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1. Introduction. In 1964, Gritzer [2] defined weak independence
(we shall call it G-independence, following [4]) as an abstraction of the
classical (linear) independence in abelian groups. Thus in an abelian
group (in fact, in a module over a ring) {a,, ..., a;,} is G-independent if
and only if n,a,+ ... +n,a, = 0 implies that each n;a; = 0. This is
the same as [a,, ..., a;] = [a;] @ ... D[a;] (direct sum), where [ ] means
“subgroup generated by”. He then posed the problem of determining
the class K of algebras in which {a,, ..., a,} is G-independent if and only
if [ay,...;a8,] =~ [a,]x ... X[a,], assuming that in K there is a nullary
operation which determines a one-element subalgebra in every algebra
of K.

In this paper we observe that, in an abelian group, {a,, ..., a;} is
G-independent if and only if [a,,...,a,] >~ [a;] X ... X[a,] under
a “normal” isomorphism, one which takes a;— (0,...,a; ...,0). We

then show that the class of algebras in which this equivalence holds is
precisely the class of semimodules over semirings which, together with
Corollary 2, solves problem 56 of [3] (formulated also as P 606 in [2]).
We follow the approach developed by Csakany in [1].

2. Definitions and preliminary results. We follow the basic notation
and terminology of [3]. In particular, ™ (K) denotés the free algebra
on n generators over K; e denotes the m-ary polynomial defined by
€ (xy, ..., T,) = x;; P™(K) denotes the n-ary polynomials over K; and
HEW = (4; F) is an algebra, B < A, then ([B]; F) denotes the subalgebra
of A generated by B. In this paper K will denote an equational class of
algebras each of which has a one-element subalgebra, determined by
a nullary operation denoted by 0.

Let (B;; F>e K for ie I. By < > By; F> it is meant the subalgebra

tel

of the direct product < [] Bs; F> consisting of all those functions which
Tel

are 0 for all but finitely manyv 7¢ I.
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For B = {b;|ie I} = A, we say that an isomorphism ¢ from <{[B]; F")
onto { 3 [b;]; F) is normal if, for every ic I, p(b;) = &,,, defined by &, (i)
tel

= by, &,(J) = 0 for @ # j. If such ¢ exists, we write Be NDS. Note that,
under a normal isomorphism, 0 — &, (defined by &,(¢) = 0 for all e I).

For Bc A, a map ¢: B> C, (C; Fye K, is diminishing if for any
unary polynomials p and ¢, for every be B, p(b) = ¢q(b) implies p((p(b))
= ¢(p(b)). B is G-independent (with respect to K) if and only if for every
(C; F)e K, every diminishing map from B into C can be extended to a ho-
momorphism of ([B]; F) into (C; F). In this case we write Be GI(K), or
simply Be GI. R = <(R; +,-, 0, 1) is a semiring if (R; +, 0) is a commut-
ative semigroup with identity 0, (R; -, 1) is a semigroup with identity 1,
and the distributive laws hold. M = (M; +,0, R) is a left unital R-
-semimodule if (M; +,0)> is a commutative semigroup with identity 0
(as usual we use the same symbols to denote the zeros of It and %R),
(R; +,+,0,1)> is a semiring, and there is an operation rm defined for
re R, me M such that for all m,ne M, r,,7r,,7re R, we have r(m+n)
= rm—+rn, (r17)m = ry(rom), (ri+r,)m =rym-—+rym, Om =0, r0 =0,
Im = m.

If K,, K, are equational classes, then K, is equivalent to K, if and
only if, for every natural number =, there is a one-to-one map ¢, from
P"™(K,) onto P™(K,) such that ¢,(e}) =e* and for peP®(K,),
Gy +-y Qe PP(K), ?’n(p(QH cees @) = [@k(D)Pa(@); -+ - Pul@n))-

3. Main results.

THEOREM 1. In the class M of left unital semimodules over semirings,
GI = NDS.

Proof. Let {a;|ie I} = M, e M, and suppose {a;|ie I}e GI. Since
the map a; - &, is obviously diminishing, it has an extension to a homo-
morphism ¢ of [{a;|ie I}] onto [{&, [ieI}] = D [a;]. It is one-to-one.
For, if a, be [{a;|7e I}], we may suppose “

a = Zrikaik, b = Zs,-ka,-k,
k=1 k=1
so if p(a) = ¢(b), we have

n

kaaik = Zskfaik:

1 k=1

S

k

so that r a;, = s,a, for every k =1,...,n. Thus

n n
a — S rkal-k - E .S‘ka,ik == b,
k=1 k=1

50 @ is an isomorphism.
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Now let {b;|iel} < IMe M and suppose {b;|teI}e NDS. Let y be

an isomorphism of [{b; |ie I}]onto D' [b,]. Let b; — ¢;, i I, be a diminishing
tel

map, where c;e Jte M. Then ¢;: rb; — rc; defines a homomorphism of

[b;] onto [¢;]. Let

p =i ) bl D[]

tel tel tel

be the homomorphism defined by (¢(f))(¢) = ¢(f(¢)). Finally, let

1 D el >R

tel
be the homomorphism defined by yx(f) = } f(¢), where ie I’ if and only
tel’
if f(¢) # 0. yepy is a homomorphism taking b; to ¢; as required. Thus
{b;1ie I}e GI.

