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A note on multipliers on a Segal algebra

by
K. R. UNNI (Madras, India)

Abstract. It is the purpose of this paper to show that if (&) is a Segal algebra
on the locally compact abelian group G and T is a multiplier on S(&) then there exists
a unique pseudomeasure ¢ such that Tf = oxf for each feS(G).

Various properties of §(@) are given in Reiter [5]. We denote by @
the character group of G. Let dz and dy denote the Haar measures on &
and G respectively where dy is so chosen that the Fourier inversion theorem
holds. Let & (C;‘) denote the space of continuous functions on é with
compact support and let

B(@) = {fe I}@): fex (@)}

Then B(@) is dense in S(@).

A multiplier on S(¢) is a bounded linear operator on S(G) which
commutes with translations. The problem of characterizing multipliers
on various special cases of Segal algebras has been studied by Lai [3],
Larsen [4], Keshava Murthy and Unni [1], [2], and Unni [7]. In another
paper [6] we introduced the space of parameasures which contains the
space of pseudomeasures as & subclass and showed that it T is a multiplier
on S(@) then there exists a unique parameasures § such that Tf = g*f
for each fe B(&).

Recently Keshava Murthy has brought to my attention a paper
by Yap [8] who proves that every Segal algebra on a locally compact
abelian group is a semisimple Banach algebra. Though parameasures
are of independent interest, the semisimplicity of the Segal algebra makes
it possible to prove the following

TuarEoREM. Let G be a locally compact abelian group and S(@) a Segal
algebra. If T is a multiplier on S(G) then there ewists a unique pseudomeasure o
such that

Tf = oxf  for each fe S(G).
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Proof. Let us recall that the algebra A (@) is the space of Fourier
transforms of functions integrable over G with the topology given by

1flaey = Iflzoen

and the space of pseudomeasures is the dual space of A (@) in the above
norm. We have seen in [6] that B(G) is dense in A (G).

Let T be a multiplier on S(&). Then T'(fxg) = Tf+g for all £, ge S(G).
(This is proved in [6].) Since S(@) is a semisimple Banach algebra with
convolution as multiplication, the arguments of Larsen ([4], p. 2412
shows that there exists a continuous bounded function ¢ defined on G

N ~
such that Tf = &f for each fe S(@). Hence it follows that B(@) is in-
variant under T and thus Tf is a continuous function for each fe B(G).
If we set L(f) = Tf(0) then

AL = 1TFO] < [T lls < inHl = 19f 1 < 18l If ;. = 1P 1 L

and L is a continuous linear functional on B(G) which is dense in 4 (G),
and hence can be extended uniquely as a continuous linear functional
on A (G) without increasing the norm. Hence there exists a unique pseudo-
measure ¢ such that L(f) = Tf(0) = {f, 6> for fe B(@). Then Tf = o*f
for all fe B(G). The uniqueness of pseundomeasure o can be proved either
ag in Larsen [4] or as follows. We have proved in [6] the existence of
2 unique parameasure f such that Tf = f*f for each fe B(G). Hence
Tf = oxf = pxf for each fe B(@). Since the space of parameasures con-
tains the space of psendomeasures, the uniqueness of o follows from the
uniqueness of B. ' ,
It remains to show that Tf = o*f holds for all f« S(G). Let fe S(G)

Sinee S(G) = L' (@) for each oe P(R), we have oixfe P(G). Let {u,} be an
approximate identity such that u,<¢ B(G), |ludh =1 and |ju*f—fllg — 0.
Since p#fe B(G) we have T(u.xf) = o*(uxf). From the relation

llok (urf) — o (pg*flls = T (uaf) — T (gt Hlls < TN Nsof — pa flls

we see that {o* (u,*f)} is a Cauchy net in § (). Then there exists an Fe §(G)
such that ||[F— o*(u,*f)|lg = 0. Now

NE ~f oo < I 6 (1 Vo 16 (i ) =5
S — o ()l + 19 o et = s
from which it follows that # = &f. Since fand F are in §(@) = LN@),

by the Fourier inversion theorems we obtain F = oxf and
I1ZSf — o (uakflls = WZf — T {ualls < ITY IS — gt flls = 0
shows that Tf = oxf for each fe §(@). This completes the proof.

icm

A note on mullipliers on a Segal algebra 127

References

{11 G. N. Keshava Murthy and K. R. Unni, Multipliers on weighted spaces,
Proc. International Conf. Functional Analysis and its applications, Madras
1973, Eds. H. G. Garnir, K. R. Unni and J. H. Williamson, Lecture notes
in Mathematics, Springer Verlag (to appear).

[21 — — Multipliers on & space of Wiener, Nanta Mathematica (to appear).

[31 H. C. Lai, On the multipliers of A®(Q)-algebras, Tohoku Math. J. 23 (1971),
pp. 641-662.

[4] R.Larsen, The multiplier problem, Lecture notes in Mathematies No. 105,
Springer Verlag 1969.

[5] H. Reiter, L -algebras and Segal algebras, Lecture notes in Mathematics No. 231,
Springer Verlag 1971.

[6] K. R. Unni, Parameasures and multipliers of Segal algebras, Proc. Internatio-
nal Conf. Functional Analysis and its applications, Madras 1973, Eds. H. G.
Garnir, K. R. Unni and J. H. Williamson, Lecture notes in Mathematies,
Springer Verlag (to appear).

[7] — Mulitpliers on the algebra AB(G), Matscience Preprint 25, 1972.

[81 L. Y. H. Yap, Bvery Segal algebra satisfies Ditkin’s condition, Studia Math. 40
(1971), pp. 235-237.

THE INSTITUTE OF MATHEMATICAL SCIENCES
MADRAS, INDIA

TReceived October 7, 1972 (591)


GUEST




