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Corrigenda to ‘Differentiable mappings
on topological vector spaces”
(Studia Mathematica 45(1972), pp. 147-160)

by
JOHN LLOYD (Canberra, Australia)

The statement in ([2], p. 149) that the definition of strong continuity
there is a generalisation to topological vector spaces of the definition
used in normed spaces by Vainberg ([3], p. 10) is incorrect. With the
same notation as [2], let us say that a mapping f: B — F is strongly
sequentially continuous if for each we B and sequence (2,, ne N) in F such
that », -~ @, then f(@,)~ f(). Then strong sequential continuity is the
correct gemeralisation of Vainberg’s concept. The following result gives
the connection between strong sequential continuity and strong continuity
a8 defined in [2].

TrmorEM. Let f: B - F, where B is o (Hausdorff) locally conven space.
Then f is strongly continuous implies f is strongly sequentially continuous.
Generally, the converse does mot hold. However, if B is a semireflexive met-
rizable or semireflewive strict (LF)-space, then the converse does hold.

Proof. The first part follows since a weakly convergent sequence
in alocally convex space is bounded. The counterexample to the converse
ig ag follows. Let f be the identity mapping from I into I*. Since weak
and strong sequential convergence coincide in I, f is strongly sequentially
continuous. But f is not strongly continuous, For let D be a weak 0-neigh-
bourhood base for I*, directed by U > V, it U < V. For each Ue D, define
%y to be an element in U such that 1/2 < |lwyly < 1. Then (vy)y.p is
& bounded net which converges woakly to 0, bub f(wy) = @y +> 0,

Now suppose B is & semireflexive metrizable or semireflexive strict
(LF)-space and f is not strongly continuous. Hence there exists a bounded.
net (@, ae A) with 2, —~ » and a 0-neighbourhood U in F such that flw,) —
—f(2) ¢ U, for cach ac 4. Now B = {,}q. i% & weakly relatively compact
subset of B and @ is a woak closure point of B. Hence, by Kothe ([1],
p. 813), there exists a sequence (@,,neXN) in B such that o, —~ . But
then f(w,) + f(#), and so f is not strongly sequentially continuous,

Ome can define “sequential” versions of the other types of continunity
defined in [2]. Then the results of Section 2 in [2] hold for the “sequential”
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versions of the various types of continuity with almost exactly the same
proofs (except in Theorems 2.8, 2.11 and 2.12, the hypothesis “bounded
sets are weakly relatively compact” should Dbe replaced by “bhounded
sets are weakly relatively sequentially compact”).

The statement of the generalisation of Schauder’s theorem to topo-
logical vector spaces ([2], p. 183) is incorrect and needs to bo moditied
slightly as follows: :

TunoruM. Suppose F is a locally conves space. Then F is collectively
precompact if and only if for each Be B amd Ue %, there cwists o family
F* = {f*| fe F} of maps from B into F such that

(I) f*(@) —f(x)e U, for each fe F ond each e B;

(I1) U f¥(B) is a bounded subset of a finite dimensional subspace

In other words, we have to drop the reference to the continuity of the
maps. If each fe# is continuous then each f*e« #* will be continuous,
since the map § in Nagumo’s theorem ([2], p. 153) is continuous. However,
the converse is mot true. That is, each f* is continuous does not imply
each fe & is continuous. For let F = R the locally convex direct sum
of infinitely many real lines (that is, 4 is infinite) and let B = R, but
given the weak topology. Let f: H — F be the identity mapping. Certainly
118 not continuous. However, bounded subsets of B are finite dimengional
and so f is continuous on bounded sets. Then, for cach Be # and U< %,
it we put f* = f|B, f* is continuous and satisties the conditions (I) and
(IT) above,

However, if B is a k-space, or more generally a space in ‘which to
prove a mapping f from F into another space is continuous, it suffices
to show the restriction of f to each bounded subset of I is continuous,
then the converse holds. That is, in this case, each f*e #* is continuous
implies each fe # is continuous. -
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