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Multipliers on p-Fourier algebras*

by

| MICHAEL J. FISHER |

Abstract. The algebra Bj,(I') of multipliers on the p-Fourier algéubm Ap(I)
is studied.

I. Preliminaries and basic properties of A,(T). Let ¢ denote an LCA
(Hausdortf) group and let I' denote the dual group of ¢. If 1< p< oo, -
let L,(G) (or L,(I") denote the Banach space of p-power integrable
functions on @ (or I') with respect to Haar measure on @ (or I'). Let q
denote the index which is conjugate to p (1/p+1/¢ =1) and let

o9 = [fl@)g()des
G

denote the dual pairing between L,(G) and L,(G) when fe L,(G) and
ge Ly(@). If ye Iy let ¢, denote the translation operator on L,(I") which
is given by (1,)(z) = f(z+y). .

For fe L,(I') and ge L,(I"), define the convolution (fxg)(y) of these
functions by

(F*9)(y) = fyf o) g(@)dw = 4,1, g>;

(f*9)(y) is a continuous function on I" which vanishes at infinity.
For 1< p<< oo, let 4,(I") denote the space of continuous functions

% on I' of the form
= D (%))
j=1

with all fye L,(I"), all g;e L,(I'), and with

D Ufsly lgglly << + 00

FES
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* Tho present version has been prepared by 8. Kwapies.
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Equip 4,(I") with the norm

b, = int { 3 Ufillgle| B(y) = D (Fxg) ()}
j=1 j=1

As a Banach space, 4, (I') is isometrically isomorphic with L, (I & L,(I')/K
where K is the kernel of the convolution operator,

C: Ly(NQL(N)—0(T),  0(f®g)(y) = (f=4)(y),

and where the quotient space has the quotient norm. & denotes the pro-
jective tensor product.

A,(I') is the p-Fourier algebra introduced by Figa-Talamanaca [3];
he haﬁ shown thait the conjugate space of 4,([") is isometrically isomorphic
with the space M,(I") of translation invzbrizmt bounded linear operators
on L, (I). ' : : .

We list the most basic properties of the spaces A,(I). )

L1. With pointwise multiplication, A,(I") is a Banach- algebra (cf.
[7]). As & Banach algebra it is commmatwe, semi- smmple, self-adjoint, and
regular. Its mawmimal ideal space is I' (cf. [1]). . o,

12. For 1<p< ooy, the functions im A, (I') with compact: suf:port
are demse in A, (), : L

1.3. A4, (I') contains the same approsimate identities of norm 1, for all
1< p< oo o ‘

L.4. If q is the conjugate index to p then A,(I") = A (I).

“LE.If A1<P<p<2 then 4,(IN < A,.(F), and if hé A, (I ﬂwn
[hl, < 1B, ’ ’ ‘

1.6. A, (I') coineides with the algebm of all bounded, umfofrml'y oommmous‘

functions on I
1.7. A, (T) is isometrically isomorphic to A(I’) the algebra of Ir’ofu-m'e?'
tramsforms im L, (G) -with the norm !

Hy=[1H@)do (cf. [2], [3]).
3!

II. Multipliexs on 4, . A bounded linear operator T on‘Ap( ') is a mulii-

plier if T (hk) = hT (k) = T'(h}k for every pair of functions » and k in
A4,(I). By 1.1, A,(I") has & maximal ideal space I', and this implies that
T®)(y) _ T(h)(y)
e = e = HY)
k(y) h(y)

for every pair of functions &, ke A, (I"); t(y) is & bounded continunous func-
tion on I' which satisties T'(h)(y) = t(y)h(y) for every he A,(I"). Let
B, (I') denote the algebra of bounded continuous functions on I' such that
t(y)h(y)eAp(I’) for every he A, (I).

icm
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‘It follows from the closed graph theorem that each of these functions
defines a multiplier on 4,(I"). We define the norm of a funetion ¢ in B, (I")
as the operator norm ) :

ity = sup{lthl,| 1hl, < 1}.

