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‘Weiter rechnet man nach:

H. Lang

olay, »y) = 725.

Damit bekommt man

wie

(71
[8]

(8],

[10]
{11]

[12]

(18]

U, 0y = T40mod3,

Z(V219) = 29 =
( : 726 mod8,

es nach Satz 3 sein mul.

Literatar

8.1I. Borevit und I. B. Bafarevis, Zahlentheorie, Basol-Stubigart 1966,
P. Chowla and 8. Chowla, Problems on periodic simple continued fraclions,
Proc. Nat, Acad. Sci. TSA 69 (1872), 8. 3745.

— — On Hirzebruch swins and a theorem of Solinzel, Acta Arith. 24 (1978),
8. 223-224.

- H. Haagge, Vorlesungen iber Z(zhlcmham'fﬁe,. 2. Aufl., Belin-Gottingen—Heidel-

berg—New York 1964,

F. Hirzebruch and . Zagicr, Olass-nuwmbers, continued fraciions and the

Hilbert modular group, Lrscheint demmnichst.

. Lang, Uber die Klassenzahlen eines imaginiren bisyklisohon hiquadratisohen
Zahlkérpers wnd setnes resll-quadratischen Teilkirpers I, J. Reine Angoew. Math.

2627263 (1973), 8. 18-40.

H. Lang und R. Sehertz, Kongruenzen swischen Klassencahlen quadralischer
Zadllsrper, Erscheint im J. Number Theory. ‘

C. Meyer, Die Berechnung der Hinssensahl abelsoher Korper iiber quadratizohen
Zahlkirpern, Berlin 1957,

—  Uber einige Anwendungen Dsdekindscher Summen, J, Roine Angew. Matl.
188 (1957), 8. 143-203.

G. Perron, Die Lehre von den Keftonbriichen, Bd. I, §, Aufl, Sluttgart 1954.
H. Rademacher, Zur Pheoris der Modulfunkiionen, J. Reine Angew. Math.
187 (1932), S. 312-336. . '

A, Bchinzel, On two conjectures of P. Chowla and 8. (howla concarning conti-
nued fragtions, Annali di Matematioa Pura od Applicatn 98 (1974), 8. 111-117.
0.1 Biegel, Lestures on Advanced Analytio Number Theory, Bombay 1961

Hingegangen 24. &5, 1074 (578)

ACTA ARITHMETICA
XXVIII (1976)

The distribution of sequences modulo one
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FRANK 8, CArnr, RLomARD B, ORITTENDEN
and Citarruy VANDEN ByNpeEN (Portland, Ore.)

B can easily be seen that if £ i a real function such that fl@&)—=+ oo
and f'(2)-»0 as w—-+oo, then the fractional parts of the numbers Fay,
F(2), ... ave dense in the unit interval. (Indeed, if also &f'{#)— -+ oo, then
they are uniformly distributed there [2].) This result can be applisd to
the sequence logl, log2,..., but not to 1llogl, 2log2, ..., since the
derivative of mlogm does not approach zero.

We prove a more general vesult covering functions like the latter
with second devivatives approaching zevo. We also give conditions assur-
ing the denseness in the unit square of the pointy (( fin)y, {f(n ~—1)>),
and. also the points ((f(n), (f'(n)>), where (&> denotes the fractional
part of 4. .

. Tomormm L. Suppose f is defined for 1> 0, flx) tends monotonically

. i
to 0 as x tends to + oo, and [ f(m)dw = h(}) tends fo - oo as & tends to + oo.

]

Thenas j =1,2, ...
1) <h(§)y s dense dn the unit intervel,
2y )y 18 dense in the wnit interval and, AR (l(j))) i dense in

&
the unit square, where Lm) == [ h(t)dt.
0

Proof. Result 1) ix well known 2] but we will give our proof gince
wo prove 2) inoa similar mannee. By hypothesis, for any & > 0 there oxists
Ny such that if @ > Ny then 0 < f(a) < ¢, and. hence if & > Ny,

Bl

I(Te A1) =T (k) == [ Ft) @< .
&

But sinee h(k) tonds to oo it follows that ¢A(%)> is dense in the unit
interval, This proves 1). : :

To prove 2) we let I be an open interval in [0, 1). Choose n and %,
k odd, such that T, = (/2% (2*"%--1)/2*) = I. By part 1) there exists N,
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such that if . N, <i< Ny +27, then {h(8)yel, and [A(H] is « constiant,
say M. .
Now suppose 0 <+ < 2", r an integer. Then

Ng Ny-+r Ng+r
UNo+r) = [ ity [ Har+ [ )i,
U Ny My
$0 ' '
Ngd-v
UNo+1) —UN ) ~Mr = [ Ch(t)dbe (rbj2", r(2* I --1) 2]
_‘\70

& (rhf2", (rk 4L) j27).
Sinee Mr is an integer

ANo+7) —HNo)> e (52", (s +1)[2™),

where 0 < s << 2" and rk = ¢(mod2").

