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1. Introduction and summary. Throughout g will he a non- plmmp&l
character (modp) of order &, where p is an odd prime with. p = L{mod &}
and % i3 an integer = 2. _

Let #(k, m, p) denote the smallest positive integer r suck that

(L.1) _ x(r) = 2(r+1) = ... =g(r+m—1) =1

and let a;(%, p) denote the smallest positive integer o such that

(1.2) xla) #1, glavd) =1, ..., xlat+j—1) #1. -

Although knowledge of the exact number of triples of consecutive
quadratic residues of primes p is classical and approximate formulae are
well-known for the number of oceurrences of m consecutive residues {with
a markedly improved error term (see [4], . 188) due to the work of A. Weil
[7D), the first non-trivial upper bound for »(k,m, p) when % = 2 and

= 3 was obtained by fthe author; see, in particular [5] and 6], Nmnely,
for & = 2 and m = 8, I have shown that

(1.3) 7(k, m, p) << 270-5p"*logp 462 for all p>17.

On the other band, T'. 1D, T. A, Blliott showed in [2], Lemma 12, that
(1.4) , (e, p) == O, (p2)

for k = 2, &> 0, and B b,

In |_'5|, Elliott gwve a slight improvement of (L.4), namely
=
(1.5) ay(k, p) = O, (p* )
for & =2, £> 0, and p = 5. Un.'i‘;ortmm’uely, Elliott’s results applied only
to real characters (modp), and nothing was obtained fov oy (%, p) when
Jis>2 ’
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I am deeply indebted to Hugh L. Montgomery for suggesting to i
a technique by means of which a considerable generalization of Blliots
result can be obtained as a relatively eagy consequence of Burgess’s chara
ter swin estimates.

Specifically, for s> 0, k> 2, and p > pole, k), T will ghow the

(1.6) ' t_i (%, p) = O, (7).

There are, for example, at least six ecnscontive seventh power nor
residues less than pY**°1 Note also that an immediate consequence c
(1.4) and (1.6) is that the second smallest jw'a»'ime character non-residu
of characters of order > 2, ga(k, p), satisties the implied equality i

(1.6) since ¢q(k, p) << ay(k, ») +1.

2. Consecntive character non-residues,
Trrorzy. For every e> 0 and cach k> 2,

(2.1) tpor(Fy D) = O, 4 (p"49)

Jor all primes p > py(s, k) satisfying p = L(modk).

Proof. Let X denote the set of complex valued characters (modp
- of order k defined on the positive integers, and order the elements o
X so that y = y, is the character with the property that y(n) = ™ i
% Is a character non-residue of order k.

Then, for (n, »} =1 we have

k-1 )
75 "‘"1 '..EO'L' ib) = 1
2.2) N = xlm) = 1,
r=1 -1 for  x(n) #1,
sineo ¥ gtk L ORI G- oy

Asgume that
(2-3) N : plj4~[«s< (7@—1}.N< a;u‘,,](k,])).
Then, obviously, at least N of the integers n with # 7 (k1) ¥ ave eharac

ter residues of order k. Consequently, no more than (k- 2) N can be charac
fier non-residues of order k.

Thus -
k-t ) ~
(2.4) D (Xrm)= 3 G-1-(-2 ¥ 1
‘ B E—1)N el n<<e— 10N nez(lem UV
#(m)=1, (w1

= N(k—1)—DN(k—2) = N.
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But, from Burgess [1], it a,_ (%, p) > p"*** we must have

k-1 k—1
e |3 (Srw) =SS rw)
n(E—1N r=1 . r=1  nxk-LN
k-1

<31 3 v

r=1 nA={(k—}N

-1

< N e(b—~1L)N = eN{k—1).

re=1

1
Buf N = eN(k~1)* for &< M-m—;;ﬁ— contradicting the assumption (2.3)

and, consequently, the theorem is proved.
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