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ACTA ARITIMINTICA
XXV (1974)

On a problem of Davenport and Schinzel
by

L. Szmmendnr (Budapest)

We et for every integer I: I = {0,1,...,1~1}.

DuriNrrron 1. A fanction a: N-+n is said to be an admissible N-5eqUETEE
of length N i a; + ayy, for i+1L < N (#; is the value of the function at
the place 7). :

We say that a containg an oliernating l-sequence if there are numbers
b #eand 0 <iy<... <i_, <N guch that

{l B’f = if

- < 28 < 1,

0
1
@) =b i 1<2s41<l,

Figgpn

DEFINITION 2. Ny(n) = max (N: there is an admissible n-sequence
of longth & not containing an alternating (T4 1)-sequence).

Remark. One can extend the notion of an admissible n-sequence
of length N replacing in Definition 1 the set » by an arbitrary set of
eloments. Clearly such an extension does mot affect the definition of
Ny(n). A linite sequence a: N-»X will often. be denoted by (ay, ..., ty_,>
and the set of its elements by {ag, ..., ox_1}. -

It is Ienown from [1] and [2] that Ny(n) exists for every ! and #n,
and wo hawve

(2) Ny(n) == 2n—1,

(3) Ny(m) = (1~ 4+ 3)m— O (1)
it 7 ds odd amd 1= 3, '

(4) ' Ny(n) > (12— 514 8)n—O(1)

if 7% even and ¥ > 4, where C(1) is o constant depending on I only, and

N, (1)
({7

= 8.

by - | N, (n)=bn—§, lm
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As to the upper bounds in [1} and [2] it is proved

nlog#n
(6) Ny(n) = 0(w)
and
(T2) Ny(n) < In{n—1)--1,
(7s) Ny(n) < Anexp{BVlogn}

where 4, B depend only on I

DeriNTioN 3. Put

k(n) = min{k: exp;{l) > =},

where exp,(z) = ¢ and exp,(®) = expexp,.,(@). We shall prove the
following improvement of {6) and (7,).

TERoREM. N;(n) < Ank(n), where A depends only on 1.

Proof will be carried by induction with respect to n. Let n, aatisfy
the following inegqualities
(8) logs(Iny) > 2
(9 (B << EBn)+1 for  #>u,

(1013
H

and let 4 = ln,.

It follows from (7,) that the theorem is true Tor % < #y. Lol u > 1y
and assume the theorem is true for évery #' < n. Let ¢ be an admissible
n-sequence of length N = Ak(n)n. Assume now that o docs not contain
an alternating (I--1)-sequence and we shall arrvive at & contradietion.

Put K = Ak(n), 4d; = {j <N, a; =i for i < n}.

Lomvwa 1. Let |4, be the number of elements of A;. Then for i <<n

() 144 > K.

Proof. If we remmove from a all terns equal a; and eliminate all
immediate repetitions we get an adinissible soguence. formed from #-—1
 digtinet integers of length { == N — [4,] —r where » i3 the number of the

immediate repetitions. Sinee a is admissible r <7 [4,] thus €2 N 2],
By the inductive asgumption ¢ < A k(n-~1)(n—1), hence |4, = K.
Limsa 2. Let T be the class of all triples of elements of N. Divide 1
- dndo two disjoint classes X'y, Ty, Ty 0Ty 52 @, T,00, = 1. Then there caists
a st D < N with | D] > $log,(N) such that either all triples of elements
of D belong to 1) or oll triples of elements of I belong fo 1L,.
Proof. This quantitative form of a special case of Ramsey’s theorei
follows from the estimation of Ramsey numbers given in [3].
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Limmua. 3. Let € be a set of integers and |0l > 3 K. Then there evists
a subset O = C sueh that |G[< ( EY* 4+ D)logK and ONG is a disjoint
union of sels of the form {3, .. ty_a}y Where

(1) fy < \e < tg_l o B> >,

(12) [t ] > T2, e —tgal > 2 By — 2 for 442 < q

g = [1 log, I ]
L2 log2 |
Prool. O iy the disjoint wnion of the sets

O ={jeC; j =tmod WE+1)} (6 =0,1,..., /T
Lot @, 4, 2¢ Oy, @ <y < #. Then either

and

(i) @ —y| < le~y|
or
(if) lw—yt 2z le—yl.

