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Using (33) to eliminate a", we gét

Zl(c 2kwl+2u 0 ) (2 —2 + 2 — w0 --g)
eel?
>2—(2Tcw—1+2u — ) (P —2 + 2u—w).
Hence
——(2k+10){2k) if  w is even,
<"t
o (2R (@E—1) it w is odd.
. 2
Since w < 2k—2, 241 < —k—, henece
. : w-}-2 w-+1
' 4k*a
Ale) << .
%J © w1

On the other hand }'A(e) = &2, exactly as in Case 1, s0 a > }(w+1).

oel)
Hence oz ;(w-2) and the lemma is proved.
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A note on a cyclotomic diophantine equation
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VEIRkEO BywoLs (Turku)

1. Iniroduction. Let > 3 be a nabural number; £, = exp{2wi/m),
and let K, =@(l,) denote the cyclotomic field over the rationals .
‘We shall prove the following result: :

TuworeM A. If ¢ = 8, B is @ unit in K,,, end the equation
(1) . e = f+1
has a solution aek,,, then a =0 or a is a o0t of unity.

In the special ease when m is a prime > 3 and « is reqnired to be
@ unit in K,,, this result has been recently proved by Newman {5]. His
proof depends on the following theorem (for prime values of m):

TurorEM. B, If m s any infeger >4, 2 << g << m—2, and q> 2, then
the only solution oK, of the equation ‘
@ Lot + o 207 = af
is given by ¢ =2, m =12, g =T, a = £ (1—£,)"%

In partienlar, if m is prime, then (2) does not have solutions with
g == 2. This fact was stated as a conjecture by Newman [4] and was first
provcd by the author [1]. A very elegant proof of a more general result
was given by Loxton [3]. The proof given by Newman [5] is incorrect.
(The formula for 4" —¢ on p. 87 is wrong.) In the general case Theorem
B has boen proved by the author [2]. |

Using the.ideas of Newman we shall prove Theorem A directly
without leaning on Theorem B, It is posgible that the new method will
eause & simplification in the proof of Theorem B which is extremely
complicated.

2, Proof of Theorem A. We assume that (1) has a golution, where
¢ 18 nongere and not a root of unity, and deduce a contradiction. Withoubd

1oss of generality, we may assmne that ¢ = 4 or that g is an odd prime.

By extending the field K, if necessary, we may also assume that g|m.
‘We use the fol]owmg well-known fact: If p is any unit in K,,, then there
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exists & root of unity ¢eK,, such that § = gp. The basic idea, due to
Newman, is to write (1) as o?—1 = 3, and then apply this fact t0 ¢ — C"
(b =0,1,...,¢—1), which are all units in &,,.

Oonmder firgt the possibility ¢ = 4. We have

(3) E—i " = §la—i¥) (b =0,1,3,3),
for some roots of unity &.eK,. Eliminating & we obtain
(52‘"‘:"'—0)“ == 2—"59““-50

If & = &, then &, =1, whence a is real. Applying (3) for % =1, we
obtain «—17 = 2i/(& —1). Since a—4 is a unit, this is possible only for
é1=—1. Bub then a =0, a contradiction. If & ==&, then a—1,
= 2(1 &)/ 52«50 Again, this is possible only for & = —§&,, which
implies a = — &7, contradicting the assumption.

Congider now the case when g is an odd prime. We have

= Gla—) (h=0,1,...,¢—1)

a—1{,
for some roots of unity EkeKm Assuming that & 3= &, we find, elimi.
nating a, : :

4 e=(1-g +§,.,c’°;s.,)/(§k
Therefore

(&&=~ +E;c€’“——§o)“m(é'k &) =

Thiy ig posmble only if & &' = ¢l for some 4, = 0 mod ¢- Then (4) imyilies

B b (L) =1L G L) (k=18 15 £ £).

Divide (5) by 1—¢, and consider the resulting equation mod 1 — Z,. We
conclude that nnfﬂwi,g =L+ & (ki) mod 1 — Ly or

{6) - =1+ (a1 e mod 1—£,.

Since &, = &, for at most one % with 1 <k
(6) holds for some %k, whence (1+ &')(a—~1)"
rational integer 4 (1< d < ¢~1}. Thus

(7) = dk mod q.

We can now a.lso see that &, = E., cannot, in faet, hold Ior k50, becsmae
In this case & == —{7% and we would have d = =0mod L —¢,.
Consider the polynomial

Pla) = §attt —afy ﬂ'}ﬂ'l-l.“'!‘(afo"*fn ‘l“l) —1.

It follows from (5) and (7) that v~ CE|P(x) for k =1, 72y ey g —1, Clearly
also & —1jP(»). Hence mq—liP(m) However, it 15 ea.sﬂy seen that thig

(k= 112; rrey g"‘li ’-:;Ia ’?‘é Eo)-

= () mod ¢.

¢—1, the congruence
= d mod 1 — £, for some

icm

4 mote on o eyelofomic diophantine equalion _ 159

iz not possible, because a = 0 and « is not a reot of unity. This concludes
the proof.
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