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§ 0. This paper gives a set-theoretical equivalent of the prime ideal
theorem which is interesting in itself. It can be used to give short proofs
for equivalences between the prime ideal theorem and other known
theorems, like “Every inverse limit of non-empty finite algebras is non-
empty” (sec Gritzer [1].) We illustrate this for the case of a very general
theorem. from Gritzer [1].

Remark. “Bquivalent” means: “provably equivalent in ZF”.

List of theorems:

BPI. The prime ideal theorem for Boolean algebras.

Tych(Tz).' Bwery product of compact T, spaces, with the usual topology,
is compact. ‘ _ :

TA. Let U, B be algebras of type vy, U= (4, .., B= (B, .., Bis
fingte. Suppose that for every finite 0 C A there is a partial v-homomorphism
from C into B. Then there emists an 7-homomorphism from A into B.

D. Let D, B be sets, and let, for all d « D, @ be finite. Suppose that for
all finite I C 1 there is a S such that for all fe I: f ~ 8 € B. Then there is
a 8 such that for all deD: d 8 eB.

§ 1. BPI < P < FA.
Tunorey 1. FA=BPIL
Proof. Trivial,
TrEorEM 2. P=TFA.
Proof. Let ¢ C .4, C is finite, and let
Fo={f| fapartial »-homomorphism from some DC¢, D @ into B}.
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Fg ig finite because B is. Take for ¥ the set of all non-empty sets that
consist of a finite number of non-empty partial »-homomorphisms from
subsets of 4 into B, closed under taking unions.

Take for D the set {F¢| € C A & C finite}.

The conditions of P are satisfied. Take the promised 8. | J(S ~ [ ) D)
is an r-homomorphism from 4 into B.

Examrre. Let o= fa, ... an. 8§~ Ty, containg just one {<a, b
8 nFy,, contains just one { \m, bipyy Ledsine Sl o wnmms

at least {<a, b}, {<as, b}, 1 <54 < m, and is closed under taking unions,
80 '

e, 03} v {Cag, b | Lsidsin}e S n J

(RN
hence it is a partial »-homomorphism:
b=fby ...
TurorEM 3. BPI < Tych(T,).
Proof. See J. To§ and C. Ryll-Narvdzewski [2].
TueoreM 4. Tych(7T,)=P.
Proof. Let @ = []P(d) (P(a) is the power-set of d.) P(d) is finite,

80 compact and T, in Lhe discrete topology. Define, for C.D, I finite,
the set
H(F) = {g<Q| for all feI: (q)y=f U {(g)] eI} & (q)yeB}.
(1) K (F) # 0.

For there is a § such that §~felH, all feF. So. 8~ JF suf-
fices: Let

8AUF)nf, allfeF,
(@)= . .
d, deD—1.
Then ¢ ¢ K (F). ‘
(2) E(F) is closed.
Proof by cases: Lebt g ¢ K (I ); then

(@) (Drd¢ B, fyel: gelpeQ (p)sellq) o} (this set is open and
dlsjunct from K (F)). ‘

P) fo n U@ fe} (g, Alway
)qu U@yl fer},

S0 there is a f; «F such that

(Dn, ~ (fo—(@)r) 2 O .

icm°®

Weoe have
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(]6{]?(20] foe{ fn}&(pﬁe{ f1}}
(this set is open and disjunet from K (F)).
(8) IC == {K (I I' C.D & finite} is a set of closed sets with the FIP.
Proof just as for (L). So (since [JP(d) is compact, by Tych(Ty))
deD
we have () K 4@, Choose a ge (M K. Then |J (¢)g is the required 8.
de D
Romuark. I for the ease: D is countable is equivalent to Koenig’s

Lomma (or, if one prefers: the axiom. of choice for countable (index)
sots of finite non-empty sets). (Hagy proof).

References

[1] . Gritzor, Universal Algebra, Princeton 1968.
2] J. Lo& and C. Ryll-Nardzewski, Effectiveness of the repr
Boolean algebras, Fund. Math, 41 (1954), pp. 49-56.

tation theory for

INSTITUUT VOOR GRONDSLAGENONDERZOEK
UNIVERSITEIT VAN AMSTERDAM
Amsterdam

Accepté par lo Rédaction le 19. 11. 1973


Artur




