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A convolution approximation property for I'(&)

by
LOUIS PIGNO (Manhattan, Kans.)

Abstract. In this paper we define a certain convolution approximation prop-
erty and give some examples of subspaces which have this property with respect
to I1(). Wo exhibit a connection between subspaces with the approximation prop-
erty and multipliers of Fourier transforms. A result on (p, p) multipliers over non-
compact LCA groups is also obtained.

Throughout this paper @ is a LCA group, I" the group dual to G,
M(G) the convolution algebra of bounded Borel measures on G and *
the Fourier-Stieltjes transformation. Denote by L'(&) the space of Haar
integrable functions on @ and D(G) any subspace of L' (@) with

D(@) o {fel}(G): suppf' is a compact set}.

Suppose that whenever o,eLN(&) (n =1,2,...) with lmsup o,y
N—+00
= oo there exists a keD (@) such that limsup llo, k|, = co. Then D(G)
N—>00

is said to have the convolution approzimation property with respect to L'(G.
Tt is not difficult to see that L'(@) itself has the convolution approxi-
mation property with respect to L'(G); see Examyple L.

By adapting and generalizing some methods in [1] and [3] we give
an example of a rather small space D(@) with the convolution approxi-
mation property whenever ¢ is a noncompact LCA group. It turns out
that spaces with the convolution approximation property admit a solu-
tion to & wide elass of multiplier problems. A function ¢ on I' is said to
be a multiplicr of type (D, I') if whenever feD(G) there corresponds
a geTHG) such that o f = §. '

Timoran 1. If D(G) has the convolution approzimation property, then
@e(D, L) if and only if ¢ = p for some pe M(G).

Proof. One half of the Theorem is obvious. For the converse let
@e(D, L'). For any keD(G) with supplé a compact subset of I' pub

o(@) = [p(a)k(a)a(@)da (2¢6).
;
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Then ¢ = i for some we M (@) if and only if no matter what be %
(as defined above) there exists an M <N (the natural numbers) such thag

M

lloth, <

‘whenever ]170[[1 2. To prove sufficiency let p(a

24 oa,l at
‘trigonometric polynomlal on G with [|p]l, < 1. Now by [1], p. 53, there
is a ke D(@) such that % has compact support,

) be any

k<2 and  f(a) =1 (i=1,2,...,n).
So,
| eur@l] =] 3 eubladoe)|
= =]
and we obtain
'Zou{(p(ai) = '2%6’(%),-
4=] i=1
Thus
| goaiw(af )| < Il ol < llol.
So

lzn'aaﬂ’(%) ‘ <M
i=1

Vfor all trigonometric polynomials p(a) = 20% a;(%) with [plle <1 and

this m turn implies by the Bochner—Eberlem Theorem ([4], p. 32) that
@ = ;i for some ue M(G) since @ is continuons.

Let us now suppose that p¢ M(@)". We shall force a contradiction:
By the preceding argument there exists a sequence k,eD(G) such that

for each nelN, ||&,|, < 2, k has compact support and

(@) = [h(a)p(a)a(o)da  (vet)
r

satisties

AL

limsup llolly = co.

Since D(@) has the convolution approxim
ation b
a keD(@) such that app | property,

. {2) .

there is

Limgup [lo, % %], = oo.
N—>00
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Observe that

i) (auxT)(@) = [h(a)F,

I

(a)a(z)d

for some heL*(@) since @e(D,I'). Thus by the Inversion Theorem

([4], p- 22)
. opxk = hxk,.

Inagmuch ag |hxl, [, < 2|hll, we have

(ii) limsup llo, *Elly < 22]ly-

N—+00
Sinee (ii) says, in particular, that limsup ||o, % %[, < oo this contradicts
{2) and. completes the proof. oo

‘We next present some examples.

Examere I. Let G be a LOA group. Then I*(G) hasg the convolution
approximation property with respect to L*(@). This follows immediately
from the Uniform Boundedness Principle and the fact that I'(G) has
a bounded approximate identity.

As a consequence of Theorem 1 we obtain that (I', I') = M (&) ;
this is, of course, well known. Our next example is more interesting.

Examrre IL For G a noncompact LCA group put
A%(G) = {feIl( N L)
p<oa d

G): }e
0<,
Then A°(@) has the convolution approximation property with respect
to I*(@). To see this fix feI'(@). Now given &> 0 there is a keL'(&)
such that: & has compact support;

(1) loxf—flh < &/2 %l < 1

For Kxfel'(@) there is a geL'(@) such that g has compact support
K and Jg—Exfl; < ef2.

Then, if we assume that G contains a copy of Z, it follows by the
noncompactness of G that there is an a @ such that the sets

* (neZ)

and

na -+ K

are pairwise disjoint. Following [3], p. 129, pub

n--1

1
(2) ey (1) = Z% k(@) (@)
Then for some 0 and all neN
(3) IFlly = Wegfll -0 (161 <1).
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Now
1({1-y(a" )7
~ T y ?él’
Jonl) = (1 S ) @
k(y), v(a) = 1.

