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On Siegel’s theorem
hy

J. Pivvz (Budapest)

1. Linnik [L] proved in an elementary way the famous theorem of
Siegel, aceording to which the class number A{—k) of the imaginary
quadratic tield belonging to the fundamental discriminant —&<0
sabigfies h(—%) > B if 2> 0 and k > K,{e), where K,{e) denotes an
ineffective constant depending on e

The proof of Linnik is composed of the following 4 parts:

DEriNeeroN, A veal primitive character y, has the property A(f)
if there is gueh o constant Oy, B), that for all N > C4(y,, f) there exists
an Nye [VN, N] with the property

D %rc("%)M(%)l > N

=Ny

1 IE h(—Fk) < k% with 0<< g, << 0.01 for a sufficiently large &
depending on &, then IL(s,y,) vanishes somewhere in the interval
[1—0.00Le, 14 0.001e].

2. Tf L(s, y,) vanishes somewhere in the interval [1—0.001e,, 1+
4+ 0.00L8,] then g, possesses the property A (f) for f =1 —0.08¢,.

3, Xf », possessos tho property A () with a §>1/2 and &is an axbitra-
ry nuniber with 0«2 ¢ < f—1/2, then thore iy sach a constent €, (8, &, i)
that tor wll Ny o O (B, & xp) thove exists an Nye [N¥717%, Ny ], such that
| 5 gy A(m)] > NE |

N ¥y

)'ib. If 4, possosses the property exprossed in the agsertion of the
3rd statement for 8 i 3/4, then there is such & constant 0alg,, ne) that in
ease of T > Oy(xy, 70) A(-—Kk) > B0 where  n(f) = 10.5(1— )47
and 7, is an arbitrary positive number. _

~In this paper, based on the above sketehed order of ideas of Linnik,
we give a simpler elementary proof -of Siegel’s theoreni. Our proof
will be completely elamentary, we shall prove, that for arbitrary positive
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& and for & > K,(e) (Kq(s) denctes an ineffective constant depending
on &), L(1, z,) > k%, where g, is a real primitive character, which can

have the form
(%) == —-—h or (’)?o) == ( k)
X # 47 " .

In our proof we don’t use the Polya-Vinogradov inequality, we don't
needl any knowledge of the algebrai¢ theory of mumbers; on the other
hand from the elementary theory of numbers we need only the multipli-
cativity of Liouville’s A funchion and the frivial identities

May = Y@, > ia { ii

d|a djm

m =12,
m 4 12
bhesides the basic theorem of number theory. We also use gome funda-
mental properties of the continuous real functions.
‘We shall prove the following two theorems:

Seenl’s TumorREM I. Let y, denole o real primitive charactor modk
and & an arbitrary positive number. Then

L, g >k if

SieeEL's TueoruM 11, Let y,. denole a real primitive character modk
and & an avbitrary positive nwumber. Then L(s, y.) doesn’t vanish in the
interwval [1—%% L) af k> K (e). (Here Ky {(e) and K, (e) denole insffective
gonstants depending on &)

‘Wo define the property B(y) similarly to the property 4 (5) defined
by Linnik as follows.

k> Kols).

DEFINITION. A real character y, possesses the property B(y) if there is
such a constant Ny(y;,v) that for all ¥ = N,(y,») there exists an
Nye [NV75, N with the property

D almin) > N,
TV
Let & denote an arbitrary number, for which 0< s« 1. Siogel’s
Theorem I will be the consequence of the following three lemmas. (g
‘denotes a real character modh.)
Lvva 1. If there are infimitely many B's with L(1, x,) < §°, then for
all mff@cimtlg/ Large such %'s L(s, y,) vamishes somewhere in the interval

st
Lmwva 2. If L(s, x;) vanishes somewhere in bhe interval [1 —"fgf)—’ 1]7
then y; possesses the property B(s[12).
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Lmmma 3. T f there emists a real primitive characier possessing the pmpe:rty
B(e[12), then Siegel’'s Theorem L is true for

We shall prove further a Demma called Lemma 0 that makes it
possible to give a much simpler proof of Lemma 1, than that of Linnik.
After this we prove our Lemma 2 similarly to the 2nd assertion of Linnik,
but directly applying it for the 4 funetion, so we completely avoid the 3rd
assertion of Linnik, proved by the sieve-method. Finally using a conge-
quenco of our Lemma ¢ — without using any knowledge of the algebraic
theory of wnmbers -- wo shall prove our Lemma 3 which 18 analogous
to the 4th assertion of Linnik.