- Since A,(I") contains an approximate identity of norm 1 (by 1.3),
we may regard 4,(I") as an isometric subalgebra of B,(I') by identifying
he 4,(I") with the operator (T},k)(y) = h(y)k(y) ’

TuarorEM 1. If 1< p <7< 2, the inclusions By(I') <« B,(I') = B (l’
o By(I') are continuous and A,(I") is dense in B (F) in the strong operator
topology. .

Proof. If he A, (I') then |h|,< |h|,. Let {e,} be an approximate identity
of norm 1 in 4,(I"). Then if fe B (I

el < Ifenl < 1IfHH,

I(fen) Bly < HIfH 1L,

This implies that [fh], < [[If]ll, Ik}, and that (11711}, < Iflil,-

One can use the approximate identity {e,} to show that 4 (I’) is
strongly denqe in B,(I).

Several facts 1egardmg the algebras B,(I") should be noticed. Since
A,(I') coincides with .the algebra of all bounded' uniformly continuous
functions B,(I") = 4,(I), it follows from the Helson-Wendel theorem
(cf. [6], [12]) that B,(I") consists of the Fourier transforms of bounded
Borel measures on G5 By(I') is eqmpped with the inherited total variation
norm. Tt follows t‘rom the ‘Bochrer representation theorem that every
positive definite continuous' function” fisin B,(I") and

Al = Hifllp = 11f -

If I'ig a compact group, then, since A,(I") contains all constant
functions, A,(I) = B,(I). -

Converselv, if for some 1 <€ p < 2 for an LCA group I' we have 4,(I)
= B,(I'), then the constant functions are in A4, (I"). Since 4,(I") = G (T)
this 1rnphes that I' Is a compact group.

‘We shatl need the following result, which we prowd in [B6] (cf. also

[1o]).

and for he 4,(I),

TrmorREM 2. Let 1 < p < 2 and suppose that
11 1
— | 1] while 1<r< oo.
o2 P |
Then fe B,(I') is the Fourier transform of an operator Ty in M,(G) with

1Ty, < |Hf[]|p The map f—+T; is a fazthful representation of B, F) as an
algebra of L.(Q) multipliers.
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‘We shall say that a complex valued function F defined on the complex
plane operates on B, (I') if for every function u ¢ B,(I") there exists a function
v in B,(I') such that a(v)= F (a(u)) for every continuous complex homo-
morphism a of B,(I").

THEOREM 3. Let 1 < p < 2 and let 1" be non-compact. Let F' be a complex
fumetion defined on [ —1, 11. Then F(j)e B, (I") for every function jue By(I")
with range in [ —1, 1] if and only if F is the restriction of an entire function
to [—1,1]. , '

Only the entire functions operate on B, (I').

Proof. Tt is clear that entire functions operate on B,(I"). It was
proved by Igari (ef. Theorem 1 of [87]) that if for some rz 2 F (i) is the
Fourier transform of an operator in M, (@) for every ue M (G) with
#(y)e[—1, 1] for every ye I' then F is the restriction to [—1,1] of an
entire function. Since B,(I') consists of the Fourier transforms of the
operators in M,(@), this and Theorem 2 proves the first statement of
Theorem 3.

Now assume that H is a complex function which operates on B,(I").

By the already proved, there exists an entire function H, such that (H — X 1)
=0on[—1, 1] Givenany z,¢ [ —1, 1], the function (2,—#)"" is not entire,
therefore, by the above result, there exists e B,(I") with range in [ —1,1]
such that the function z, — i is not invertible in B, (I"). This implies that
for some complex continuous homomorphism « of B, (I") wehave z,=a(j).
SmceHd“(i‘)) = a(Hl(ﬁ)) = a(H(/A‘)) = H(a([‘))’ wehave H(z)) = H,(z,).
So H is an entire function.

