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The purpose of this note is to prove that the condition 1< p<}
in Theorem 1.1 of [1] can be replaced by the condition 1< p < 2. That
ig, we prove:

TawonruM. If @ is a locally compact abelian group which is not compact
and 1< p < 2, then L?(G) contains a closed translation imvariant subspace
which is not the closed span of translates of a single function.

In what follows we keep all the definitions and notations of [1].
It follows from Droposition 3.1 of [1] that the Theorem will be proved
once we show that the bilinear functional L — which is defined by for-
mula (3.1) of [1]-which we p’lovod there to be bounded with respect
to the #,(I") norm for 1 < p < < 4, is in fact bounded for every 1< p < 2.
Comcquenbly, in virtue of formula (3.2) of [1], the theorem 'will follow
from the following:

ProvosrrroN. If I' is a locally compact abelian group which is not
discrete, and 1< p < 2, then there ewist in A(I") real valued funciions fi,
fa and a positive function g, oll with compact support, such that for every
Junction g in A(I') with compact support

0 o )
[ [ e, ¢ Bxp liuf+ ol dudo| < Oy gl

where Gy, 48 a constant which depends only on p.

Tor the proof of the Proposition, the following analog of Lemma
2.1 in [1] is needed:

Luvma. If 1" is a locally compact abelian growp which is not discrete,
then there ewist in A (") real valucd functions fy, fo, ond a positive functm'n,
@, all with compact support, such that for some absolule constant K,

(1) llp Bxp [y + ofa) Mpasry < Eexp [ — ((ul + [o'*)]
SJor all real w, v
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This Lemma i§ a version of a lemma of Malliavin [2] and is proved
in Rudin [3], p. 181 for I" compact with ¢ == 1. The general case is deduced
by standard arguments using the structure theorem of groups (see the
remarks which follow the proof of Lemma 2.1 in [L]).

Proof of the Proposition. Let § denote the subspace of all
functions in A(I") with compact support. Notico that § is contained in
F,(I") and also in PM,(I) for every 1<r<2. For every (u,v)s I
we congider the linear operator T'(u,v) on § defined by: T'(u,v)h
= hpBxp [i (uf, +1fs)], heS; where ¢,f,f, are as in the Lemma. For every
1<r<?2 lot |T(u, v)], denote the operator morm of T'(u,v) regarded
a8 8 transformation from. § equipped with the #,(I") norm to 8 equipped
with the P.M,(I") norm, It is easy to see that

(2) ‘ I (e, W)y = lp Bxp [4(fs -+ 0o g, »
3) 1T (2 0)lla = llpBxp [i (ufy A 0fo) oo = 1P llo -

On the other hand, since for every 1 < p < 2 PM, (I') is isometrically
isomorphie to L4(@) where 1/p+1/g= 1, it follows from the Riesz~Thorin
theorem that for every 1<p <2

IT (1, 0)llp < 1T sy 0)IRIZ 0y 015~

where ¢ satisties 1/p = -+ (1 —1)/2. Therefore, taking into account (1), (2)
and (3), we get that for 1<p<2
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[ ez, v)l,duds = 0, < o.

—00 —00

Consequently, for every geS and 1<p<<2:

| [ Jurcan, omxptiu+opauan| = | [ [ <q, 2w, o)7>duas

—00 =00 (0 =00
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This completes the proof of the Proposition.
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