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Toeplitz operators related to certain domains in C*

by
J. TANAS (Krakéw)

Abstract. Venugopalkrisna in [9] investigated the Toeplitz operators in strongly
pseudoconvex domain D < C®, n > 1. Among other he proved that Toeplitz oper-
ator with continuous symbol ¢ (smooth in D) is Fredholm if 4D is smooth and if ¢
does not vanigh on 4D. On the other hand, Coburn identified O*-algebra generated
by Toeplitz operators on odd spheres, modulo compact operators [2]. We shall iden-
tify the O*-algebra generated by Toeplitz operators in strongly pseudoconvex do-
main D modulo the compact operators. We shall also prove some simple properties
of Toeplitz operators on the n-dimensional torus I™.

1. Let L(H)bethe algebra of all linear bounded operators in a complex
Hilbert space H and let o (H) be the ideal of all compact operators in H.

DrrNiioN 1.1, For any bounded set D in €, denote by #*(D) the
space of functions f: D—C which are square integrable with respect to the
Lebesgue measure dV im C™ .

DrrNItioN 2.1. Denote by H*(D) the space of all fe £*(D), which
are, holomorphic in D.

‘We shall denote by P: £*(D)—H*(D) the orthogonal projection onto
the subspace H*(D).

The detinition of Toeplitz operator associated with a function e L=(dV)
(bounded, measurable in D) reads as inlows:

DRFINTION 3.1, Tet ¢eL®(dV). The Toeplite operator T,: H*(D)—
HA(D) is defined by '

T,f = P(pf).

Lot B Dbe the closed unit ball in €™ and let g be the usual surface
measure on OB = §*=!, Then one can define the Hardy space H*(u)
on A5 as a closed subspace of all functions in #*(p) which are holomor-
phic in the int B [2].

The definition of a Toeplitz operator on H*(u) is just the same as
Definition 3.1. Let ¢ be a (*-algebra generated by Toeplitz operators T,
(p<C(0B)) on H*(u). Then it was proved by Coburn in [2] that the *-alge-
bra @/ (H*(u)) is isometrically isomorphic with C(9B). We shall prove
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an analogous theorem for the Toeplitz operators in strongly pseudo-
convex domain in C".

In what follows we will consider the Toeplitz operators in strongly
pseudoconvex domain D in €, with smooth boundary; see [9] for the
definition.

Now we prove the following theorem.

THEOREM 1.1. Let D be a strongly pseudoconvex domain in C* for n > 1,
(or am arbitrary bounded domain in C(*) and assume that 0D 4s smooth.
Denote by % the C*-algebra generated by T, (peC(D)) on H*(D); then

i) ¢/x (HQ(D)) is isomeirically isomorphic with C(0D), for m =1,
(i) €/ (H*(D)) is isometrically isomorphic with C(¢), o < BJ),
for n-> 1.

Proof. We shall prove the theorem using an elegant theorem of
Bunce [1]. The idea of using the theorem of Bunce in this context was
first noted by Douglas in his book [5]. The theorem of Bunce states:
If {A },ep 18 commuting family of subnormal operators on H, @ is the O*-
algebra generated by this family, and J is the commutator ideal for G, then
G is isometrically isomorphic with O(a,,(A,)"T), where o, ({d.}.en) is
a joint approximate point spectrum for {A.}..p. To apply the Bunce theorem,
let us note that T, (¢ =1, ..., n) are subnormal, and that the C*-algebra
generated by them equals . Now we shall prove the following:

(a) Commutator ideal J for 4 equals A (H*(D)},

() oo(TLypy -.oy T) = 0D (n > 1).

Proof of (a). First note that ¢ is irreducible. Indeed, if ¢ is an ortho-
gonal projection (@ # 0, 1) such that QT, = T,Q for ¢<C(D), then, writing
Q1 = g<H*(D), we have for polynomials' ¢ and ¢ :
= (¢, @y) = (9, 9v),

(99, %) = (Qp, v)

ie.
[omwav = [gppav.
D D
Thus
[lo—9 Y epdv =0
D i
where ¢;, »; are polynomials’ By the Stone —Weierstrass theorem.
[lg—quav =0
D

Consequently, Img= 0 and so ¢ is equal to 0 or to 1. It follows that Q=0
or § =J and we get a contradiction.

(*) Assume also that D < 9o (T,)

for every weC(D).

icm
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Now we prove the inclusion ¢ > o (H*(D)). Since ¢ is irreducible,
it is enough to prove that #n A (H* (D)) # {0}(2). By Theorem 2.1 in
[9] we have that for every seC(D), s s 0 on 8D, s smooth in D, the op-
erator (I—P)s: H*(D)—%*(D) is compact.