But since »n can be arbitrarily large, since # rung through a complete
residue system modulo 2" independently of ¥,, and since h(Ny+)>el,
we see that the points ((h(f)y, ()} are dense in the unit square. This
completes the proof of 2).

Analogous results can be stated for sequences of real numbers, where
the integral sign is replaced by the summation sign. Indeed we have

THEOREM 2. Let 0y, a4y, ... be @ sequence of real numbers suoh that
Cypy1t @y 20, approaches 0 and changes sign only Sfindtely-many times.
Then the sequence {a,>, {ay>, ... is either densc in [0, 1} or clse has emactly
the limit points (s-+ard, n = 1,2, ..., where s is some veal and r some
rational number. Indeed ome of the Sfollowing three cases holds:

(1) There are vational v and real s such that Gy — N8}

(2) The poinis a, are dense in [0,1) and a,—a,_, converges;

(3) For any open intervals T and J in [0, 1) there ewists n such that
{tpyel and {a,_DSed.

The proof will he by Lemmas 1 through 4 in which the scquence
@y By, ... 13 asvumed to obey the hypotheses of Theorem 2. Tivst we nobe
that it is not hard to prove that (3) in equivalent o

(3") Giwen open intervals T and J in [0, 1) thére emists m such that {@,>e I
and (o, —a,_vedJ.

Lmvaia 1. If ¢ dis an irrational limit point of (ay— ay>, (ly—ty>,...
and if ¢ >0, then the points Lty satisfying |, —a, o —t)> < & are dense
an [0,1), : : :

Proof. Let 6 > 0. By a é-net we mean & subset of [0, 1) having dis-
tance less than ¢ from each point in [0, 1]. Since # iy ireational, by Kuo-
necker’s Theorem there exists & such thab My 28, ., (B> Is o d-meb
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([1]). Choose @, 0 < a<s, such that it {|d,—jt> <a,j =1,2,..., &,
then {di>,...,<dy> I8 a é-net. By hypothesis (G — ) — (G — Gy_y)
—0 and (since ¢ is a limit point) given any integer k> 0 we can choose
& such that

<rﬂ:N.‘..] _a'N-!—j'—«lh—“} < al™? for j = 1, 2,. cey k.
Then

g = pr = JHI
w (g = Ot — 8) b (g oy — By g — 8} - 1 o (Grqr—tiy —H)]>
E g = Oy g = D b b gy — oy — > < Blah™) = u<< e

for j =1,2,..., % Thos {Oyp5—ty> i o S-net, and hence Ly 18
a 2 d-net. This proves the lemma.

Note that @, —a, , i5 eventually monotone, and thus either con-
verges or diverges to <4-oco.

Limvma 2. If a,—a,. ~ o0, then (3) holds.

Proof. From (a,,,—a,)—(a,— Gy1) >0 we see that (a,—a, >
crosses [0, 1) infinitely many times in smaller and smaller steps and go
iy dense in [0, 1). Given intervals J and J in [0, 1), cheose an irrational
£ and ¢ >0 such that (8—e, -6 is a subset of . By Lemma 1 there
oxists n such that ‘

=y —t><e and Jadel.

Thus o, —a,_;>ed and we have (3').

Lemma 3. If a,—a, , converges to an irrational number, then (2)
holds.

Proof. Lewmma 1 implies that the points {@,> are dense in [0, 1).

