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The Borsuk homotopy extension theorem
without the binormality condition

by
Michael Starbird (Madison, Wisc.)

Abstract. Borsuk’s homotopy extension theorem states that if C is a elosed subset
of a binormal space X, then a continuous function @ from OxIU X {0} into any
absolute neighborhood retract can be extended to all of X x I. In this paper we prove
that the binormality condition on X can be weakened to just normality in the case
where the range of ¢ is a compact, Hausdorff or metrizable absolute neighborhood
retract.

In 1937 Borsuk [1] proved a homotopy extension theorem, one
generalization of which is the following: If € is a closed subset of a bi-
normal space X, 4 is a compact Hausdorff absolute neighborhood retract,
and ¢: OxIv X x{0}—A is continuous, then there exists a continuous
function @: X X I— A extending p. A binormal space is a normal space
whose product with an interval is also normal. For many years it was
hoped that all normal, Hausdorff spaces were binormal. All hope finally
had to be abandoned, however, when Mary Ellen Rudin [3], [4] produced
examples of normal, Hausdorff spaces which are not binormal. In this
paper we show that Borsuk’s homotopy extension theorem nevertheless
remains true without the binormality condition.

I am indebted to Mary Ellen Rudin for her mathematical help and
her great encouragement.

Borsuk’s theorem follows from the extension theorem below.

TuroreM 1. If 0 s a closed subset of a normal space X and ¢: Ox T w
v X X {0}—[—1, 1] is a continuous function, then there exists a continuous
Sfunction @: X x I—[~1,1] extending ¢.

Proof. We imitate a proof of the Tietze extension theorem by
producing a sequence of continuous functions, {g.}y_,, With

gu X X I=[— 33" (B
such that
(p— X 07—~ 33" C g (- 331

i<n
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and

= 207

i<n

®" @) Ca 33"

Then & = ' gs is continuous and extends ¢.

The theoolem follows after inductively constructing the ga’s. After
appropriate modifications of the'range, each g, is obtained by an apphi-
cation of the following lemma to ¢— D gu.

<n

Lesva. If O is o closed subset of a normal space X, and f: OXIw
U X x{0}—[—1,1] s eontmuous, then there a conlinuous functwn g XxI
—[0,71] such that f~* ([—1, — 1) C g7(0) and f~* ([$,1]) C g7*(1).

The lemma is proved in three stcps

Step 1. If H and K are subsets of X X1 ‘with digjoint closures such
that for every point ® e X, ({m}xI) ~H and ({g}x I) ~ K are relatively
open in {2} x I, then H and K can be separated by disjoint open sets in X X I.

Proof of Step 1. We produce a countable cover of H (resp. K

by open sets whose closures each miss K (resp. H). Let {Bi}; .., be & basis
" for- I. Let H;= {(z,1) sH| teB; and {w}xB;CH} and Ky = {{(x,1)
e K| teB; and {m}xB¢C K}. Let H} and K; be the projections of Hy
and K; respectively into the X coordinate. Note that H; and K are
closed: subsets of X.

Since B; is compact and H ~ K =@, for each z < H; and y < Kj,
there exist open subsets of X, U, and Vy, such that ® € Uy, y ¢ Vy, UsX
innKzQ, and VyXEif\E——*@. Let Up=J Uz and Vo= J Vy.

zeH] yeK}

H} and K] are closed subsets of U; and Vi respectively, hence by
no1mahty of X there are open sets S; and T; such that H;CRC8C Ui
and K CT1CT7:CV¢

HCJ (8:xBi), ECJ (Tix B;), and for each i, §;x By ~n K =0,
tewp iewy :

and Tyx B; ~ H=0. Consequently,
U (8ix Bi— U (T7 % By))

i€y i<i

and
U (T'LXBi*‘ U (Sj)( Ej))

1ewy i<t
are disjoint open sets containing H and K respectively.

S‘vep There exist open sets U and V in X X I such that f~([—1, —%]
CUf 4, 1)CV and T~V =0.

Proof of Step 2. We will first separate f[—1, —%])~CxTI
from f~Y([}, 1]) » ¢ x I in the desired manner and later deal with the rest.
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. By Step 1, we can find open sets U’ and V' sueh. that -1, ——%]) s

AOXICU, (f740,1]) n OXI)n U =@, f[3,1]) ~CxICV", and

(fH—1,0]) " OX I) AV’ = @. We may assume that U’ ~ f~([}, 1]) =

and 7’ nf~1 ([—1, —3)) = 0. Note that U’ ~ 7' C X xI—Ox I.

Since U’ ~ 7' is closed and in the complement of ¢'x 7, there is.an.
open set W of X containing ¢ such that W.x I ~ (U~ ¥')=0.8ince CCW
and X is normal, there is an open set W, such that ¢ C W, CW,CW.
Let U= U n(W,xI) and V" =7V’ ~ (W, x I).

U and V" separate f~*([—~1, — i) ~nOx I from (3, 1) ~OxT
in the desired manner.

Now let H and K be the closed subsets of X such that H x {0¥
= (-1, —4D—(T" 7"} and Ex {0] = f ([}, 1] (U” v V). Note
that H © K CX-0C.