CororrLarY 1. If 1 << p < 2, I" is mon-compact, then the algebra B,(I')
is not self-adjoint and not regular, and I' is not dense in the maximal ideal
space of By(I).

Proof. The function F(z) = 2z is not analytic, therefore it does not
operate on B,(I'). Thus B,(I') is not self-adjoint. If a function f is in
B, (I'), then f is also. Since B,(I") is not self-adjoint, this shows that I’
is not dense in-4,, the space of maximal ideals of B,(I").

B,,(I') cannot be regular for, by Theorem 1.4.3 of [9], I" is dense in
4, where 4, is considered with the hull-kernel topology. Thus the Gelfand
topology on 4, does not coincide with the hull-kernel topology and B, (I
is not regular. :

Remark 1. The maximal ideal space 4, contains I' as an open
_subset (cf. [9], p. 39).

COROLLARY 2. If p 5 1, co and I' is not finite, then B,(I') is a proper
subspace of Cy(I).

Proof. If I' is not eompact this is an immediate consequence of
Theorem 3. If I" is compact this follows from the following:

icm
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Remark 2 (cf. [8]). If p # 1, oo, I' is an infinite compact group,
then each function F, complex valued defined on [—1,1], for which
F(p)e B,(I') whenever jie By(I") has range in [—1,1], is the restriction
to [ —1,1] of a function which is analytic in a neighborhood of [ —1, 1].

Only the analytie funections operate on B, (I).

In the sequel we shall study isometries between A4,(I') spaces. The
following theorem, which is known in a big part (ef. [10], [12]), will be
useful.

THEOREM 4. 4 function f in B, (I') is an isomelric multiplier on A ()
if and only if f is a complex wnit multiple of a continuous character on I

@, the character group of I' regarded as o group of multipliers on Ap ()
and equipped with the strong operator topology, is topologically isomorphic
to G.

Proof. If ge @ and if » is a complex number with lo| =1, then
wg(y) is an isometric multiplier on A, (I') since g(y) and g~} (y) are positive
definite funetions with B,-norm 1.

Suppose that fe B,(I") is an isometric multiplier. By Theorem 2, f
and f~* are Fourier transforms of operators 7' and I~ in M, (@) for some
# 7 2. Furthermore, |7l < 1 and [T, <'1 since lIflll,=1 and |]if"|Hp
= 1. Thus T'is an isometric operator in M, (). Strichartz [11] has shown
that 7' must be a complex unit multiple of a translation operator over G.
Thus f(y) = T(y) = wg(y) for some o] =1 and some ge G-

If a net (g,) converges to g in @, then 9.(7)h(y) converges to ¢(y)h(y)
in 4,(I")for every hin 4, (I") since translation by ge @ is strongly continuous

‘on L(G). Since A2(I') is continuously and densely included in A, (),

an e¢/3-argument shows that (g,) converges strongly to g over A,(I").
Conversely, if (g,) converges strongly to g over A, (I'), then (g,) converges
uniformly on compact subsets of I'. This is due to the presence of local
units in 4, (") and to the fact that |f(y)| < |flp for every fe 4,(I") and for
every y. )

Helson ([6]) and Wendel ([12], [18]) have proved that A, () deter-
mines I. Our objective now is to prove that A, () determines I. We
shall do this by proving that if A,(I'y and A4,(A) are isometrically iso-
morphic, then I' and A are topologically isomorphic (isomorphic and
homeomorphic). To prove the main theorem we need several preliminary
results.

LEmva 1. A bounded linear operator T on A, (I} is o multiplier if and
only if T commutes with the operations of multiplication by continuous char-
acters on I'.

Proof. It is clear that multipliers commute with multiplication
by characters. If, on the other hand, T is.a bounded linear operator on
A, (') which commutes with multiplication by characters, then 7'(gh)(y)
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T(h)(y) is a continuous function of ge G Let he Ao("). Then if
Ke L, (@), we have

R(y)T(h) f TV E (9)dy = f T'(gh) (7) IC (9) dg

=T.( [ 9y K (g)dg) = 1
“
since

fg (WEK(g)dg = (Hx K)" (y) where I = h.