So at first 'we prove the easy

Tmmms 0. Let g, denole o real chevacter modk and g(n

ZXIG

din
Then for am arbitrary v with 0 < v < 1, there oxisls a ¢, 0<C ¢, < 1, such
that for all @z 3kfx

' s 1 2V5VEa"
571(_:9'&‘)“ - (ﬁ,m}m)L(l—r)—&-———m”L(l):!: 2V8Vkar :
e 4 v Ve Va

where -+ a denotes @ veal number with an absolute value not swceeding a.
Proof. We use the following lemma of the elementary real analysis:
For an arbitrary v, for which 0 < v << 1, there ewists o ¢,, 0 < ¢, <1, such
that for all =1 _
11 1 1 1
= ?(%T“1)+G=ﬂ:F<—;MT

miT
MU

TLet z denofe a number — to be chosen Iater — for which 1 <z< o

Then

" ! Gl _
S - 3 i = DA S Z

n50 T'b" i dm deiw memld ds
o 1—T
RN xk RN ol N Y L\ P @
1 % "J’Nl T e dl " dw
r m ciofd due
1Y N ald) >‘1 x;, )
Gl R L—d‘ d;,\ . “ wlw—-r

i) ir 1
= e~ 1) D)4 L) (waf) x
T T T

S pld) @ rgld) | 2
x D Ak ) M
d>2
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I
Making use of | 3 (@) < @(ky <k, applying the inequality of
d=ua

1 1, . _
Abel, considering that —— = I8 monotonically deereasing in d

i~z
d il d

-

1 1
and that 0 << ——¢, < — wo gob
T 1

1 Tald) ) T 1 ke
—an waam " b e ettt o ‘ R T prp—
v ) Ld dvr 7 gl T
(A1
T T
L ANF 0N PR
T d....i tl (77
aod) oo 1 kLAt kw®
|Zig] = | _>_J G 2 e | S T E T R
pedae Cwesnld .

3k
Now set # = ]/--—T—— (<X ). Then

Z‘i@ — I 5,
i)

T k™ ket 2t kot
= (c,ﬁ EL~) L(L ety D) o e g
T T b 1] T @ 7]
1 o 2 3 ]n
=(er—-——)L<1—r>+—'7’—L<1)Jc 3V
¥ T l/rl/fr
QD

This gives the following
"CorOLLARY. If 0 <<v<<1/2 and 2>y = 3kiz, then

V Im L iy Wiy g
oo Vavy

2. Proot of Lemma 1. Tor an arbitrary natural nwuber n we
have

‘_J ’j’blT

g1

gl1) =1;  gm) = J[(L+mlp)+ 2@+ - - 1lpi) 2 0,

Pl
thus
9’

;s
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From this and the Lemma 0 we get the well-known L(1, ,) = 0, because
if we suppose that L(1, x,) <0 0, then with a fixed 7, 0 < 7 < I, for @ — oo
we gel thatb '

\‘! o () 1 ) 1 i/ 3 VA
D -l KLY By V3 i R G iy 0 e —
f—j ni T Ty (L7} o L{l) 4 — s ca.

Lt us suppose that for inflinit toly many & L(3, g < 57 (0 < e <2 1),
Then wo ean choode among them & 8o lavgs that on put tmrr

8 1
[T e (_: P A | Lo '/12
T g (i) ol w =k
the ingqualitios
3k oVsVRy A
Tl a2
and
e ‘7)
S L) o 12 e x
T & r)
hold. Ilence
T fn, 1y . 1. 0 3V bt
L 340 - (‘ “‘“)f*(il- o Ry 4 VR
el n T T |/T1/L
1y 1
< (r' "}") L(L--7)+ T3

Sinee

1 e

Making uge of the continnity of L) and of L (1) = 0, wa infer that indeed

Liis, w) vunishes somewhsre in the inferval [ ST l] indeed.

3. Prool of Lemwmn 2 Sl oy ]} Liet ns Hu]mc)sd that L8, 1)

hay & f zovo in the interval [1 - »igwbﬁ,l] t,,[l;— i%’l]’ and contra-

Ty 1o the assertion of Lemma 2 ¥ doesn’t possess the property B(y), i.e.

~ there are Infinitely wany N, such that for all we [N 128 N

| V x,ﬁ ) M) < N,

8 — Acta Arithmnetles X¥IV.58.
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Then using Abel’s inequality and the identity

1 it
] 0 it

. 1
ny == 1%,

TIE

wWe gel

L NPt N2 N \1 ulDALd) N1 ()
R R RN a it omt
ma’:N Jiren iV e (i N Nl
=il
N aldAd Ny () \1 () N g ld)A{d)
i R A N T A
,Zg;}'i{;f/s ¢ wEi\'ijﬂ e i w/' m \T'“""fr’-::d‘;N/m.r ‘
N (VA T k 1 NIy
<| 2 ﬁi‘%( """ Lz ) B+ D) yleT ;;;‘)‘n' + L P AT
ae N1V ‘ gz NLl-rh e e
kN —vls NrE-gN'T ok 2
R S R T U5 [ ST R Vel + TN

and this inequality eannot be valid for infinitely many N.