Lusmma 4. If &, —a,.., converges to a rational number r, then (1) or
(2} holds. , ‘

Proof. Fivsh suppose r iy an integer, We assume a, -~ a,_; is nonde-
ereasing for # = N, the other argument boing analogous, Then {a,— a,._,>
approachos 1 from thoe left. The séquence ‘ ’

(i paetyyy Ly ty) = (lyg- i) + (B g~ O)Y _
Llpgg = Uy == Oy — Upga) + (Bpgg — By) 3y oo s

is noninereasing oxeept when it jumps from the left to the right end of
[0, 1), and the distance between two consecutive terms tends to zoro
excopt when there is & jump. LZither (I) this sequence crosses [0,1) an
Infinite number of times, in which case the sequence is dense and (2} holds,
or else (IT) it converges to & real number % in {0, 1) from the right. In
the latter case et d; = ay,,—ay—Fk—gjr. Then {6»—+0 while &, —9;
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== @1 — Gy — >0, It follows that & converges (to an integer) a.nd_
80 Gy — (N + 7)1 = &+ ay+ % — Nr converges as j—oca. Thus we have (1).

Now suppose 7 is not an integer. Choose & positive integer M such thai
My ig an integer. Set b,, = a@,;,,. Note that

b'n - bn—l = (a‘Mn - aMn—l) + (aMn—i - “Mn~2) et (“Mn—M-l—l - a’M’n—M) ]

which eventually converges monotonically to Mr; and w0 b,,; b, —2b,
converges to zero and changes gign only finitely many times. Thus the
bypotheses of the Lirst case of this lemma apply to by, by, ... If (II) holds
for this sequence, then by the proof above b, —n(M*) = a,, — (nM)r
—38; 80 also for fixed j :
;
Gy — (M0 - Fr =Z(aM,H_¢-—a_,,,M,-_1) O b By, — MR8 a8 n->co.
fe==1
On the other hand if (I) and thus (2) hold for by, b,, ..., then (2) cleaxly
holds also for ay, a;,...
Some sequences to which Theorem 1 applies are #” (w << 2), (logn\¥
(any w), n(logn)” (any w), (arctann)’ (anyw), #»(arctann)” (any w),

f(t—}-sint)'“.’dt (w< 1), and [(-+ecost)dt (w < 1).
1 1

Note added in proof. P. Csillag in his paper Uber dic Verletlung itoriertor
Summen von Positiven Nullfolgen modl, Aeta Lith. Boi. Szeged 4 (1920), pp. 161-104,
has shown that if f%(z)+cc while f%+D(z) > 0 and f%+1) (w) >0 then <F(%)> is donee
o (0, 1). This containg our result that if % = 1, then {f(rn)> s dense in (0, 1) but
says nothing about density in the wnit square. Recently John Dadly in his Ph.D.
dissertation has shown that under the above conditions (<f(m)>, ..., ¢ e (n)p) is dense
in the # cube, '
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Eine Anwendung des Selbergschen Siebes
auf algebraische Zahlkérper

von

Hemron Sanens (Marburg)

1. Mittels der Selbergschen Siebmethode Dewiesen Jurkat und
Richert [2] unter anderem folgende Resultatbe:

(&) Ttr & >0 und 2> ®o(e) existiert mindestens eine gangze Zahl #
in dem Intervall u

-5

B—-a® < g,

die héchstens zwel Primfaltoren besitzt.

(b) Fir &>0, k= ki(e) und (f; 1) = 1 existiert mindestens eine

ganze Zahl u, .

) ' e
n o= lmodk, 1<ng kY

?
die héchstens zwei Primfaktoren besitat.

Diecge Ergebnisse wurden von Schaal [7] mit etwas abweichenden
Methoden wuf algebraische Zohlkérper iibertragen. Richert [B] erreicht
eine weitore Verschiirfung der Ergebnisse uug [2]; indem er nene Gewichts-
funktionen einfiihrt ([5], Theorem 1). Zudem wird der Bereich der zu-
gelassenen Meugen, auf die der Siehprozef angewendet wird, erweitert
([6], Theorem A, Theorem B, Hinfithrung der Funlktion ).

Als Anwendungen worden anter snderem fol gondo Resutbate bewieyen:

(e) Br o wy oxivtiort mindestens sine ganze Zahl o In dem Intervall

oM,
die hochstons zwoei Primfuktoren besitzt.

Daw Intervall dst hiev ofway kilrzer als unter ().

(d) Sei #(w) ein irreduzibles Polynon vom Grade ¢z 1 mit ganzen
Kooffizionten und ohne fosten Primteilor. '

* Die vorliegends Arbeit wurde vom Fachborsich Mathomatik der Universitit
Marburg im Soptomboer 1978 als Disserbation anZenonm en. )

Herrn Prol. Dv, W, Schaal, der dicses Thema anregte, danke ich filr seine Unter-
stilteung. ’