Tet D bo any subset of €, with [D| > log K. By Lemma L there is a subset
I =D with |D'| > 4log, K such that either all the triples of elements
of D' satisty ( ) or all the friples of elements of D' satisty (ii). 'We shall
show that D' contains a subset of ¢ elements satisfying (11) and (12).
Let D' = {dy, ..., dipq}, dy <... < dp. Notice that

27 < Flogy K < |D'!.

and put #; = dy for i = 0,1, ..., ¢—1. Suppose that all triples of elements
of D' satisfy (i), Then for a—la‘? < ¢ we have
ghtloy '
; u
Uyigg=— Gygry = 2, dp,‘i-E-2_g ~ gy, '

g ()

" dz'l:'fﬂl) > 2£+1 (('Z2£+1 - Clzf-l—-]__l)

Fogg =iy =

i ) e By, —dy) = (51-+-1 t).

Bineo &, by, wnd 1, =4 836, (nod [J/f; +-173) we have & —1,> VE.
Thus the seti {fy, ..., i} mluﬂileh (11} and (12). If all triples of elements
of D' satixty (if) 1&10 proof that D' containg o subset of ¢ elements satis-
Iylng (1) and (12) is analogows. It follows that for each () there is ) < O,
such that {0 < log K and O,)\C; is the disjoint nnion of sets satisfying -
(11) and (12), Putting ("= J €, weo see that ¢’ has all the properties

, N t<[VE4+1
asgerbed iu Temma 8.
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A, satisfies the assumptions of Lemma 3, hence there oxish disjoint
sets Df, » < (i) of the form

Di = {8, oy tgia}
such that |4, — U Di < (VE +1)logk and D} satisfies (11) and (12).

y< (i)
. Put .
Bl = {f; 107°¢ <] < (L~-10"%g}.

I follows from (8) that B! is the inner part of Dj. »
For p<nE¥—~1 the intervals I, ={j; eo[E™]<j<(a+1)X
X [E¥] AN} have length [K'). Pub

T = {i<ny |4y > K.
Bince the sets 4; are digjoint, - . .
TR < 3 144 < DA =|U4y| =N = En
T i<n <R
hence :

(18) T < K.

LEMMA 4. Let B = {o < n-EY —1; there ave §, se I, suoh that a7
ay, ageT}. Then

(14) _ \B| < 2m- KV

Proof. Suppose that |R]:= 2n I and choose for each ge B two
elernents Oy, 7 G, where j,, 8,¢1,, j < 85 Gy B, el. Tn this woy wo
get a subsequence Loy gy Bgys Hoyy +ony Byys By - > of the geguence a.
Removing from {his subsequence at mogt one element from each pair

a5, 05, We geb an admissible sequence & of length N 111,]/2»)%,1{"‘

Whloh by (13) contains # < n-K " distinet integers. Since oo
> A R(E " n) K5 = A k(R)%, by the inductive assumplion & con-
tains an alternating (Z -+1) sequence, contrary o the asgumplion that «
does not.

Lumma 5. Lel

(lfﬂ
v :{an-ff““—-l;{ief; U BEn T, o 0 5
e pi{t) "]/E l
Then '
(15) : V2 hneJCM

Proof. Put
' U = {9\% K.’l.’-i__] |[\ U LJ [ﬂ"\ “W-}

fit v pff)
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Notice that
2 2
Blzl——lg =12 )i
> ) [ 103)11%:,

| U % 2(1_—-—)J U B>

p (0} 1-03 I’<H-(’L)

> (1 ~—--) (14— (I 4 1)log K,

i = IRy — -]
Lg‘ ,.«,4(1')1)] %v,%{)ﬁ (1 )(%b [ —mne (_KIM ]—l)loglf)

