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PROJECTIVE LIMITS OF TOPOLOGICAL ALGEBRAS -
BY
T. MULDNER (WARSZAWA)

It has been proved by Michael (see [1], Theorem 5.1) that every
complete locally m-convex algebra is isomorphic to a projective limit
of Banach algebras. In this paper we generalize this theorem.

1. We first recall some necessary definitions (see, e.g., [4]). By a
topological .algebra we mean a topological linear space (not necessarily
Hausdorff) over complex or real scalars in which there is defined a jointly
continuous multiplication. We define a K-algebra as a topological algebra
which, as a topological linear space, belongs to the class K of topological
linear spaces. In the sequel we shall consider the following classes:

LC — the class of locally convex topological Hausdorff algebras,

F* — the class of metrizable topological Hausdorff algebras,

F — the class of complete metrizable topological Hausdorff

algebras,

B, — the class of complete metrizable locally convex topological

Hausdorff algebras.

By an F-seminorm in a topological algebra 4 we mean a mapping
v: A - R, such that

(@) v(v+y) <»(®)+»(y) for z, yed,

(b) »(Az) - 0 for all x and A scalar, 4 — 0,

(¢) »(Ax) < v(x) for A scalar, [A| <1 and zed.

We can now formulate our theorems:

THEOREM 1. Every complete topological Hausdorff algebra A is iso-
morphic to a projective limit of F-algebras.

THEOREM 2. Every complete locally convexr topological Hausdorff
algebra A is isomorphic to a projective limit of B, algebras.

The proof of Theorem 1 is based upon the following lemma:

LEMMA. Let X be an arbitrary topological algebra and let ©(X) be
a basis of closed balanced neighbourhoods of zero in X. If

N=ﬂU,

Ue®(X)
then N is a closed ideal in X.
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Proof. If X is a topological Hausdorff algebra, then N = {0}. Sup-
pose that N +# {0}, and let 0 = x, ye N, 0 # a, e C. For Ue ®(X) choose
Ve ®@(X)such that V+ V < U. Clearly,

z,ye(a*+ )7V,

whence

az+Pye a(a®+ ) ' V+B(E@+) ' Ve V+V U,
and
(1) ax+Pye N.

It follows that N is a linear subspace of X. Now let 0 % xe¢ N and
yeX. For Ue @(X) choose Ve @(X) such that V> = U. We can find 1 > 0
such that AyeV. From (1) we have x/AeV, whence

1
Xy = Iw};ye Ve U,

which proves the Lemma.

Proof of Theorem 1. In virtue of Theorem 1.3 of [2] there is a basis
@(4A) as in the Lemma. Let 2 be a family {®,},., of ‘‘elementary neigh-
bourhood chains”, i.e. of @, = {U2}>_, such that, for n =1, 2, ...,

1. Ule d(A),

2. U:l+1+ U¢»+1 < Up,

3. (UL < U}

It follows from Theorem 1.6.1 of [2] and the remark after this theorem
(see also [3]) that the topology z,;, given by @, in the set A, is defined

by the F-seminorm |-|,. We set N, = 'ﬂ U}, A, = A/N,, and z, — a con-
n=1

gruence class of x (mod N ;). It follows from the Lemma that N, is a closed
(in the topology 7;) ideal and that A,, equipped with the topology I,,
given by the F-norm |jz;|, = |z|;, is an F*-algebra. We define a partial
order in the set A putting

A<u iff Utc U, fornm=1,2,...

We shall show that this relation turns A into a directed set. Let
A, we A. We define inductively a chain @,¢ Q. First, we find Ule &(A) such
that US < UiNnU¥. Suppose that we have defined U3l,..., US satisfying,

for 1 < k < m, the following conditions:
1,. U< UnUZ,
2,. U+ Ui < Uiy,
3a- (UR) c Up_y,
4,. Ule D(A).

n
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We choose Ve®(A) such that V:c U, Wed(A) such that
W+Wc VAU, and Ul ,e®P(A) such that U, < Ui, ,nU:  nW.
Then we have

Lot1- Uppie © UpinUsy,.

2041 O+ 0% UL AU AW UL NUE AW W+Wce UL

I (U$,+1)2 c (U;HF\U;:H('\W)z c W (VAU c Vic US.

It is obvious that if we put @, = {U%}>.,, then ded and A, u < 4.
Now it is easy to verify that, for every A < u, the mapping

Gau: Ty > Ty

is a homomorphism from A, into 4,. From the proof of Theorem 1.6.1
of [2] it follows that, for 4 < u, we have ||, < |-],, s0 g,, is a continuous
mapping. Let
Y =1lim{4,, g,,}
<

be the projective limit of algebras 4,. The mapping

X. X —> {wl}hA

is clearly a 1-1 homomorphism from 4 into Y. We shall show that »
is onto.

Let H be an arbitrary non-void finite subset of A and let z = {2;},.4
be a fixed element of Y. We can find a feA such that a < 8 for ae H.
If we put g;,(r) = x, for xeA, AeA, then we can choose xzeA such that
gs(xg) = 25. It follows that

(2) Jo(2g) = gaﬂ(gﬂ(mH)) = gus(?5) =2, ~ for ae H.

We are now going to show that {z;} is a Cauchy net. For an arbi-
trary Ve @(A) let

‘Dzo = {Ufl,o}:;le Q

be an elementary chain such that U = V (the existence of such a chain
follows from the continuity of addition and multiplication). We put
H, ={A}. If H,,H, o H,, then Aje H,NH,, and from (2) we get

92, (Zg) = 23, = 91, (2g,).

It follows that xy —xg,¢V, so {zg} is a Cauchy net.

From the completeness of the algebra A it follows that there exists
y = limzy. Clearly, y, = 2, for ¢4, so we have proved that » is onto.

It can be easily verified that » is a homeomorphic mapping. We
denote by A » the completion of 4, with respect to the topology I;, and

by g:,: A, - A, the extension of g,,.
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It is easy to see that Y is dense in lim {A~ 23 91u}, but Y is isomorphic
to A, so it is complete. It follows that <

Y = lim{4,, gzp} ’
<

which completes the proof of Theorem 1.
The proof of Theorem 2 is analogous (if A is a complete LC-algebra,
then A, is a metric LC-algebra and 4, is a Bjalgebra).

Remark. It is easy to see that if A is a complete locally convex
topological Hausdorff algebra such that, for every sequence {p,} of
continuous seminorms, supp, is a continuous seminorm, then A is m-
convex, and so is isomorphic to a projective limit of Banach algebras.
Therefore, a complete locally convex topological Hausdorff algebra is
isomorphic to a projective limit of non-normable B,-algebras iff the
sequences of continuous seminorms are unbounded.
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