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On Banach spaces containing o,

A supplement to the paper by J. I-Ioffma.nn-]argenseﬁ
“Sums of independent Banach space valued random variables”

by
S. KWAPIEN (Warszawa)

Abstract. It is proved that a Banach space B does not contain subspaces iso-
morphie to ¢, if and only if the almost surely boundedness of sums of independent,
symmetric B-valued random variables implies the almost surely convergence of
the sums. : :

We shall prove the following result conjectured by Hoffmann-Jer-
gensen in the preceding paper [2].
. TumoREM. For every Banach space B the following conditions are
equivalent: )
(i) B does not contain subspaces isomorphic to the space ¢, of all scalar-
valued sequences convergent to zero,
(i) L,(B) does not contain subspaces isomorphic to o,
(i) the almost surely boundedness of sums of independent, symmetric,
B-valued random variables implies the almost surely convergence of the sums.
Tt has been proved in [2] that to prove the theorem it is enough
to establish the following
ProposiTIoN. Let B be a Banach space. Let (g;) be a Bernowilli sequence
on o probability space (2, %, P), i.6., a sequence of independent random
variables such that P(s; =1) = P(g = —1) = § for all i. Let (x;) be a

n
sequence on B, such that int||w;)| > 0 and P(sup|| ) & = oo) = 0. Then B
i n =1

contwins o subspace isomorphic to c,. .
Proof. Let B, denote the o-subtield of & generated by all es. Then
it is easy to see that for Be %,

@ HmP(Bn(e; = 1)) = mP(Bn(s = —1)) = 27'P(B).
i i
Pick M < oo so that P(4)> 2! where

A = {we 2: sgp”je‘(d)@“ < M}.
4=l
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Oleaxly, A e #,. Using (1), we define inductively an increaging sequence
of the indices (n;) so that for every sequence of signs (a;)

P(AN(aye, = 1)) >27%

I
(2) P(Aan (48, = 1))

k—1 k—1
> 97 (27 P AN (M (aey, = )P (A0 ) (a8, = 1)) =277
g1 i=l
for bk =1,2,...
Let us pub e = ¢ for ¢ =mn; (j =1,2,...) and ¢ = —g¢ otherwise. Leb
n
A = {coe Q: SHPHZS;(“’)”‘H < M}
7 =1
Since the sequences () and (e;) are equidistributed, it follows from (2)
that
k k
. (3) PlAn N (e, = 1)) = P{A' 0N (a8, =1)) > 9-k-1
i=1 =1 .
for every sequence of signs (a;) and for & = 1,2, ... Fix now % and the

k
SigNS @y, Gy, ..., @, Since P() (e, = 1)) =27% it follows from (2)
t=1

and (3) that there exists an we £ which belongs to the intersection
k

ANnA N () (a6, = 1). Thus
i=1 .

k 7y ng )
HZ:aim"i = Hz—l(;:sj(w)wj-i—gs}(w)mj)‘, <M.
i= = F=1

Since the positive integer k¥ and the signs a., a, ..., a; have been fixed
n

arbitrary, the last inequality implies that the series ) m, ; 18 weakly un-

=1
conditionally convergent, while inf[]wnl]l> 0. Thus, by a result of [1],
B contains a subspace isorhorphic to c¢,.
This completes the proof of the Proposition.
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Projections on Banach spaces with symmetric bases
by
P. G. OASAZZA‘(Huntsvﬂle, Alabama) and BOR-LUH LIN (Iowa City, Iowa)

Abstract. Lot P be a bounded linear projection on a Banach space X with a sym-
metric basis. Then either PX or (I —P)X contains a subspace B which is complemented
in X and such that ¥ is isomorphic to X. As a consequence, Pelezyiiski’s complement-
ably universal space for all Banach spaces with unconditional bases is primary.

A Banach space X ig called prime (resp., primary) if for every bounded
linear projection P on X with dimPX = co, PX (resp., PX or (I—P)X)
is isomorphic to X. Clearly, every prime space is primary. It is well known
that ¢, and 1,, 1< p < oo, are prime spaees ([5], [10]). However, it is an
open question whether there are other prime Banach spaces. Recently,
Lindenstrauss and Pelezyiiski ([8]) have shown that ([0, 1] is primary.
For other information on prime and primary Banach spaces, we refer
the reader to [6].

A Dbasis {u,} in a Banach space X iy called symmeiric if every permu-
tation {w.} of {#,} is a basis of X, equivalent to {z,}. It is well known
that in ¢, and 1,, 1< p < oo, all symmetric basic sequences are equiv-
alent (cf. [1]). There are two important classes of Banach spaces with
symmetric bases: the Orlicz sequence spaces ([9]) and the Lorentz se-
quence spaces ([1], [8]). In this note we show that if P is a bounded linear
projection on a Banach space X with 4 symmetric basis, then either PX
or (I—P)X contains a subspace B which is complemented in X and is
isomorphic to X. As a consequence, Pelezydski’s complementably universal
space ([117]) for all Banach spaces with unconditional bages is primary.
This indicates that it is conceivable that all Banach spaces with sym-
metric bases are primary and strengthens the conjecture of Linden-
gtromss and Tzafriri ([9]) that there are new examples of prime Banach
spaces among the minimal Orlicz sequence spaces.

Tiet X be o Banach space with a symmetric basis. Then there exists:
an equivalent symmetric norm (of. [12]) in X. Throughout this paper,
we shall agsume that X is equipped with the symmetric norm and that
every projection is a bounded linear projection. We shall write X ~¥
(vesp., {#p}~{y,}) to mean that X is isomerphic to ¥ (resp., {#,} 18
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