We can separate H from (f([},1])n X x {0})u ¢ and K from
(f([—1,—3) ~ X x{0}) v C and obta,m open subsets S, 8, Ty, and T
of X with HC 8,C 5 CS8, ECT,CT,CT, SxIn(fﬂ[g,l])u OxIv
T xI)=0, and TxIm(f‘ (—1 —3—])u OxIv S><I) a.

Let U= U"vw 8, xI-TxI and V=V"0TixI-8xI. Uand V
meet the requirements of Step 2.

Step 3. If H and K are closed sets and U and V are open sets in X x I
with HC U, K CV, and U~V = @, then there ewists a continuous Junction
g: XX I—[0,1] with. HC g7 (1) and K C g~Y(0).

Proof of Step 3. The proof of this step involves the definition
of a countable cover for X which has a locally finite refinement and uses
some ideas of countable paracompactness found in [2].

Let {Bi};c,, be the collection of all finite unions of basic open sets.
of I. We define two open covers of X, .

Tor each pair (Bi, By) with By ~ By =0, let W, ;= {& ¢ X| the pair
(Bi, By) has the properties that ({#}xI)~H C {g} X B; and ({#} X I) n
~ K C {#} X B;} and let W;; = {% ¢ X| the pair (B;, By) has the properties
that ({#}x I) ~n U C {@} X B; and ({#}x I) n V C {z} X B;}. Note that W,
and W;, are open subsets of X and that the properties of U and V guar-

.antee us that W;,CW,,.

Index the W, ,’s and the corresponding W, ’s by a single indexing
sequence. < qo {“ z,f}z jemg {Wn}newo and {Wz 1}'[75010 {‘Vn}nimo .
+ Let Qu= U Wy and @, = @,— |J W;. The Q,’s form a locally finite

i<n

isa
cover of X. Divide each @ into » parts namely @, ~ Wi, @, ~ W, ...
Q. ~ W, to obtain a countable locally finite refinement, {Z'};cn,
of {Watneao-
By normality of X we shrink each T to obtain an open cover {Si};cq,.
with 8; C 8; C Ty for each i. Again by normality of X, there exists a Urys-
sohn funetion A X—[0, 1] such that 8 C (h;)""(1) and X— T C (h)™*(0)..


GUEST


210 M. Starbird

Recall that Ty C Wy, for some pair (k,1). By normality of T, there
exists a continuous funetion hy': I->[0,1] such that Be C (hy)7(1) and
B, C (B} YX0). ‘ N

Let h;: XxI-[0, 1] _be defined by hi(w,y) = hi(®)-hi(y). Note
that he is continnons, S¢x Be C h7'(1), and X X I—(Tsx (I— By) C 1(0).

We are now prepared to define the function g: X x I [0, 1] required
in Step 3. Let g(@,y) = min{‘z hi(@, ¥), 1}

€wg
Since the he's had locally finite supports, ¢ is continuous. For each 4,

K Ch740); hence K C g '(0). For every point (a,y) ¢ H there was an i

such that @ e S, hence hy(w,y)=1. So HCg*(1). Step 3 is therefore
proved. )

Steps 2 and 3 prove the lemma which in turn proves the theorem.

A consequence of this theorem is Borsuk’s homotopy extension
theorem without the binormality condition. That is,

TaroREM 2. If O is a closed subset of a normal space X, A is any com-
pact Housdorff absolute neighborhood retract, and ¢: Ox I w XX {0}~>4
is continuous, then there exists a continuous function @D: X XI-+A
extending @.

Proof of Theorem 2. A can be embedded as a closed subset of
a product of intervals which is a retract of an open set in the produet.
By Theorem 1, ¢ extends to a continuous funection from X X I into this
produet of intervals. Hence ¢ can be extended to a continuous function
&: WxIuXx{0}—~A where W is open in X and ¢ C W. By normality
of X there exists a continuous funetion g: X —[0,1] such that X—W
C g™}(0) and € C g~*(1). We define the desired & by ®(z,1) = P'lz, g(2)1).

Tt should be noted that we have actually proved somewhat stronger
versions of Theorems 1 and 2, namely:

TarorEM 1. If O is a closed subset of a normal space X, M is any
compact metric space, p € M, and ¢: OX M v X x {p}—[—1, 1] is continu-
ous, then there exists a continuous function @: X x M—[—1, 1] extending .

TasorREM 2. If O is a closed subset of a normal space X, A is any re-
tract of am open subset of a product of intervals, and ¢: O X I v XX {0}—~4
48 comtinuous, then there ewists a continuous function @: XxI—A
ewtending @.

Temorem 3. If C is a closed subset of a normal space X, A4 is any
metricable absolute neighborhood retract, and p: OXIvw XX {0}—4 s
continuous, then there exists a continuous function D: X X I— A ewtending .

Proof. Note that by Theorem 2’, Theorem 1 remains true when
[—1,1] is replaced by (—1,1). By theorems of E. Michael [see 5, Theo-
rem 3.1 and Lemma 4.1], A can be embedded as a closed subset of a count-
-able product of open intervals. Extend ¢ to a map from X X I into that

L ] ©
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F

product, note that 4 is a retr
then use the
Theorem 3.

aet of an open subset of that
product, and
same proof as that of Theorem 2 to complete the pro’of of

The question that remains is
. . $ 18 whether the above th i
when 4 is an a_rbltra.ry absolute neighborhood retract sorem 1 frme
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