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On the problem of divisors
by

AKIB Fumr (Tokyve)

1. hotroduetion. Let % be an integer greater than 2. Let ,{n) be
the number of the solufions of the equation n == mym, ... m,; in integers

- m; 2z 1. We are concerned with fthe estimate of the number

Do) = 2%(”)
NET
Let M, () be the residue of {*(s)a®/s at s = 1, where £(s) is the Riemann
zeta-function. It is well known that D, (#) ~ M () and i we put A.{m)
= Dy(a) — M, (@),

Ay (2) <€ B (logml?  for b =2,3,4, ...

(Cf. 12.1.4 of [5].) Tt was shown by Hardy and Littlewood that

k—1

k- R :
A, (3) < a**? for each % > 4.

(Of. 12.3 of [5]) .
Generally if we put {(3+1%) < [t|*, then their method gives

2431

{1) o A () < i for each k> 4.

Tt is well known that we can take 1 = 173/1067 which is due to Kolesnik [3].
In 1971 Karatsuba [1] showed

A ) < O for each k> 2,

where € i some positive ahsolute constant. In this paper we shall improve
these results for & in 10 < k < &y, where %, is some positive constant which
depends on ¢ above. Qur proof depends on only the well known proper-
ties of £(s). To state our result we shall infroduce some notations. Let b
be an integer greater than 3. Let j(b) be determined by -

(j—1)272 41 < b < jO1 41,

© & — Acta Ariihmetica XXXI.4
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We put §(b) = (j(B) +1)/(2b+27® —2). Liet 1(b) be determined by
1-1 '

21—1

14

We put
B2

60) =y g =10

where
Then our resutt is the following
THROREM. For each k=10, we have

B(0)

TR

1
Ap(@) < ®
where b is an integer in 4 < 2b < K, B(b) and u(b) are the same as above,

the constant involved in < may depend on T, and e is an arbitrarily small
positive number.

We shall prove our theorem in §2 In § 3 we shall give some remarks
about %, and ¢ which we have mentioned above.

2, Proof of theorem

2.1. Lemmas. Let gy, be the lower bound of the numbers ¢ sueh that -

1 F
_ DR < 1.
if 1E(o+ i)™ di €1

Lvua 1. Let b be an integer greater than 1, ond let j = j(b) be deler-
mined by (f—1)22+1 < b <L j27 1. Then ‘

' j+1
R TR
(Cf. 7.10 of [5].) |
' 1
Lewmars 2. If;?z,L=2I—1,.G=1——2—_—L'T_—2—}t>tu,

Elo41it) < I Dogt,
(Cf. 5.14 of [6].)

2.2. Proof of theorem. We always denote an arbitrarily small positivé
number by e. Let # be half an odd integer. We start from

AT e ) s
1 S arolg ) o)

" where ¢ = 1-+¢. (Of. the last Iine of page 264 in [5].)

1

Dyla) = 271‘&
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_ For integra,ihb n4<<2b <k, weput 8’ = B(b) — s, where (b) is defined
in the Introduction. We move the line of the above integration to the line
o'=1—p" Then taking the pole of {¥(s) into account, we get

T
Ay (@) <€ 0= f 81— ﬁ'+et)|’“ "oy flC(cH»zT)’“ 5" da -0 (2° ™Y
-r 1—5

= II+I2+O( cT—l)a
say, where we put = = jf|+1. Now let I =1(b) satisfy

[/

1—1
1- s <1l <1—

213

as in the Introduetion.
By the convexity argument, using Lemma 2, we get

o—a

B)———— -8
(2) Llo+it) <t =t

uniformly for ¢ in 1— 4’ < o < ¢, where ,u(b) ig defined in the Introduc-
tion. Now, by Lemma 1 and (2), we get

I, < 00 ma £ (1 i o f 1 ﬂ+w)z”
e .

& @i FO+e bl —2b)te

By (2) we. get- also
I, € o T 4 = F phuBl=le

Since p(b) < (20)7, taking T = p"®OU+sOG-2)"1 Spo poy

(3) A (@) € P FOOHEOE—0) " e g0 g oh <k

Here we may remove the restriction on @ which was given at the beginning
of the proof. Finally we have to show that for & > 10 (3) gives the hetter
estimate than (1) in the Infroduction with 1 = 173/1067. For this we
have to show that there exists a b in 4 < 2b < & satistying

(4)- {1+ (B)(k—2D))/B(B) < (346/1067) (k+ (375 /173)).

