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=f1(_D1(0)u.D1(1)). But, by applying° Lemma 2 repeatedly, we find
there also exist nests

A, DA, 04 D..D0A4
and

amime amlm:;...'mﬂ

D, DY(0) v Di(1) D DD ...D D},

D,(0) v Dy(1) D DD DX(0) w D(1) D ... D Di(0) v Di(1)

such that f,(Dy(k)), f,/Df(0), and f|D(1) are regular with respeet to
(Ang“)...1n1;7 ‘Damg"’...m;;U'Dam(l”...mk)’ (Aflxmg“)...mm -Dum(l")...mk) and ('Aim‘i‘)...mm’Dmn{l‘)..,mk)‘
respectively, if k= 2, 4, ..., §, and f,|DE(0), £,/ D¥1), and f,]D¥ are regular

. 4L
with respect to (-Agm(lﬂ)...mkﬁ -Damg“)‘..m;c)’ (Agm;”...mw Damf}’...mk% and ('A‘amm.mnw

—Damgw...m,,. © Do) )y Tespectively, if k=1,3,.., j=—1.  Thus,
[fil Ay, # @ for i= 0,1 and we have a contradiction to (4).
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Examples of statisch and finite-statisch AC-lattices
by

M. F. Janowitz (Amherst, Mass.)

Abstract. The purpose of this paper is to introduce a clags of examples of statisch
and finite-statisch atomistic lattices having the covering property. It will follow that
any weakly modular atomistic lattice with the covering property is statisech, hence
M -symmetrie.

1. Basic terminology. Though the terminology will essentially follow
that of [2], we introduce its more salient features here. An AC-latfice
is an atomistic lattice with the covering property: ‘

®

P an atom, p £ a implies pva covers a .

An element of a lattice with 0/is called a finite element if it is either zero
or the join of a finite numbér of atoms; an infinite element is simply an
element that is not finite.

For complete atomistic lattices the notion of statisch was introduced
by Wille in [3] and extended by the author in [1] to the more general
coneept of a finite-statisch lattice. In [2], p. 65, S. Maeda shows.how
these ideas may be generalized to an arbitrary atomistic lattice, and it
ig his idea that leads us to adopt the following definition:

DrrinirToN 1. Let L be an atomistic lattice. Then I is called statisch
it p an atom, p < avb implies the existence of finite elements a, and b,
sueh that p < a,Vhy, oy < @ and by << b; it is called findte-statisch it p, ¢
atoms with p < ¢ve implies p < qva, for some finite element’ a < a.

It should be noted that any modular atomistic lattice as well as
any compactly generated atomistic lattice is statisch, and any finite-
modular AC-lattice ([2], Lemma 15.11, p. 65) is finite-statisch.

2. The examples. We now present a pair of theorems that provide
a large number of examples of statisch and finite-statisch atomistic
lattices. In connection with this we shall write [a,—] for an element @ of
3% '
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a lattice I to denote {z ¢ L; © > a}. Before proceeding we shall need the
following preliminary lemma whose proof is omitted since it is essentially
2 restatement of [2], Lemma 8.18, p. 39.

LevMA 2. Let a << b in an AC-lattice L. Then:

(1) [a,—] is an AC-lattice. .

(2) An element ¢ e L is an atom of [a,~] if and only if there ewists
an atom p of L such that ¢= avp, p £ a.

(8) An element ¢ € L is a finite element of [a,~] if and only if ¢ = avd
Jor some finite element d of L. In particular, if @ is itself finite in L, then
celL is a finite element of [a,—] if and only if ¢ = a and ¢ is finite in L.

We are now ready to state our theorems.

TrworEM 3. Let L be an AC-lattice such that every infinite element
dominates a finite element a having the property that [a,—] is finite-statisch.
Then L is finite-statisch. ,

Proof. Let p,q,beL with p,q atoms and p<qvb. We must
produce a finite element b, < b such that p < qvb,. It b is itself finite
we may take b = b and be done, so assume b infinite. By hypothesis
there is a finite element a < b such that [a,—] is finite-statisch. If p <
we may take b, = a, and if ¢ <Ca then p < gvb="> and we may take
by = p. Thus we may assume that p £ a and ¢ £ 4. By Lemma 2, pVa,
gva are atoms of [a,~]. Working in [a,—], pVa < (¢Va)vb so there

must exist a finite element b; < b in [a,~] such that pve < (gva)yb,.

By Lemma 2, b; is finite in L so p <pva<<gvavh = qvb,, thereby
completing the proof.

THEOREM 4. Let L be an AC-lattice such. that every infinite element
dominates o finile element a having the property that [a,—] is statisch. Then
L is statisch.

Proof. By Theorem 3, L is finite-statisch. Let p,a, b ¢ I with p an
atom and p <avd. If p <a,vh with ¢, <a and o finite, then by [2],
Lemima 15.11, p. 65 there is a finite element b, < b such that p < a, vy,
and we are done. Liet us assume that p £ a,vb for any finite element
4, < @, and try to arrive at a contradiction. First of all, this forces a to
be infinite, so there must exist a finite element a, < having the property
that [a,,—] is statisch. By assumption, p £ Vb, 50 p £ ay, and pva
is an atom of [a,,~]. Now pva, < av(a;vD) with [ay,~] statisch implies
the existence of finite elements a,, b, of [a;,~>] such that PVay =5 ayV by,
a4, < @ and b, < a,vh. By Lemma 2, a, and b, ave also finite in L, 80 we
now have

’ PPV K aVhy < a4V (VD) = (a,Vay)Vh

with a;va, < @ and finite, a contradiction. We conclude thab the theorem
must indeed be true.
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Observing now that every weakly modular AC-lattice has the property
that for every atom p, [p,—] is modular (hence statisch), we have the
next result.

COROLLARY 5. Hwvery weakly modulor AC-laitice is statisch.

It follows from [2], Corollary 15. 13, p. 66 that every weakly modular
AC-lattice is in fact M -symmetrie.

3. Concluding remarks. We close by mentioning the characterization
provided by Wille [4] of incidence geometries of grade n. He shows that
a geometry is of this type if and only if its lattice of flats is a matroid .
lattice having the property that for every element a of height n, [0, o] is
distributive and [a, 1] is modular. ‘Because of this, it seems eminently
reasonable to study AC-lattices in which [a,—] is modular for every
element a of height n. By Theorem 4, every such lattice is statisch.

The notion of a strongly planar AC-lattice may also be generalized
by recalling ([2], Lemma 14.4, p. 59) that an AC-lattice L is strongly
planar if and only if for each atom p of I, the lattice [p,—] is finite-
modular. If one examines an AC-lattice in which for every element a of
height n, [a,~] is finite-modular, then by Theorem 3 the resulting lattice
is at least finite-statisch.
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