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In this paper we shall prove the following

TurorREM. Let E(x) for any x > 1 be the number of fundamental units
e < o of real quadratic fields K, and Ey(x) for any fized 6 in the interval
0 <6< } be the number of such units for K with class number hg and
discriminant Dy satisfying

(1) e < De.

Then
llogz
log2

(2) B@) =2 ) p()a'+0(loga),
=1

where u(l) is Mdobius function,
(3) Ey(2) < ¢y (loga)* =",

where & is any number in the interval § < 8’ < } and ¢, depends only on §'.

We see that asymptotic behavior of the functions E(z) and Ey(x)
differs in an essential manner, and “almost all” quadratic fields have
“very large” class numbers. Hence, particularly, “almost no” quadratic
fields have one ideal class in every genus.

In the sequel we denote by N{...} the number of elements under
consideration which satisfy the conditions indicated in the brackets. Thus,
for instance,

E(x) = N{e: e<a}.

Proof of the Theorem. It is possible to get an information on
the function E(x) by the following arguments. We observe that every
quadratic unit % > 1 and its conjugate »’ satisty the equation of the form
22—mez+1 = 0 with positive integral m = T'(n) = n+7', [n'| = 7. We
find

20+ 0(1),

N{n: 1<n<a} = B(2)+ B(@?) + B(@) + ...
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That easily gives
E(a) = 20+ 0(a*?),
and still sharper estimates are possible, like
E(x) = 20 —22'%2 40 (2'P),

and so on. We shall use the same idea expressed in analytic form to get (2).
Let us introduce the functions of complex variable s = o it:

Zs) = Y (0>1),

n>1
L(s) = D) T™%(n)  (o>1),

where n runs through all real quadratic units 5 > 1. It may be easily
seen that

Nig: T(y) = ;1, it m=1or2,
% E) = mj = 2, if m>3.
Consequently,

Co(8) =1+27°+2(L(s)—1—27%) =2¢(s)—1—27*,
where {(s) is Riemann zeta-function. Let
(4) 9(s) = Z(s)—2(t(s)—1).
Hence we obtain
() gi8) =1—-27°+ (™ —T~%(y)). (o >1),

n>1

and we see that

(6) g(s) = 0(n;°)  (o—>00),

1+Vs -
+V is the absolutely minimal unit in the set of all units

\

where 7, =

n> 1.
Let us introduce now the function

o) = Y (0>1),

&

where ¢ runs through all fundamental units of real quadratic fields. Since
every unit # is a positive integral power of a fundamental unit &, we have

Zs) = Do+ Y 4. = Ye(ks) (0>1).

k=1
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Hence we have

Indeed,

jy(l)Z(h) = 2 o(kls)= 'e(ms) D' u(l)
i=1 N

Using (4), we find

(7) e(s) =2 D u(0)(¢(1s)—1) +6(s),
=1
(8) G(s) = D ugls) (o>1).

Now, to express FE(x), we apply the usual integral operator
c+iT

1 ds
19,0 =5 [ v—,

c—iT
where ¢ > 0, T > 0, y > 0. We have
I(y, T)—d(y)| < y°T~'[logy|
oor the d-function
1 if y<1,
sty =17 .
0, if y>1

(see [1], pp. 109-110). Assuming from now on that @ is half an odd integer,
we find

1 i ds xlogx
S S— + 0 .
(9) Bla) =5 fT o(s)a* — + ( = )

We have also as an analogue of this

(10)

o o xMogw z
e f‘“s ””‘“*0( T )+0(Tuw‘”u)+o(1”

where |jz}|| is the distance from #'* to the nearest integer, I>1 is an
integer.

Since
|z —m/|

. m -1 >2lw1—lll’
$(_) (1+ I S W

&' = |a* —m| =
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we find from (10) for any integer L >1

L 2447

1 sds
2“(1)_279 f ()~ 1)o*=~

L L
=2,‘(z)aﬂ”+0(wlogw) +0(2Tw) +0(L).
=1

T

Since {(Is)—1 = 0(27%) for 1> L with ¢ =2, we have
oo 24T .

1 L ds
Y w5 [ (e -1)ar>
L+1 2

I —iT

I

00 T

= di

- = O( 21 Z‘Z’wzf ) = O (222 %LlogT).
T @ Vate

Taking L = [logz/log2] and T = 2, we have now from (7), (9) and (10)
L 244T
1 d
E(a) =22#(z)m1ﬂ+-—, f G¢(s)e° 2 +0(loga).
2ne J s
=1 2—1iT
To prove the estimate
2417
1 ds
1 — f— =
(11) o | G2~ = 0(loga),
2—iT
we remark that (5) gives
244T ds
. f g(18)a — = N{n: <&} —N{n: T(n) <"} +

2t J
2—iT

a'"loga M PRy
+0( i ) +0(an”’||,,) +0(Tllw‘”“ ) +0() =0,

where |||, is the distance from @' to the nearest 7 > 1. Using (6) and (8)
and arguing as described above, we find (11). This completes the proof
of the expansion (2) in the case of # being half an odd integer, hence for
any « > 1.

To prove (3) we observe that the class-number & = Ay, the discrimi-
nant D = Dg and the fundamental unit ¢ = ¢x of a real quadratic field
K satisfy the relation

2hloge = D'*L(1, ),
where

(1, ) =ZM,

n

n=1
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% = x(») is the non-principal primitive real character to the modulus D.
Since by Siegel’s theorem [2] we have L(1, y) > ¢, D™" with any = > 0,
it follows from ¢ <z and (1) that

D< oa(logw)ﬂ(l—zd—z!),
and we get (3).

It seems that modern theory of the distribution of real zeros of L-
functions gives the possibility to prove that

D w(D)L(1, 1) < ¢,y (logy)*,

D<y
where 4, 4 and ¢, are positive constants (4 and ¢, depend on 4). If that is
true, the estimate (3) may be improved to

Ey(x) < e5(loga)**=*) (loglog ),

. where u depends only on 4.
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