Since 4,(I') is dense in 4, ("), this equality inplies that T'is multiplier,

LemMMA 2. Let I' and A be LOA groups. If yoe 4, a: I/ is a topolo-
gical isomorphism, then a: A, (A)-=A, (I') defined by ag(h) (y) = b(yy -+ a(y))
is an isometric isomorphism.

Proof. ln m and n denote the respective IIa,ar measures o l’ and
A, then m-a;? is a Haar measure on 4 which must sabisfy m- agt = on
for some positive constant e.

Define a,: L,(4)—>L,(I") by
o (F)(7) = ¢ V2 f (aq(p)) .

a

Then a, is an isometric isomorphism of Banach spaces. If he 4,,(4) and
if £ > 0, choose sequences (fi)e Ly, (4) and (gy)e Ly(A) such that

2 = D Cafi 9

k=1
and
D Ul lgally < [l +e.
k=1
Then
a(B) () = B(yo+a(r)) = D Cypran %lFi)) 201>
fi==1
satisties

!ao(h’)‘p |h’lj) ” &.

Since e> 0 is arbitrary, la,(h)l, < |hl,. Since o' is of the same type,
given by o5'(—ye)el and ot AT, g 18 an isometrie isomorphizm
of 4,(I') onto 4,(I).

THEOREM 5. If @ is an isometric isomorphism of An(l) onto A4, (4),

then there is a topological isomorphism a: A—I' and an element 'yosj
such that

BRYA) = hlyo+ald)  for cvery he A, (I').
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Proof. The isometric isomorphism @: A, (I )—é—Az,(/]j induces an
isometric isomorphism @;: B,(I)\—B,(I') by Q51 f) = OfD~*; notice that
@, iy bicontinuous in the htrong operator topologies on B,(I") and B, (4).
If geG then @,(g) is an isometric multiplier on 4,(4). By Theorem 4,
there is a complex unit w, and a character «(g) on A such that &,(g)
= wza(g). In addition; o, w,, a(g;)a(g.) = P,(g19,) = Wyyg, & (giqz) Since
@, (g)is & continuous function of g, g—w, is a character on G and « is a con-
tinuous homeomorphism. Set y,(g) = w,. Since @, is an isometric isomor-
phism, a iy an isomorphism of & onto H = /I a is 2 homeomorphism of &
onto IT since @, is bicontinuous in the hbrong operator topologies.

Thus o mduo es @ topological Isommphmn, which is also called a,
from @ to H; see Theorem 4. Let a = a*: A—I"be defined by

Define ®,: A, (I')-»4,(4) by

Dy(h) () = I (yo - (2))
and set ‘
b, = P! Do;

then @,: A, (I"—A,(I") is an isometric isomorphism. Let ge G and let
T, denote the operation on A,(I") of multiplication by g(y); we shall
show that ®,T, = T,®,, so that @, will be an isonietric multiplier on
A, () by Lemma 1. Then @, must have the form D,(h)(y) = wg(y)h(y)
for some ge @ and |o| =1 by Theorem 4. This will imply that

ag (P Iy k(y) = Po(hk)(y) = Po(h)(7) By (k) (y) = w*g(y)*h(y) k(y),

#0 that w =1 and ¢(y) = cb2 is the identity operator. So the proof
will be complete if T, Eb ®,T, for every ge G-
Since

Dy (h)(A) = h{yo+a(d) =h(all+A),
we have
DI () = ke (—yo-+9)  where  a(ly) = 7.
Thus
&, T, Py = OT, D"
and this implies that
b1, = 1,P,

and. completes the proof of the theorem.

