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A partition problem of Frobenius, 1I
by

CJL B Byrnns (Boston,  Mass.)

Asin [2], we consider the following question, often posed Toy Frobenins.
What lh the largest integer M = M (a4, @y, ..., &,) cmitted by the lineax
form ) a0, where a,, ..., &, 15 an inereasing sequence of fixed posﬂ:we

mtl

integers whose GUD is 1, and the @; are » variable non-negative lntegers ]
Thoge integers which are taken on by this linear form will be called afimin-
able. Much work has been done on this problem and we refer the reader
to [2] and [8] for an ektensive bibliography. ‘

In this paper we examine the situation when

) ay =k—1(mod ay), 2Lk n.

We describe an algorithm. which yields the answer in'all such cases, and
then we give the explicit solution when # < 5. The following two lemmag
will be our principal tools.

Lamwa 1. Let (*) be sadisfied. Then M = —1 (mod ay).

Proof. Let N = N (@, thyy ..., @y} be the smaliest attainable integer
congruent to ~1 (mod a,), so that N — a, is omitted. Oon51c1e1 the sequence
of integers

(1) (N == Gty b er =l Uy Gplig=oes g (Ugy b 1) 4 {10, — 1)
Wy -fees -t “n-—i(’“‘nwﬁ 2Y -+ a1, (thy — 2),
vy Ogllg e By (U F W)
g e e g (% + 1) + g (g U — 1), .
i ag(ué'—l—...—k‘u,,)‘;
g (g Fe o ity — 1)y ooy i, 0. :
Clearly (1) is a strictly deereasing sequence of attainable integers,
and the kth integer in the sequence is congruent to —k {mod. a,). '.Dhus,
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for 2 < %< gy, we have an attainable integer smaller than N which is
congruent to —% (mod «,). Therefore, ¥ —j is attainable for 0 < j<< aq,
and 80 M = N -a,;, which obviously yields the degired result.

LEvwa 2. Let N be defined as in the proof of Lemma 1. Then

L

(2) T =D = a1
Jo=e2
Proof. Since N iz the only term in (1) which is congruent to
—1 (mod. @), we see that {1) containg exactly a, terms. Also, by simply
counting, we see that (1) contains

s K3
1 -ty (b1 o) e (o F2y) =14 D (E—1)2p,
=
terms, and Lemmsa 2 is proven. :
For p =1 and k= 3, we let gf(pak) denote any integer of the form
k— 1

0, 2m>0 and Y‘(gm Jo; = p(k~1).

We let B(pay) denote % partleular gf(pa,c),

We pay that pa, is useble if pa, < #(pe,) for all such #(pay), and
we let a;, be the largest p such that pa; is usable (where o, = oo is allowed).
Our algorithm ean now be degeribed.

FRirst, let
—1
-ah-]), 2 < % < .

i
Ezwjmj, where ;>

Y = min (a;(” [

Then, let

T

j—1

. -1
=5 ]
H

#y =, -and 2 =min y,,{

By Lemma 2 and the ﬁboire, we zee that

n
N = Z(Isz;ﬂ-

ol
More simply, to arrive at ¥, and hence at M = N —ay, we use,
subject to (2), a8 many a, as are usable, then as many a,._,, ete. Since
we need only check if pa, is nsable for (k —1)p < a4, —1, ¥ will be computed

by this scheme in a finite number of steps.

In fact, we now show that the number of steps can be greatly decreased,

and actually can be made 1ndependent of a,. This will require two r.l:ddl-
tional lemmas.
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LeMMA 3. (All sums in this lemma are from j=11% j=m—1.)
Let m > 2, let B; be non-negative integers, 1< j < m—1, and let

3) 2,98 = m*.
Then there is o sequence of imlegers {o;}, 1 <J < m—1, with
Doy =0 (modm)  and {0} < {0 < {B}
(where {83} << {4} of 8 <4 for all § and 8; <l for at least one j).
Proof (). By (3) we see that
s> Sigsm

D BEmtl.

We now let » be the smallest index where ﬁ',, >0. For 1i<§b,,
we define the sequence {of} by :
i=r

o =17
0, j==r.
If 5 is the second smallest index where §; > 0, we define the seguence
{of)) Be<i < fy+B., DY

go that

B s .7:=7':
G_sﬂ = 1"""ﬂr! ) =28,
-0, “ 3 #Er,s.

Continuing in this way, we obtain a tota.l of } ﬁj——-l =P = m se-
quences {af"}, with

0< {of} < {ofP} < < {oPh < {8}
Olea,rly_, either : :

Zjay? = 0 (mod m) for some 4, 1<i<p,

or
for some 4, k%, 1<<i<<h<p.