2
(1uﬁwm)(l\f——'n,( K 1)log K} > %—n-lf-

If g <n-J0% 1 and o¢ U then I, contains > } RV integers not belong-
ing to (UJUE thuy N contains aL least {3 1)3K™ integers not

edl7
pen-K34 )

belonging to {_J{_J) B¢ Therefore,

ety 1
[T~ I |
oty
Hence

U= 3 1~

oxdady A1 QQ?&{C“”H’-—I

LB 12y KM = Ly g1

and |UN B| > yn-K*. To complete the proof of Lemma B it is enough
to show that UN I = V. Leb g U\ Rand consider the sequence b obtained

from a]I U (al, is the restriction of the function a to the set 2) by

olimin,nuon of all immediate repetitions. b is admissible and has length
N2 Ll =211, —UU Bl| = [K¥]—2[3EY] > $[IY]

(seo the proof of Lemma 1). As a subsequence of @, & does not contain
an alternating (1-+1)-sequence, thus by (7;) the number of distinet inte-
gors in b matisfios the estimation

Nt —1)n* 1
i P} . : '

heneo by (8) n* 2>~ -1, Since p¢ I at most one integer occurring
' ' . ' Kus
in b belongs to . Thercfove, | J F NI, = @ for abt least n*—1 > ——
< i(i) 2V1

different 7¢%. Thus T—R < ¥, q.e.d
Put ¢ = [10"*¢]. Let pe V. We chioose one element from each non-

void set ) FfnI, where {¢7 and obtain in this way & set Z, I, with
p {f)

T~ Acla Aritimetica XX V.2
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18
1Z,] 2-/—_ such that a(Z,)nT = & and the function @ i3 one-to-one
2v1
on Z,. .
Let 2¢Z,. There exists one and only one » such that me I« We
have

: ) o, R 2 G Syl
Dite— B = (%, . 00, 250 e TR
Put
. LA 1 tax g,
y & > &y tggyr - b 11 . L
=2 Qg Y ce s i) = »40 P ¥, 6. o
# K (1,5 “"} if £, %> o>l

Thus the sequence €, i increasing and sabisfics (12). Berides #f == & and
{‘tilc *) y—l} & A

F01 each med we define o new sequence D, == {5, ..., 7_,> whare

{16) ¥ =max{r; 2" g =y for w<i-1

(the definition is correct since by (8) I<{y).
LEMMA 6. The sequence D, is increasing and has |1, = 11 distinet
dlements. The mopping w—D, 48 one-to-one on Z,.

Proof. Let meZ,. We shall prove by induction that for ¢-F1L <y
(17) Fa— 0= 206 —10)+ 171
For ¢ = 0 (17) is obvious. Assume that (17) i true for certain i. Then,
applying (12) we get
s — 15 = (s — 1) 4 (0 — 1) 2 (F — 180 =2 (0 — 1) -+ 47—
= (I — ) HE— 1+ (Bl — ) — 2(8a — 1)
=2t — 1)+~ 1
which completes the proof of (17). Tt follows that for 4 <12

@
L 1

ra; . .
22 Ay, -l 20 U, 1

‘hence ¢f < 1§y, and D] =1—1.
Suppose that o,y Z,, » ¥y and Dy = D,. Sinee Z, = I, we have
s —y| < K, From (12) we geb ¥ —1¥ > VI, hence
WS VE A+ =VE4y 2 VE~RP o p =18,
Put for & <1—1 r; =+f =r{. It follows from (16) and (17) that
- P Y > t,?+1mtm+1/1€ > tf, 18 (18— 1)
hence '
g > By,
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Thus for all i <1—1 we have
i%’-i-l > 17, t?ﬂ > .
It follows that
h<#<ty<..<#f i 1isodd,
<t <tf<..<t# i 1iseven.
Sinee {§,..., 60} < An, we have in parbienlar

Uy == gy == By =% 00ey Uy =

4 y =y ™= ...

o iy & 3

For w, yeZ,, ® %y implies a, s a,. Thus & contains an alternating I-+1
..» contrary to the asgmmption.