Analyzing the proof of this theorem, we have noted that the theo-
rem holds also for s which vanishes in some points of 4.D. But for T,
(i =1,...,n) we have

Ty T, — T, Tf = Pe,(J —P)7

Sinee (J —P)z; are compact, T:z, T, — T&JT;{ are compact also. Denote by
w: €—~¢|A (H*(D))

the natural homomorphism. Then, as we have seen,
element in €/o" (H*(D)) for i =1, ..., n. Since ¥/x (H*(D)) is generated
by #(T,) (i =1,...,n), it follows that ¥/# (H*(D)) is commutative
algebra and so J < A (H*(D)). But as it is well known [5], A (H*(D))
cannot contain non-trivial closed 1d_eajlﬁ and consequently J = #° (H"’ (D)).
The proof of (a) is complete

Proof of (b). The inclusion in (b) follows from Theorem 2.3 in [9]
which states that T, iy compact for s<C(D), smooth in D, and such that
slap = 0. It is easy to check that this theorem is also true for arbitrary
se(/(D) not necessarily smooth in D [9]. Now recall that a joint spectrum
of elements ay, ..., s, of a commutative Banach algebra A is equal to

#(T,,) is the normal

{1(@s), ..y 1(@,), neSpA} £ o(@y, ..., 3,)

where SpA denotes a spectrum of A. Denote by =: #/# (H*)—C(0,)
*-jgomorphism and assume that T[T‘i] = &, &eC(o,). Then we have

(E2(P2)s ooy EulP)s Pe0) = 0(&y, -y &) = 0(e [T, .., T[T ])
o([T], ., [T,
= (g (T +A)y ooy (T +H), neSPE|A}
= 0y s T

Consequently, if T, is compact then s, == 0 and (b) follows easily.

Now if m == 1 then it is well known that de(T) € ¢,(T) for arbitrary
Tel(H), so in this case we have the equality in (b)

The proof of the theorem is now complete.

There arises a natural question whether the inclusion in (b} can be
replaced by the equality. 'We shall prove that it is possible for certain
D < " Let D be a bounded domain in €". Denote by P (D) the Banach

(®) Sce Theorem 65.39 in [5].
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algebra of all functions in D which are uniformly approximated by: poly-
nomials on D. Let 4 (D) denote the Banach algebra of all functions, con-
tinuous on D, which are holomorphic in . Now we prove the following
lemma..

LemMMA. Let D be a bounded domain with smooth boundary. Assume
that D= {ze U, o(2)< 0}, where U is a neighborhood of D and g: U—~R
is a strictly plurisubharmonic C* function. Assume also that 4 (D) = P (D).
Then we have the equality

0Ly -y Iy)) = 0D.

Zn

holds. Dencte by . the smallest commutative closed subalgebra of
L(B*(D)) countaining T, (i =1,...,n). Let I'(«#) denote the Shilov
boundry of «7. By the result of [8], every point (17(1’,51)7 cely n(T%)), where
nel'(Z), belongs to 0(Lyy5 -, T ). But it is easy to check that « is

equal to A (D). Indeed, if o,(T) denotes the right joint spectrum of the

set T = (TZN ceey T%) then D « &r(T). Moreover, for every polynomial
P (21 ..., 2,) We have

Proof. By (b) in Theorem 1.1 the inclusion On(Lyyy ooy Tp)) € 0D

2(D) < p(o,(D) = o,(p(D) < o (p(T))
80

Wl <7 (B(D) < Ip ()] < [p]e-

Since 4 (D) = P (D) and |plly, = lp (1)l A (D) is equal to «7. By Theoren
15.3 of [7], I'(A(D)) = 8D, and so (n(T,), ...,n(Tzn))sé)_D. The proof
is complete. -

Combining Theorem 1.1 and the Lemma we get

THEOREM 2.1. Lot D = {2¢ U, g(2) < 0}, where o: U~R is a strictly
plurisubharmonic function of class C*. Assume that A (D) = P(D). Then
%4 (H*(D)) is isometrically isomorphic with C(0D).

Following Douglas [5] we can reformulate Theorem 2.1. 'Nmnely ‘we
can say that there exists a *-homomorphism ¢ from % onto 0(8.D) such
that the sequence

(0)> (B} (D)) >% % ¢(0.0)-(0)

is exact, where ¢ denotes the inclusion map, o(T,) = (p
We can extend this result to the matrix case.
Denote Ey M, the C*-algebra of all &k xk matrices with complex
A . X &
entries. Let @1 Z°(D) be the direct sum of % copies of Z*(D)yand @ HY(D)

. = . i=1
the direct sum of & copies of H* (D). For bounded measurable ]l,;f 1 valued.

icm®
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k
function ¢ we define the Toeplitz operator on @ H*(D) by
i=1 .
Tof = Plp+f)
” . I %
where P Is an orthogonal projection of @ .#*(D) onto @ H*(D). Let
3 i=1

T=1 =

@ap,, be the O*-algebra generated by {T,, peC,., (D)} where C (D) is the
C*-algebra of all continuous M, valued functions in D. Recall next that
the tensor product of a C*-algebra 4 with M, is isomorphic to the C*-
algebra of k x & matrices with. entries from' 4.

