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Note on a paper by T. Nagell
by

L Muvwroser (Kabowiee)

0. Nagell [ proved the following
Trowowres. Lot o be o square-free positive integer. The equation

(1) w? |- gyt »—5«« 2% == ()

has o non-zero solution in the qmm!v (mn’* field Q(l/( —d) ) if end only. if
d w5 -1 (mod B).

He gwve two proofs, each of them demanding sepevate eongideration
of all possible residues of d modulo 8,

We will show hobe how o gt the result in s fow lines, (ur proof
is effective, we show explicitly o non-trivial solution of (1) if it exinty.
One of the two basic arguments will be the identity:

) (u® -l 0®) (21 g2 == (2 -F 0g)E b (1~ )2,

Tirgt show the sufficiency. T£ & s —1 (mod 8) then, by Gauss’s
clagsienl theorem, d can be writlen as a s of three squares of rational
integers; @ e at bW, suy, Then (V(—d)P--a-Det =0 and
multiplying this Ty %4 ¢* and using (2) we get the following non-zero
solution of (1) in, the field @ (¥(-d)):

(alh ¥ (- d)]?J- ((w DY (e d)) B (B3 62)2 == 0,
Now tihe proof of necossify, T (1) hag o non-trivial golution in ¢ (1/( :Ef))
then we iy assume 'Mmrt )

WA ue-p V(= DBt (0 q;/ ..... d))p = 0,

Whero w, i, v, P, g ave 1 ational integers, ITenge wo gob w2 uk--v
ea (P2 ) .md g g == O, Muliplying the firgt r-quu.hty' by p*+ g-‘
and using (2) woe ohtnin,

(10p)® -+ (0g)* +{ug —vp)* = &(p*+ )"
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Hence by Gauss’s theorem d(p?--¢%? is not of the form 4%(80-1-7) and
consequently d s6 —1 (mod.8).

‘We remark hore that the above theorem can be wsed for doten nining
the stute s of any quadratic field. By definition, the stufe ¢ = e(k) of
a field % is the smallest positive integer n such that —1 s a sum of »
sgunares over the ficld % (or infinity, it sueh an # dock not exist). Tt was
proved fivst by C. i Siegel that the stufe of an algebraic number figld
Is always 1,2, ¢ ov Infinity.

For a non-veal quadrafic field 6}(1/( — c!)) we Ly

(i) ¢ =1 if and only if d = 1,

(ii) 8 =2 if and only if 1 £ d # -1 (mod &),

(iii) § =4 if and only if d = —1 (mod ).

ITere (i) is obviouws and (i) follows from the above theerem, T 4 is
any positive integer then by Lmgrange’s theorem d == p¥ | g2 r* g2 fop
some rational integexs p, q, 7, and 8o
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(VT @)+ w02+ (g o)+ (1) =
Henee for any quadratic ficld s = 4 and now (i) and (it} inmpl v (iii),

!
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&
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