Here we shall show that for k= 23 there exists a b in 4 < 2b < k satis-
fying . : '

(8) u(d)(k—2b) <1

and ‘
(6) (B(8))7" < (173/1067) (k-+(375/173)).
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Then sueh b satisfies (4), and we are done for k> 23. For 10 < < k<
by simple caleulations, we can find a b in 4 << 2b < & satistying (4). (For

example, for k = 10, b =3 or 4 gives Ay, () < a" )
Now we assume first that &> 198. For given k= 198, we chooge B

satistying .
375 173
k <
<(173 ™ ) 1067

> 82 and j(b} =

178;j(b+1)
1067 8(b+1)

1785 (h)
1067 8(b)

(M

Then for &> 198, b 6. Now we have first

o, : B P
1 - 1067-173 (k 373) 173 (k 370) since §(b) 6.
B(b) ~ 1785{b)1067 173 ) 1067 173
Since _
1 9p+29 .2  9b4(26—-2)/§{h)—2 _ (20—2)
pid)  jyF1 HORS! IO
we have .
2b < (3(3)[B{b))}+2 < (173/178) {k+(375/173)}+2 < k.
Next, " ‘ '
1 PO-1py oM o H-1p) 9% 1
u{b) B ﬁ(b)zr(b)_l_l }{b)"l L ole—1_q
2Kl _9 _
g 1b+1) 3
Lpb+L) 2
sinee
HOAL) g _g g _g.
Bb-+1) '
We have also
jb+1)—
2 >
_ gb+1)
since :
. 4(b+1)—4
. 2b 4+ 1)+ e -2
1 mz(b+1)+2f(b+1)—2 b+ )+j(b+1)—1
Bb+1)  jb+1+1 HEESTESD
2(5+1)—2 2b

Tib+n—-1 jb+n -1
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Hence we have

1 i + 1f4)l(b~f~1)+j{b-|-1)—1 __3_> (Al (b+1)—1 _E

() Blb-+1) 27 BB 2

_ 1785 (6 +1) n (153/692)(b+1)—1 *Ezk
1I38(h~-1) B{b+1) 2
since .
J-1) =) 6.

Hence for given & > 198, b chosen by (7) satisfies both (5) and (6). For
k<197, by simple caleulations we can find b satisfying (5) and (6) as
follows for example; b = 40 for 110 < k < 197, b = 22 for 70 < b <L 109,
b =15 for B2 L k<69, b =10 for 38 k<51, b =8 for 32 < k<37,
b=6for20Ck<31, b=5for23<hk<2. m

3. Concluding remarks. Tt might not be redundant to have a rough
computation of %, in the Introduction. For this we ghall use the following

LeMyMA 3. For 1/2 < o<1, 122, we have

Llo-+ity < 90— (1ogas,
(Cf. [4] and [61.)
From this we deduce at onece

0y, < 1IN (1 —(a+ 78(

2Lk

a) Huz)-d),

where ., was defined in § 2. Hence, in particular, we have
COROLLARY.

Gop <1 —(2(78%) — 78(78K)P-12)71 for k=1,

Now we take g(b)
before we get

A (@) < o'

= (2(785))~ in the argument in §2. Then as

LR A D I 2 Y Y 2

Taking b = [k](2** —2)], we get

THEOREM. For each k 3=k, > 2%, we have
A3
Aylw) € g =70,

where we put A”Y = 2Y(230 . 1) (39)4% I, ds some effectively comput-
able integer and ¢ is an arbitrarily small positive number.
More generally, let @ be a positive number satisfying

Ela+it) < 1%~ (logt),
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then the above argument gives A~ = 2¥2(2%._1)¥a*® in the theorem
above. We may compare this w1th Karatsuba s uniform estimation [21
with respect to k and &;

Ay (@) <€ o~ Rlog gk,

where a ig the same as above and B is some positive abgolute constant.
We may remark here that a slight improvement of the above theorem
can be obtained by choosing A(b) = (2(78b)**— 78(78b)'*--2)"? in the
above argument.
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Fonctions g-additives et formule asymptotique pour
la propriété (n,f(n)) =g

par

Mriopsn Ouvier (Bordeaux)

1. Introduction. Un théoréme bien connu de Cebyiev dit que la
probabilité que deux entiers n et m soient premiers entre eux vaut 6 fr2;
.autrement dit:

On peut s’attendre & ce que ce résultat reste vrai si les entiers =
et m gont tels que n = f(m), ont f est une fonetion arithmétique & valeurs
entidres, pourva que f ne conserve pas les propriétés arithmétiques de
I’entier #. Plusienrs résultats de cette nature ont été obienus notamment
par G Tn.. Watson [14], Erdss et Lorentz [4], T. Bstermann [5], ®. R. Hall
[8], [9], [10], et enfin par A. S, Fainleib [6].

Axu contraire, si la fonction arithmétiqne f préserve certaines pro-
priétéy arithmétiques, on peut espérer un résultat différent. (Pest ce qui
a été démontrd pour les fonctions multiplicatives par P. XHrdds [3] el
par B. J. Scourfield [13].

Dans ce qui wuit nous étudions sous cet abpect une fonction g-addi-
tive. Cette notion a été introduite par A. 0. Gelfond [7] et développéde
entre autres par J. Bésineaun [1], H. Delange [21 et M. Mendés-France [11].

Si g est un entier > 1, on dit que la fonction arﬂhméhque f.est g-addi-
tive si, quel que soib k> 0, on a: :

Flagh4-b) = flagh) +f(b) pour O0<a<g—1et 0<b<g~1.

On dit que la fonction arlthmethue F est g—n1u1t1p11eat1ve &, quel
que soit k= 0, on a:

B

Flagt+b) = Flogh)-F(b) pour O0<a<g—1et 0<b< g —1.