D)i(of—of’) = 0 (mod m)

In either cose, we are done.

We remark that Lemma 3 would be false if m® in (3) was replaced
by (m-~1)% The choice B, == m—1, all other §; = 0, provides a counter-
example, ' '

{1 The author would. like to thank M. Tomlinson for his suggestiony concerning
this proof.
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Levma 4. Let k= 3. If (k—2)a, is usable, then pay, is usable for all
p=1 :
Proof. Case I: L<<p<<k—3 (Case I does not occur if % = 8). If
Z (pay) < pay, for some %, then

R (pog) + (k=2 —play, = B{(k—2)a) < (k—2)

contradicting the fact that (k-—2)a, is usable.

Oase IL: p > k—1. It is clearly sufficient to show that if (p—1)a,
is usable, then pe; is wsable. Thus, assume that (p—1)a, is usable and
A(pay) < poy, Lor some &, vay

: ! k
R(pay) = z\_; a;%;.
j=2
It v, > 0, then
-1 .
13 1 air :;2 vg +a’ic )["‘él(p;‘l)a']ai
(3

whiech - contradicts the'usability of (p—ul)%. Thus, v = 0, s0 thab

B(pay) Z a1

j=-)

with, ‘ .
’ k-1 ) . oy

2 =10 = p(h=1)> (k—1)2

j=z

By Lemma 3, there is a sequerice {w;}, 2 <j< k—1, such that for

gsome r, 0 << r< p,

“le—1

MG~V =rk=1), and  {'0}<{@0¢}<{%}-‘

)

Then, applying Case I, we have

k-1 Te=1 .
Ripag) = D' apwy+ 3 ay(0;—w) = Blray) - ((p -7)a)
J=t frm=2

> Pt (P — 1)ty = Py,

contradicting the definition of R, and completing the prool.
We observe that, by the remark following Lemma 8, Lamma 4 would
be false if (k¥ —2) in the hypothesis was replaced by any smaller integer,
Thus, we see that in checking whether pa, is usable, we need on!y
consider p < % —2. We deseribe the resulting algorithm. v
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First, check the usability, in the order given, of

@gy Gyy 205y @5y 25, 305y Ugy oovy bpy 2y .oy (R—2}a,

(certainly, if ra; i8 not usable for some r < k—2, then it is UNNecessary
to check pay, for » +1 < p <k —2). Then use, subject to (2), as many e,
ag are usable, then as many a, ,, ete., until ¥ is arrived at (i.e., until
(2) is satisfied). As an example, the precedmcr chart describes all “uba.blhty
possibilities” for n =5, An a, in the last column indieates that, in that
particular row, all @, are usable, while the notation “< ra,” indicates
that at most ra, are usable. The absence of a particular a;, in the last column
indicates that, in that case, @, is not usable.

By using the above chart, the explicit values of M for # <5 can
obviously be written down immediately. Thus, for n = 4, we have

‘ [y — 1
S P L ]
3 Gy Gy ] thy -4~
T K e
. 1”_" -
+ a1—1—3[ 3 ]“-‘2‘_ 3 g~ by
o it ey < 2a, ay << “2‘1‘%;2“4“:3%5
ﬂl'—(t:] ( [ﬂl—-"l- )
. y & a,—4—2 —
M (01,0, @y, 84) = * [ _2 s 2 ]a2 i

if a; < 2&:2, @y < Gy g, 204 2= Sag;

4 —1 —17
[12 ]as+(ﬂ1f1“2[a12 ])“a—"‘h

if ay<< 24y, 0, 2

oy —1 ' —1
[ 13 :Ia,;"‘i" (al“l'—s[”ﬁ“&_—])@a“al

i a2 20y, a, < 3ay;

aﬁ"*‘aﬂ:

(@g—1)as I . ay = 20y, a, 3 3a,.
For particular examples when n = B, we have
(211 634, 1057, 1691 2114) ——1057 105 — 211 == 110774;
M(729, 2917, 2918, 4377, 4378) = 4378182 — 729 = 796067 ;
(1019, 6115, 7135, 12231, 13251) == 18251 254 - 7135 — 1019 =

= 3371870.
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Clearly, a chart such as the above can be constructed for any =,
although for # =8 or so the large number of subeases makes this fm-
practical.

In coneclusion, we observe that when the a,'s are consecutive integers,
Lemmasg 1 and 2 imediately yield the result

i w3+
My, ay--1y oosy @y +n— - —
(1,1l., ) Oy + 1) = _1@1\[0?1_1 :|601 i,
where @, =4 (modr—1), 1< j< n—1.

Thig agrees with Brauer’s result [1], which was obtained by 2 conziderably
more complex method.
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