4. Proof of Lemma 3. Lot us suppose that y;, possesses the property
Biy) for y =¢/12 (0 < ¢ < 1), then we shall prove that if x, is a rveal
primitive character modD, where I is sufficiently large depending on e,
further N == Df nmx(No(x,“ yh B9), then L(1, xp) > D7 (Uere g
denotes a real primitive character modk.) Singe N =
exists an Nje [N'7F, ¥ that

P ADHIES aud
NN :
Let A = {u = Nl,p prime, plw-» xp(p) =1 for I= -1,0,1% Lot

== fu Nl, W= 0y Wy, Ve dy, vee A} Then an arbitvary o < Ny can be
written af == abm, whero ae A, be Ay, med_ . Lot us sappose that a, e,
byl b, then

&
Lom) = zafm) = ()
. {

T
and

. s 3 0 it by b,

A\~ o—] == AN
.1)( a b ) x,‘,('m,'—(-—) if bj b,
. 1

= Nolym, v) there.

icm

On Siegels theorem 540

Then using A(a) = > " ?u(d) we get

(dm
! ' 7
b \ 20 2 () - [, e
) () 2\

M) = AW A{a) g p(m) — A(

it
NT N g PN iy = ST 22060, [
B e LD R LA

.':jn|h gl ey oyin

ep=tighy
Tt g(n) = 3 apld) where s abm, then 2"9 < g(n) <\ n. Taking in
- i
account that
1 n\ fn
A0 = Y 9Ny () g, (— —_—
L (1) Am) s {e0) anlen) xn o Xp o

el eyl
o= atyhy
we geb

NTEPCE BN
N .‘,1‘_#;{,(44)1

} \ 2D 3 Le) () /\ 2ield) xp(d)

N qeu dr..Nl,fcl
‘ (:’r—-:{l!hz .
; 1 N
3 rj(a»)1 \ wu{d) g pld) ‘ sy J(w)'kD+ Z g'(fn.)-—’);L

N Vl Ny .’n, nfi)*

..\1 g (4’%) ‘,- _:_I_'- A-N],w? ) ! .i'\‘r

D“!‘:?L&ENI

SR TRRD LW, \ g

- k) 3 ﬂ_-,‘:_.‘ i
1% “ Ny DrnaN
Thus
N \}1 __(_J_h) ‘\71 ",
ik W B
T4 iisa N
andd gl N )(' Y owm ;g‘["l‘2 we gob

I ro

N g2 1
: wo © % DT

fﬂf‘:';'?'ipﬁ

Tatirior fl sevrs] Ly o W RO I L g — )2 == Db
Using the corollary of Letmw 0 with k== 0, T sl y e 1 D
wo get using aldo (hat @ 20y 3 3D/ the ineguality
. i b
2 L \7 gy o\" ain)
R R S S

g NPT no DAL

L | ‘ I logﬂ
el 413V D- i 1 ey
B e =TI 3 e
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Hence
L, xp) > D72
So we finished the proof of Lemma 3 and also of Siegel’s Theorem 1.

5. As it is well-known Siegel’s Theorem II follows from Siegel’s
Theorem T. The usual proof of this fact is that making use of

IL (o, y)] < clog®k  fov

and of Siegel’s Theorem. I being valid Lor £/2, one gots by the mean value
theorem of differential caleulns that if

L(ﬂ: xn) = 0
then

g<1 <1—k"° for k> K(e).

R logth

6. Now we prove in a simple non-elementary way based. only on
the theory of real valued functions that Siegel’'s Theorem I follows from
Siegel’s Theorem II. From this assertion obviously follows the validity
of our Lemma 1. Our assertion results from the following lemma which
is valid for real characters modk, where k is sufficiently large.

Lemya 4. If
L &
W 20 < 100]og™k
then
Ll —L(1), z) < 0.
Proof. Set .
— 1 e 1')
"~ 10log®h (QEE
then
. (;(2(1 '"Jf”' 7;)) d
Ll 4w) oo 2
Ut = iy 7y
thus

3 1 0.14
L4 e L1} = — R
( + 101.0g'3lc) 1) 2-10log*k  100log®k log2k

W

‘ ’ .
and so th is 1,14 e
a 0 there is a Ee[ s L 1010g3]’o]

hand (as one can easily show by pavtial summation) for safficiently

for which L'(£) 2 1.4. On the other
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large &
" < 2logtk it 1 o<1+ !
IE7 (0, )l < 2log*k 0log®h = 7 T0logtk
go if
— ___J_ syl
T I0logsk T
then

|L (&) = L' ()] £ (& —n)21og5k < 0.4.
Thus L' () 2 1. Cousidering that

) € oo !
) = {6Tegte ™~ T6T0g7h

we got
' L(1)— Ll —L(1) = L(1)-1.
Hence
L{L—L(1), ) < 0.
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