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On commutative approximate identities
by

T. PYTLIK (Wroctaw)

Abgtract. It is shown that every locally compact metric group G has a com-
mutative approximate identity for L,(G).

This result was earlier obtained in [2] even for L,(&), but in a more
complicated way. A simple coustruction of commutative approximate
identity for a C*-algebra was given in [1].

Let @ be a locally compact group, and assume for simplicity that
@ is unimodular. We say that a bounded operator T, which acts on
L, (&), is a convolution operator if there exists a function f in L,(&) such
that

(1 Tg(s) = [fsu™")g(u)du
. (23
for all geL,(@). We then write T = T,;. The conjugated operator T} is

of the form T where F5(8) = f(s7Y), seG. If feL (G) N Ly(G) then (1)
defines a bounded convolution operator with norm at most ||fl.

TeMMA. For o locally compact metric group there exists a' continuous
function f ==f* with a compact support and such that ker T, = {0}.

Tor the proof see [3], Theorem 1.

Tunowny. Let f be in Ly (G) N Ly(G), and suppose kerT, = ker Ty
= {0}, |l 1. There is a family {p)iso of functions in Ly(G) 0 Co(@)
which has the following properties:

(1) 20 = 25 ‘
(1) py#Ps = Prisi
(iii) if geLy(@) then pyrgely(@), ¢ >0, and g =1iimpt*g;
0

=)
(iv) [ e7tpydt = f*f, the integral being convergent in In(@) and in
[}

0o (G).
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Proof. Let T = T, ;= Tf T;. Wehave Sp T < [0, 1]andker 7' ={0}.
Let

T =f1w(dz)

be the spectral resolution of T and for ¢¢(0, o) denote by P,, @, the
operators

1
- Py = [expt(1—1/A) B(dA
[]

1
Q= [ A 'exp (1 —1/A)B(dA).

Then P; = T7¢; and PP, = P,,,,
1P, < supexp#(l-1/i) =1,
Ae[0,1]

1@l < sup A1~ exp #(1—1/1) < max{t77, 1}.
2e[0,1] )

It is clear that ker P, = ker T = {0} for all >0 and that P, strongly
converges to the identity operator when # tends to zero. Since fe.I,(&)
and P, = T'¢, each of the P,’s is a continuous mapping from L,(G) into
0,(G) with norm at most ||f]l,]|Q;ll, and

Ly (G)2 g—>(Pyg)(e) e C
is a continuous lineaz; functional on L, (@). Consequently, there is a fune-
tion preLy (&), llpdl. < [fl2]Q)l such that
(Pig)(6) = <g, 2> = [ g(s)pi(s)ds.
&

Since each P, commutes with the right translations on @, we have

P,g(u) fg(su )Pu(8)ds = piwg(u).

We also have p} = p, and p,*p, = Pigsy thus pe Ly () N Cy(G).
For a fixed ¢ >0, both |p,, and IPdle = Ilpysls ave continuous
funcuom of ¢, bounded on the interval (e, o0), therefore the integral

‘ je"‘pf dt is convergent to a function k, in Le(@) N 0y(@). Since

)

f e"'P,dt = f f et gL B (a)) j AB(dA) =T,
0

icm

Commutati appr

we have

6% by = a"'f ey, dt = f €' p,, At =f e"Pyp, @t = fMxfxp,.
e o 4

Hence, since both functions &, and f**fxp, are continuous, we have
€™ hy—f*xf = f*xfrp,—f*xf

le™ e —f* * flloo < If*lle I * 20— 7l
which by (iii) shows that

and also

lim j e~ip,dt = f* xf,
&0 .

whence the convergence is both in L, and C,.
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