THEOREM 2. Suppose that in K, GI = NDS. Then there exists a unique
semiring R with identity such that K is equivalent to the class of all left unital
R-semimodules.

Proof. Let x,, x, be the generators of the free algebra F®(K). Since
{x,, x,;} is independent, it is G-independent, hence in NDS. Let ¢ be the
normal isomorphism from F?(K) onto [x,] x [#,]. Let ae F?(K) be such
that ¢(a) = (2,, z;), and let ¢q, be a polynomial with a = q,(»,, x,). If
we denote ¢, by @D, we get (see [1]) in K:

(1) z2@0 =2 = 0Px.

Now let {®,,...,Z,,¥,,-.., Y} be the generators of F*"(K), the
free algebra over K on 2n generators. Since {z,, ..., &,, Y1y ..., Yo} € NDS,
the composite of ;> (0,...,%;, ..., 0)—>((0,..., %, ..., 0), (0, ..., 0)
— (x;, 0) (and similarly y; — (0, y;)) yields an isomorphism ¢: F*™(K)
— F™(K) x §™(K) which, for any n-ary polynomial p, takes p(x,, ..., @,)
- (p(#yy ..y 2,),0) and Py, ...y Yn) —> (0, (%1, ..., ¥,)). It follows as
in [1] that

(2) P(B1DY1y oeey TnDYn) =P(Xyy oeey B) DP (Y15 -0y Yu)-

From (2), taking p = @, we immediately derive associativity and
commutativity of @. By induction it is easy to obtain the general associa-
tive law and the following extension of (2):

2) p@x®... DY ..., tp D ... DY)
=p(w}, 7“":;)@ @p(ar’y ..., Tn).
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Let R be the set of all unary polynomials in K. Define:

(1 ©p2) () = p1(2) Dpo(),
(P1P2) (®) = Pa(p2(@),
1(z) = ei(2) = 2,
O(z) =0.
Then R = (R; +,+,0,1) is a semiring with identity (see [1]). We

will show that K is equivalent to the class of all left unital R-semimodules M.
Let pe P™(K). Then, by (2’), p can be written uniquely as

p=p,6®D... Pp,€,, Wwhere p;(x) =p(0,...,2,...,0).

Then ¢,: P™(K)—> P™(M) is defined by ¢,(p) = p €} + ... +D,én-
Since the P™(K) are disjoint, we use the common symbol ¢ for the ¢,.
Note that for unary p, ¢(p) = p, where in PV(M) we simply write p
for pel. Also (1) =1 and ¢(®) = +.

@ is 1-1. If ¢(p) = ¢(q), then pieT + ... +pn€y = @16+ ... +qn6y.
Taking x; = x, x; = 0 for j # i, we get p;(x) = ¢;(x) n M. Since p; = ¢;
s an identity in M, it must hold in R regarded as a semimodule over
tself. Thus

P67 @D ... DPuen = 161D ... Dntn

holds in K, i.e.,, p = ¢q in K.
@ is onto. It is clear that in unital semimodules over R every poly-
nomial p’ has a representation of the form p, el + ... +p,€,, P;c B, s0

(61D ... Dpuey) =P
@ is an equivalence. Let

pe PEK), ¢,...,q¢« P (K),
P=06®... Opéf, ¢ =qlfD... DeLeR,
e[p(dy -y )] =pD(RED ... DGER, .., GED .. Dgrey)]

=[G D ... DLE)D ... DIl D ... DFre)]
= 9l(P1Q} D ... DD N D ... DD D ... DDrgnen)]
—ol(P10'®D ... OPFNED ... D(PIGD ... DPiTr)en]
= (010 ® ... Opd)E+ ... +(PLD ... OPraE) R

= (P et .. + g )+ e+ (DrGhER o+ DrdEER)
— PG+ ... F @i+ o F (gt . T aneR)

= [tp(p)]((p(ql), "P(qk))
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That R is unique follows from the properties of @, as in [1].
CorOLLARY 1. If in K, GI < NDS, then GI = NDS.

CorROLLARY 2. If in K, GI < NDS, and if for every We K, any two
congruences in W permute, then there exists a unique ring R with 1 such that
K is equivalent to the class of all left unital modules over R.

Proof. By a result of Mal’cev [5], there is a ternary polynomial
symbol p such that in K, z, = p(x,, @,, v;) and x, = p(x,, ,, x;). Then
we have p(0,2,0) = —x, since z@Pp(0,x,0) = p(x, 0,0)Dp(0, z, 0)
= p(z, %, 0) = 0.

COROLLARY 3. In K, F™(K) is normally isomorphic to FV(K)x ... x
X ¥V (K) if and only if K is equivalent to the class of left unital semimodules
over some Semiring.
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