Now applying Proposition 2 of [6], we get the following

TuroREM 3.1. Let D be as in Theorem 2.1. Then there ewists o *-homomor-
phism v from €y, onto Oz, (0D) such that the sequence

k .
(O)AJf(ii—Blﬂz(D))L%Mki; 21, (0D)—(0)

18 ewact.
From Theorem 3.1 we derive some corollaries.
JOROLLARY 1. Let SEOMk(B)A The Toeplitz operator T, is Fredholm if
and only if dets|y, # 0.
COROLLARY 2. If pe.A (D) then |, = lgll, (because I'(4 (D)) = D).
COROLLARY 3 (see [B]). If ¢y (4,5=1, ..., p) are functions in OMk(D')

n o
such that Y [] Ty, fis compact, then

i=1j=1
P
2” Pijlop = 0.
=1

j=1

Proof. It is enough to note that

k
Kerr = 4@ H*(D)).
==l
We conclude this section by the remark concerning the problem I. A.
Coburn has rised in [2]. He asked whether for every function ¢eL®(u) (u the
surface measure on the unit sphere 821

1l == llpllos-

By the above work of Coburn it is true for ¢ = x,, when into # @.
One can try to prove it by the same method as in the proof of Theorem 1.1,
but we did not succeed. !

2. In this section we will prove some simple properties of Toeplitz
operators on the wm-dimensional torus I™.

Let D be the open unit disc. Deddens proved in [3] that for every
@eH™(D), pe ™ (D) such that » (D) & o(T,) there exists no operator X 0
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intertwining 7', and T, i.e.
XT,=1T,X.
This theorem is also true for n > 1. .
THEOREM 1.2. Let pe H*(D"), w e H® (D" be such that YD & o(T,).
Then there ewists no operator X 0 intertwining T, and r,.
Proof. The proof is almost the same as that in [3]. Assume that
there exists an operator X satisfying the equality :
(*) XxT,=1T,X.
For AeD", zeD" denote by
1
(1—-—}.121) v (1_’1913‘11)
the Canchy kernel. Now note that for every open set 4 « D" the set
{h:}1c4 Spans H*(D"). Write
N =yp(Dn(CNe(T,).
N is an open set. According to () we have
X" = x Ty,
Thus, by the known property of the Cauchy kernel we get
T X'l = p(MX*h,  for  eyp=(¥),
and the proof follows easily.

) Next note that, for every gpeH™(D"), o(L,) = (D" (the closure),
which follows immediately from the equality Trh, = @(A)h,. Thus we
can reformulate Theorem 1.2 in the following “way.

THEOREM 1.2°. If pcH® (D), peH™(D") are such that y (D™) & o(D™)
then there ewists no operator X + ¢ intertwining T, and T,.
Deddens asked in [4] whether there exists a compact operator in the

commutant of the Toeplitz operator Ty peH*(D). We have obtained
a partial answer to this question. ‘

Namely we have the following

TI—EEQREM.Q.Z If e H® (D" (¢ const), then there ewists no compact
operator K, with o(K) # {0} in the commutant of T,.

Proof. Assume that for a-certain compact operator K with o(K)
# {0} we have ’
(%) T, K = KT,

Then for 0 s ueo(K) there exists a finite number of linearly independent

vectors fl,_..., Joy i H}(D™), which form a basis in the linear space H,,
corresponding to the point 7 . : ,

hy(z) =

Toeplite operators ‘ 79

From (+x) we have

Kpf) =ulef), i=1,..,p.
But .
;n1 '
(+) (/’fizzaijfﬂ a;eCy, i =1,...,p.
i=1
Since f; # 0 m-almost everywhere on I (m Lebesgue measure on I™),
the system of equations () has a non-zero solution m-almost everywhere.
Thus

Uy — @ Oy Qg
det [£2:53 Qoo — @ oy 0
| Q1 [ B

m-almost everywhere. It follows that ¢ = const; we get a contradiction.

Note added in proof. Observe that the equality 4 (D) = P(D), assumed
in Lemma, holds for polynomially convex D. Indeed, by the theorem
of Henkin (Mat. Sbor. 78 (120): 4 (1969), p. 631) every fed (D) can be
uniformly approximated on D by functions holomorphic in a neighbor-
hood of -D. Hence, by the Oka~Weil theorem, the equality holds.
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