“Remark 2. The assumption on the isomorphism @ in the preceding
theorem can be relaxed to the extent that one only meed suppose that
|9l < 1. As in [13] it follows that @ (h)(A) = h (y(,—i— a(l)) where a is & to-
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pological isomorphism of A onto I'; thus @ is an isometry by Lemma 2
Wendel's TLemma 1 (cf. [19], p. 257) can be used that & iy an isometric
multiplier on A, (A). When I'is connected and @ is an isomorphisin with
Pl < 2, the analogue of Helson’s theorem [6] should hold for A, ().
Tt seems best to approach this theorem within the study of almost periodice
multipliers. We hope to do this in a sequel to the present paper.
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O nosepemmn xodpdummenros dypre pannonsMepnMuIx Mymicumii

A B IYHMCAILBRIHK (T6uxuen, CCCP)

Pesrome. B paGore moxasamo, yro g moboll @ymxuquu feZ (T™) mmeer mecTo
PABOHETBO

AN .
int |{foall,e= (2m) "V (0)| [ f(x)de

>

we L, 1
m - o

THe {2y — MIOKECTBO coXpaugnimux mepy JleGera obparmmerx npeoGpasosaumit 17

aa cobs, fow — npeobpasosanue ®ypse fow, a HOpma GePeTCL B MPOCTPAHCTBE ly(Z™)
¢ BOCOW @, PG ¢ MOIOMHTENLHO HA Z™ 1 CTPeMUTCH K HYIIO Ha GeCKOHEYHOCTH.

1. Boenenne. OCHOBHLIM PE3YIILTATOM HACTOSIIEH pPaGOTHL ABIAETCH
TEOPEMA, COIVIACHO ROTOPOH mM00Y10 MHTErpIpyeMyi0 (YHKIMIO MOMHO
TAK ,,IEPECTABUTL’, 4T0 Y IonxydenHodt (ymrrpmr Koadduuments: Qypbe
Gynyr Bectm cebH, B HEKOTOPOM CMBICIE, Kak KodPPUuMenTs (yHRIMT
us £,. Pafora cocrowT W3 UETHIpEX IYHHTOB. B IepBOM IIPUBOIATCA
HeoOxomumbie oboznavenus ¥ QopMmyrupyercsa dcuossas Teopema. Cire-
NYIOLIME IBA IYHKTA IIOCBAIIEHL €8 MOKa3aTeJbCTBY. B ueTBepTOM IyHKTE
MaeTcsA CIeNCTBHe, Kacamolneecs afcomioTHON cxommmocT: paxos Dypbe
MHTETPAIIOB APOGHOrO IOPARAKA OT IPECTABIECHHBIX (YVHRIMEA.

Ilpusepem CIMCOK MCIOILIYEMEIX 0003HAYEHMI :

a) OboaHavenys IS PA3IMYHELIX IIPOCTPAHCTB U MHOMKecTB: ™, m > 1,
— EBKIMNOBO IIPOCTPAHCTBO PA3MEPHOCTH M ; Z" — IEIOUYMCIeHHAs pe-

{ye R y 2 0}; Z' — muomectso {neZ'; n> 0}.

0) OGosuAYEHIH, CBABAHEDIC C M3MEPUMOCTRIO M Mepok: §,, — KoIbno
Gopexepckux. mopmuomecrs I™; u ~— m-Mepunas HopMmMmEpoBaHHAas gebe-
ropekads mepa (2m) "dw; £, ~ MHOMKECTBO COXPAHAIOIIMX MeDY 4 Hpe-
ofpazosanuit w: I™-—>T", s woropwix cyuectByer 4,e8,, ud, = 0,
TaKoe, 9To o orobpayract I™N\4, na ce0sa B3AMMHO OIHOBHATHO.

B) Ofosuavennst s (QYHRUMOHANBHBIX = ITPOCTPAHCTB M Kodddu-
muenTos MOyphe: Zy(1™) — wpocTpancTBo MuTerpupyeMux mo JleGery ma

™ $yuwmuit; ly(e) (Z™) — IPOCTPAHCTBO, COCTOSALIEE M3 KOMINIEKCHBLIX
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