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Multiple integrals evaluated by functional equations

by SHIGERU HARUEKI (Waterloo, Canada) |

We consider the multiple integral (see [7])
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where a;, b; are real numbers and », m are natural numbers.
The purpose of this note is to prove

2m)!

imn:! (@34 ai+...+ai)™

from the standpoint of functional equation theory (e.g. [1]-[6], [8] and [9]).
Let R™ be the Euclidian vector space, and let U, V, be vectors in R"

with

(3) VIl = IU1;

then there exists an orthogonal matrix

(2) flar,as, ..., a,) = (V)

tiyee b

such that tn -« nn
(4) U=TV.
Consider the functional equation
(5) J(IV) = f(V).
If f satisfies (5) for all T, then by (4), (5) we obtain
(6) f(v) = f(0).

(3) and (6) yields, since U may be chosen as the vector with components
Ivi,o0,0,...,0, that

(M) f(V) = g(vi+v3+... +07),
where ¢ is an arbitrary function.
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THEOREM. The function f(a,,a,,..., a,) defined in (1) satisfies the
Sfunctional equation

(5%) f(4) = f(BA),
where A = (ay, ..., a,) and B is a square orthogonal matriz. This function
is given by (2).

Proof. Let V = A,T = B, U = B4, where B = (b;) is a square
orthogonal matrix. Then replacing «, by

bu®y+ b+ Fbylny ooy Xy DY by @+ by, &y F o+ by @y
in (1), we obtain (the Jacobian = 1, since B is orthogonal)
(8) f(A) =f(a15a27°--7an)

+o0 +oo + o0

=f f feXP(_‘”%*‘vz_--'_mi){(albu'l'a'zb12+-'-+anb1n)a’1+

~——

4 (@3boy +a3byy+...Fa,by)x+. o (81D, L as b+ .+
+ a,b,,) 0, " dw,d, ... dz,, = f(BA).
Hence we get (5'). By (7)

flay, a5y ...50,) = <p(a§+a§+...+af,),

(9) p(ai+a;+...+a})
400 -+oo
f f f exp(—o— a3 — ... —22) (@ 2y + QG Ty + ...+
—00 —o00
+a,x, )"dz,dx, ... dzo,.
Set a3 = a3 = ... =a, =0 in (9) to obtain
(10)  ¢(a))
4o o0 +00 4o _Ii _xz _zg _xz
f f f { f a,x,)™e dw,}e e “...e “dmydz,...dw,
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Applying the well-known integrals
(2m)'

f exp(—a2)dr = VT, J eV dr = l/-rc—

in (10) we get

-~ (2m)!
p(a}) = <Vn)"(—,,f" ) (@)™,
1" m!
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which yields
2 2 2 ! \n (2/’”’)‘! 2 .2 2\m
F(@; @z, .oy @) = g @+ a3+t ad) = (Vr)" o (afaf ... )™

4
Q.E.D.
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