ROCUENCE <at3,, a%,,
COROTLATY.
_Kliﬂ
Hoeld,; v, < f1’“‘}| <
Wi
Proof.

e Zes i SEMY = 3 1

Dyrf qa K

< gy -y Apn)s

Ifl,’Bl KI/B
Lap <o < gy S K g(

Uty VIO
Since |Z,] = K¥*12/1 we have

KB
I{ﬂ.’;‘c/ 71_; - fl]ﬂl}l >
o i
thug
~1{G
; 10t K
oy - 63 Y >
v vl
Put
- r11BL
l)'{h(t!.,/u, ‘:[__ “ :‘" ‘)hl }.
The sels Z, ave disjoint ﬁi.n,cu %, = I, henee
1 1 0?- 1*11‘01
= D Hoe By 1 é;}”::ﬂ*’ Y= 7] K"
7 e

Put

-~ . (Cfl 1___53‘)'1[-3{ . : _. -
A {WE Z:‘, 9 4E-n"" < ta_]"])(g__l)""tff for all 1< 4(;-—1)}
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Lmvma 7. 12| = 2]
Proof. Suppose that |7 < }1Z]. Let

o120
— i 0) :
N ={neZ; 2 Go-n 2 1y — 5 -
Then ,
[ ANA
1 f<al—1)-
hence
mx 9150 > 91z US| g
rey <d{l—1) . 1 <a(i—1) '
- . 1 ij‘?fﬂ

1 , 1
= e (|2 — |2 >~ﬁ«Z;: e T
MHJI I J)/&l [ Py

Thus there exists a positive integer j < 4{I—1} such that 187 > o,

Put

{.’I/‘G S" J(Eml) . tg < 2’t"}1}

for i =0,1,... Let ze Sﬁ, then @eZ and

2K1,'31

K 1 < iﬁ1_1)-—ﬁ§’<2““1

hence 7> K" —1. Thus

mG;SZ: i s

Ul iR N

It follows that there exists 7> KV 1

such that
| Sjl 5 3 8n
sinee otherwise we had
187 < ‘_,}J %— ¥ 1;5:?' <
o L]

For v < n-K[2 let J, = {t < N; 2% < 1 < 8 (1)}, Dut
M, = {fign; Baned,y e b}
Then |J M, = {#,_y; 2«55} hence
r<n-K ot '

el 5)1 -2 x)"b'l 1

2 2
max M, > ——— M| > o | S Tt
v<p Kt H 'If+2i' |1|<ng/2£ ' I e l | - it Il ,,.ill.'l '

icm
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i1
im . Bince a(H,) < a(UZ) and a(Z)NT =&
we have (M) NT = @. It follows that for me M vy Ma,| < K*. Choose
one element from each set M, N4, where e a(d4,). In this way we get
a seb M, < M such that |M,| = | M, |/ I*E, The function @ is one-to-one
on M,.

Tor each b1 € M, we define a sequence

COlhoose v such that |3, >

= <'F%:: vy Tl

whore
N Y £ .
s = max {1". 2 = @-(1_1) tat1 ™ b 1}} for

This definition is correct since for me Z, tiu-y uniquely determines
bg-n+e+1 and moreover by (8)

4(0-+-1I-1<
We prove like (17) that

§<<l—1

L0—1)2 < y—1.

(18) Gamnas1— g 2 2 (G0 — 18, ) H ey —Eg_y-
It follows that for s < -2
~ -’B

7" Tl
2 SQ 2 s tj(l’nl)-{ 8- 1"-"“1' (E——l) <7 7 l;_','(l—l)—f—sd g "= j(l—].)

hence 'r”” < frs w1 and D hasg lwl distinet elements. Suppose that t-1ys

Upoye M,, & -y 7 By and D = D Since

. M, < J,

we have _
[tir-n — gyl < 2

Trom (17) and @< 8] we get

(19) Bayre =g 2 Gy — 86 -+ > 20
hence
famyer > 200y =ty

Put for 8 <11 7y = 77 = §¥, Tt follows Ilom (18), (19) and the definition
of 7, that

Gayypors= oy 22 2 > il Lt bl —

- hence

t‘;c(l-—-l)—l-a»i—z > t}’(l--l)-a-s-e-l .

