} of
closed hyperplanes, being the cardinal number of @ non-larger than a.
If {Z;: jeJ} is the family of all the finite intersections of the elements of
{H,: g< @}, then the filter & of H, generated by {L;: jeJ}, satisfies the
theorem. M

icm
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- COROLTARY 1.4. Let A be a bounded convex set in a space H. Suppose
that in T there emists a topology T, coarser tham the initial one, so that
E[T] is a metrizable locally convew space. If A is not weakly relatively
compact there ewists in B & decreasing sequence {L},_, of closed linear
manifolds, so that L,NnA #@, n=1,2,...; and ﬂl L, =90.

X e

TEROREM 5. Let o be a cardinal number. Let A be a bounded convex
set of @ space H. Suppose that H', equipped with the topology of Mackey
w(B, B), is the inductive limit of the family # of closed subspaces of
E'[u(E, BY], such that Mec 4 if and only if there exists in I a family
{M;: ie I} of absolutely convew weakly compact subsets with dense umion
in M, so that the cardinal number of I is not larger than a. If A is not weakly
relatively compact there exists a filter F in B, which satisfies the conditions
1, 2 and 3 of the Theorem 4. :

Proof. It is analogous to the proof of Theorem 2, but usi;lg‘ Theorem 4
ingtead of Theorem 1. &

COROLLARY 1.5. Let A be a bounded convex set in « space E. If A is
not weakly relatively compact and B, equipped with the topology of Mackey
uw(E, B), is the inductive Timit of the family A of closed subspaces of
B [u(#, B)], such that M e 4 if and only if there exists in M a sequence
{M )2, of absolutely convex weakly compact sets, whose union 4s dense
in M, then there exists in B o decreasing sequence {L,}_, of closed linear

[-+]
manifolds so that L,NnA #@, n =1,2,..., and ﬂl L, =0.
0=
TEEOREM 6. Let o be an infinite cardinal number. Let A be a bounded
convew set in o space B. Let B be the family of closed bounded absolutely convex
sets of B'[o(H', B)), so that Be B if and only if there ewists in B a family
{B;: i< I} of compact absolutely comves subsels, with dense union in B,
so that the cardinal number of I is mot larger than a. If A is not weakly rela-
tively compact and B, equipped with the topology of the uniform convergence
on every set of 4%, is complete, there exists in T a filter F which satisfies the
conditions 1, 2 and 3 of the Theorem 4.

Proof. It is analogous to the proof of Theorem 3, but using Theo-
rem 5 instead Theorem 2. B

COROLLARY 1.6. Let A be a bounded conven set in a space H. Let B be
the family of closed bounded absolutely convex sets of E'[¢(B', B)] such that
Be B if and only if theve ewists in B a sequence {B, Yo, of compact absolutely
conver sets with dense union in B. If A is not weakly relatively compact
and B, equipped with the topology of the uniform convergence on every set of
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A&, is complete, there ewists in B a decreasing sequence {L,}2., of closed linecar
o]

manifolds, so that L,nA #0, n =1,2, ..., and (" L, = 0.
n=1

The author is grateful to the referee for his suggestions.
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Projections in dual weakly compactly generated
Banach spaces

by
K. JOHN and V. ZIZLER (Prague)

Abstract. Modifying the ideas of D, Amir and J. Lindenstrauss in [1] and using
some methods of [6] we prove an existence theorem for projections in weakly com-
pactly generated (WCG) Banach spaces, which gives a construction of ordinal resolution
of identity in such a way that a given (not necessarily WCG) subspace is invariant
under the projections and in the dual case the projections are w* continuous, This
is applied to the existence of shrinking Markufevit bases in such spaces, to w* closed
quasicomplements and to a certain rotundity renorming theorem for these spaces,
extending [6].

1. Introduction. In papers [81, [9], [1] J. Lindenstrauss and D. Amir
and J. Lindenstrauss construct, in spaces which are weakly compactly
generated, a transfinite sequence of projections which decompose the space
very suitably, and they show how it can be used in studying the struc-
ture of such spaces. In this note we show that in some results of J. Lin-
denstrauss ([8], [9]) the assumption that the subspaces are weakly com-
pactly generated can be omitted. This requires a slightly different approach;
unlike Tindenstrauss, we construct the projections starting from finitie
dimensions, on the whole space, and they are constructed so that a given
arbitrary subspace (not explicitly supposed to be weakly compactly
generated) is invariant under them. In this connection, let us mention
that it is not known whether any closed subspace of a WCG space must
be WOG ([9], Problem 1, [10]). Moreover, combining this with an idea
from [6], we work with three norms on X instead of two as in [1], to
ensure the w* continuity of projections in the dual case. In the next part
of the paper we prove as an application the existence of some stronger
type of the Marlku¥evit basis in certain weakly compactly genetrated spaces
(Propositions B, 6), some results about w* closed quasicomplements
(Proposition 7) and a renorming theotem (Proposition 9), which extends the
results of [6].

We would like to thank the referee for making the former versions
of Proposition 7 stronger.
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