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On a kind of uniform distribution
- of values of multiplicative functions in residue classes

by

W. Narkmwioz and J. Sinwa (Wrockaw) y

1. If fim) iz an infeger-valued arithnretical fupetion then it is called
wealdy wwniformly distributed (modXN), or shortly WUD (mod ¥) if its
values are asympiotically uniformly distributed in residue claszes (mod V),
prime fo N. In [1] a necessary and sufficient condition for a polynomial-
like multiplicative function to be WUD (mod N} was established with
the use of the tauberian Ikehara—Delange theorem for Diriehlet series.
This condition may be reformnlated in sueh a way that it makes sense
for arbitrary integer-valuned multiplicative functions, not necessarily
polynomial-like, and the question arises, whether there exists a connee-
tion between this condition and the property WUD (mod N).

In this note we want to point out, that this condition is hoth necessary
and sufficient for the function f to be uniformly distributed in residune
classes (mod N) in a cerfain weaker sense, ‘which for polynomial-like
functions coincides with WUD{mod¥). Qur proof uses only elementary
properties of Dirichlet series, and so in particular we obtain 2 new proof
of the neeessity part of the result of [1] which avoids the use of deep taun-
berian theorems.

Let f(n) be a mmultiplicative, integer-valued funetion. Denote by
m = m(f, N) (where N 2= 3 is a given integer) the least integer, if it exists,
with the property, that the series 3 ' (where p runs over all primes
satisfying (f(™), ¥} = 1) diverges. Let A be the subgroup of the multi-
plicative group of residne classes (mod &), prime to &, which iy generated
by residues »(mod &) for which the series
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 diverges, where 4, = {p: f(p™) = r(mod.N)}.
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We shall consider the following condition:
(#} Tor every non-principal character
exigty a prime p such that

50

(1) Dalfehp =0,

=

One sees without trouble, that for polynomial-like multiplicative
functions f the condition () coincides with that occurring in the main
result of [1]. '

2. Let f(n) be an integer-valued and multiplicative function and
let m be defined as in Section 1. Weshall say that fis Dirichlel- WU D {mod ),
provided that for every » prime to N one hag

| a 1
m (3 ek 3 e
s—+1fm0 - ) - @(N)
Hn)=r(mod N) (ftn), V)=1
when ¢ tends to 1/m over real values bigger than 1 /m.

Note that our choiee of m implies that the abscissa of absolute con-
vergence of the series
2 ne

n
(f(n}), N)=1

equals 1/m, and that the abscissa of absolute convergence of the other
series ocourring here does not exceed 1/m. (It may be smaller, as the triv-
ial example: f(n) =1, N = 3, » = 2 shows.)

THEOREM. A multiplicative integer-valued function f(n} is mehlet-
WUD(mod N) if and only 4if it satisfies the condifion (x).

Proof. Let y be an arbitrary character (mod %), The function

[s+]

Fis, ) = 3 dlf ) n

ne=1

is defined and regular for Res > 1/m
plane we have

@ P

. One sees easiljr that in that half-

(s—1/m)@g(s, pexp{ D #{fz™)p™},
; F2)

where g{s, ) is regular for Res>

hegative integer which is positive if and only if for some prime p the equal-

ity (1) holds.

x(modN ), trivial on ‘A, there -

1/m, g{1/m, x) # 0 and a(y) is a non--
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Ag for Res > 1/m and (j, ¥) = 1 one has

S ey 3

n
fin)=f (mod N}
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and

2 n % = F(s, y)

(i), N1

(where z, is the principal character (mod N)) we obtain finally, that f
will he Divichlet-WUD {mod ¥) if and only if for every j prime fo & one
has

. — g(s, %) 1\ ' -am)
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and this turns out to be equivalent to

Q 1
(3) lim Z (Rey(k)—1) Ep“’"" +a{xlog (S_;ﬁ_)} = —co
g-s1/m+0 (V=1 . pedy,

for all non-principal characters y (mod N).

Asgume now that f is Dirichlet-WUD [mod &), i.e. (3) holds, but
the condition () is not satisfied. Then there exists a non-prineipal character
¥ (mod ¥), trivial on A for which a(y) = 0. Buf in this case the bracketed
termg . of (3) become

X (Rex(i)—1) 3 7"+ D (Reg(h)—1) D\p~™ = 0(1)
ked e, (k,jlc\;)fa 1 peéik

as § approaches 1/m because for ke, y(k) =1 and for ke the function

Sie
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_is regular at s = 1/m. The obtained evaluation confradicts (3).

Conversely assume that (#) is satisfied. If 4 is trivial on 4 then by (%)
we have a(y) > 1 and (3) follows. If however y is non- trivial on A then
we may select red with x(#) #£1, ie. Rey(r)—1 <0, and in view of

Rey(k)—1< 0 we obtain for s> 1/m
> (Reg(l)—1} D' p~"+alx)log(s—1/m) < (Rex —1) 21}""“
(k. N)=1 Pedy ped,

and the right-hand side of this inequality tends to — oo, hence (3} holds. m
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3. To show that WUD (mod ) implies Dirvichlet-WTUD {mod ¥)
one has only to observe that if ’

o6
flo)y = Magn®, i) = Db
n=l1 n=1
are two Dirichlet series with non-negative and bounded coefficients
with their abscissas of convergence equal to ¢ and b respectively (o < b)
and moreover for # tending to infinity we have

Z% = (1+o(1)) me

N Rt

then ¢ = b and lim f(s)/g(s) = 1. (See e.g. [2], § 8, Batz 8.)
840
We may finally state a corollary o the theorem proved in Section 2:

CoroLLARY. If f is o mulliplicative function which is inieger-valued
and WUD (mod N), then it satisfies the condition (). m

If would be interesting to determine, whether fthe Dirichlet-WTUD
(mod ) is in fact weaker than WUD (mod ¥) for multiplicative functions.
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Flementary methods in the theory of Z-functions, III
The Deuring-phenomenon

by
J. Pinrz (Budapest)

1. Deuring [2] proved in 1933 that if the class number A{—D) of
the imaginary quadratic field belonging fo the fundamental dizcriminant
— D < 018 equal to 1 for an infinite sequence of D, oo, then the Riemann
hypothesis for £(s) is trae. Mordell [A] proved in 1034 that if k{ — D)+ oo for
D —+cc, then the Riemann hypothesis is true. These striking results showed
a curions connection befween the possibly existing real zercs of special veal
L-funckions (which exist by the theorem of Hecke (see [1]), if A(—D)
< OUI/DflogD) and the non-trivial zeros of the I-function.

In [6] we proved that if

logD -0
=% 08T and x(n) = )
2loglog %

(1.1) h{— D)

then for the greatest real zero 1— 4 of I{s, ) = L(s)
6h(—D)

(1)

6= — (1+o(1)) =

1] (1 + i) 6 ] (1 + %)n]fﬁ
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(1+o(1)).

- In this paper we shall demonstrate that, assuming a little stronger
upper bound for (-1 than {1.1), we can determine up to a factor
1-40({1) the values of the corresponding I-function in a great domain
of the critical strip. Our result will also show that except for the real zero
1 — § mentioned abova, neither L(s, ) nor ;(s) has a zero in this domain.
As o consequence we have also o weakened, form of Mordell’s $heorem [5],
namely that if A —D)4>co for D->co, then £(s) has no zero in the half-
plane o > . : : , _

Siegel [8] has shown that our assumption (1.1) cannot be valid for
infinitely many D’s, because by his theotremn for an arbitrary &> 0

(1.2) A —D)> DW= for D> Dyle).- -