Thus for all s <I—1 we have.

t}fl-—l)-;—a-i—l = t,fm{z~1)+ar tjﬁlw—-l)-{«s-f-l > tﬁl—l)u
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and o contains an alternating I 1 sequence

] i
Ay Fgnga =7

contrary fo the assumption (¢f. the proof of Lemma 6). Thus the mapping

tm_])wﬂa-l) ig one-to-one on M,. Let #7_, be the greatest among the last

terms of Dts. Tt follows that |M}] < (”—“) henco

7y = | MM

Thus

i "
# |0 {
FI i LS W et 3
5(_.,'441)(1..1)“" i11) = 2 = 2 f

On the other hand since #e 8 we have 2% > ¢, ;) —# thus

1M, 28t ol

!
| M,| = Z R > P ,1;{11-1—2.1(3.’2“
Hence
. , 1
) gy i) 1 gy =4
gy b = 2 . FLEEN =27
{for
— pelyel — e L0
2 1/2 /o & pdcH
(lig—n —t)" _ V2 vt 1)

T T = W 5B 7 QRSP -~

contrary to ze 8. This completes the pm(ri of Lemmw 7.
For each xeZ’ 1Juf

Py = 0.1,
Busy compubations show that

4y
=)(Pj ﬂ)

(20) o 1l

! 2‘1‘ ‘:: -[)J‘L]l . .l'"g fUl‘ j "—1': 1: l.

Indead for § = 0 (20) follows from weZ, Lut; g 1. Hinee
w18
tairnp—n =15 > fgoy — 0 s Gy Iy = 275

we have

1o 1728
e (l i 1
o 81~ (ad2) -1
4 ) > -1 b0

1 @ 1732f
5 Uit . e
2 O s ey~ K
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Hence by the definition of Z' we get

Y a1 Y P LV
Py PY = fg g £ 2 (af-+2)1-1)"" 0 o, gp (g2 -1

5

2 1 100
B - I —gTyYRL 55 [ =t
. o @) L = 92 (a7 -e—1y ") - 222 2} Yafii~1"%

o ol 104 o
L -yt g2

Z'ﬂ
4 o8 eIy
For each weZ' we define o sequence

&, = <]7’€ch saey h?—z}

where hf == EB(P}, ~PF3 fov j<T-1,

It follow.& from (20) fhat the sequence F, iy increasing. Notice that
a(Z)ynT =@. Tt follows that for meZ’ RS < K", We choose one
element from each set Z' n4;, where éea(# ) In this way we obtain
a set Z'' < Z' such that |/”[ > |Z"- K% The function a is one-to-one

on Z7. Put I} = { < N, 257 <t < 95 (u 4 10} for v < V25" Since
]: AZ =
r KB
we have
2IcljSI ‘)Kljﬂl
max g2l |2 > |Z
e o 1B 1= 27 4N K 121
21'{1181% I 21(1[81
ABVI-EE gyl
Choose » so that & = I'nZ"” satiglics
Lt
L ——
48 Y1 K18

Lvmwa 8. The mapping x-+H, is one-to-one on 8.

Proof. SBuppose lz ab @, yed, w £y and jﬂm ~L*U. Since 8 < If
we have j&--y|< 257", Since 8 = Z, #, — > > 25 ence
— ) 1 >

Put for j<l--L; by == 17 == kY. Tt follows from (20) and the definition
of h; that

P = td.(f——l) (. R Py

- py

Yy — Py > P 9B s oxp P 95 > B — P (P FY)
hence

P> P
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Thus for all j <! we have
Py, > Pf,

and e contains an alternating (I--1) sequence (c¢i. the proof of Lemma
contrary to the assunption.

Let 2 be that element of & for which A7, Is the greatest. It follos
ifrom Lemma § that

Pi > P

Ri_y - [
(1~1) > 181 > A8YT- Ko
Hence

1
— B 1 SR D 1. o
(V) 2 h(PTy—P§) =k 4 > (481/1 Kwu) = KA = A k(n) -

On the other hand by (7;) we have & <in{m--1)--1 =< ? thus by (
EIN) << E{In®) < k(n) 41 < A-K(n)- 1.

The contradiction obtained proves the theorem.
I express my thanks to Dr. A. Hajnal, Prof. A. Schinzel and Dr, I
Twaniec for their helpful criticism.
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