Since the annihilator of the copy of Z has Haar measure zero in I, the

expression above shows F,(y)—0 a.e. Notice that |%,(»)| < JE(y)], hence
it follows by the Lebesgue Dominated Convergence Theorem  that

(4) [egll,~0 (0 < p < o0).

Thus when G contains a copy of Z we have that given o, L'(G)
and &, > 0 (neN) there correspond g,eA’(@) such that

(5/ Ho'n”l = Ilcn*gn”:l +6n3n (lanl < 1)'
Furthermore, the ¢'s in (5) may be chosen to satisfy
(6) IGaln <1 and  llgalh <1

Using structure theory for LCA groups it can be Qhown that (5) and (6)
hold for every noncompact LCA group.

Observe that since p may lie in (0, 1), Banach space techniques are
not available to us (cf. Theorem 3.1 of [2], p. 188). To show that 4%(G)
has the convolution approximation property we modify and generalize
an argument -of Doss ([1], pp. 184-185) given for G = R. We reproduce
some details from [1] for the readers’ convenience.

Suppose that o,eL'(G) and
(7) Lmsup flo/l, = oe.

N—+00

In (5) set ¢, = }llo,|l; for all neN.

Let (g,,>°" satisfy (5) and (6). For any subsequence <gnq>‘l’° define

8) 9@) = D'g, (2)[37 (0@,

q=1

Since by (6) Ilgu b <1 for all n,, we conclude that gel'(G) and H(](h
We now prove “that ge (O L.
I<p<ico .
Given pe(0, o) choose neN such that 1/m << p. Then |G, |«

- 1/
for all m = n since ||g,llo < 1. Put

N
= D Gy (9)3.

Recall that for f, and f,eL'™(I")
Ifa ol < 1 fallfs -+ Il
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Thus for all N >n
n
Wl < 3 (BY™Ig I¥a+1/3(1/31" —1)
J=1

Inasmuch as 8y converges uniformly to g ‘we have by the Fatou Lemma
that §eL'™(I') and this implies since ||§.,, < 1 that §e.L?(I').
‘We shall show there is a subsequence of {g,>%° such that im sup lg * o]l
n—»c0

= oo where g is defined by (8): Observe that if, for some ke N, g,, satisfies
Limsup g, o,y = eo,

then we are done. So suppose that given keN there corresponds an M, keN

such that for all neN

(9) g *onlh < M.

TFor any sequence (g,,,q>§° and corresponding g defined by (8) we have

1 1 1
190 > 5 10 #Gagh— ) 5 W0, ¥ 0= > S o Gl

i<q i>q
From (5) and our choice of ¢,

3 ”0’7,_ “l "0'" *gn ”1 1
lg % on,l1 > - Z = D o kg

i>q
and by (9) .
3 llongls u, 1
lgxonh > —gi= = D= = D 5r longtgufh-
i<g i>q

TFinally, since

Ilana*gntlli ”gninl “a'n,l"v

we have via (6) the inequahty

3 ~ M, a1
(10) I o0 > 5 = o= = —lons D) 57
T 4<q i>q
hous,
1ol <1 My,
-(11) llg*ﬂnqlll = '1‘ 3¢ - Py 5
i<q

and thiy inequality holds for all subsequences (g" . Inmasmuch as
l1msup lloglly == oo, (11) permits the construction of a mbsequence (e
=00

such that g satisfies limwsup |lg*o,l, = co. Our diseussion is complete.
n—rod
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As a consequence of our Theorem it follows that when @ is & noneompact

TOA group pe(4% LY) if and only if ¢ = i for gome ue M(G), cf. The-

orem 3.1 of [2], p. 188. This result has also been obtained by 8. Saeki

(private communication). Notice that A4°(@¢) does not have the convolu-

tion approximation property when & is compact since (I?, L*) = I*(I").
For @ a noncompact LCA group and 1< p < 2 pub

| A2(6) = {fI?(@): FeI'(I)}.

Recall that A(@) is a Banach space when equipped with the norm [fl}, -
—|—|]f[|1, feA?(G). Denote by (4%, I?) the Banach space of all bounded
linear maps from A?(G) to LF(G) which commute with translation.

By MZ(&) we mean the space of all continnous linear operators from

I”(@) to L7 (@) which commute with translation. The proof of the follow-

ing result may be of some interest and does not seem. to be widely known:

TeEOREM 2. For G = R the operator T e(AF, L?) if and only if T emtends
to an operator in Mp(R).

Proof. One half of the Theorem is obvious. For the converse we have
by the continuity of 7' a constant K > 0 such that

1T (Pl < E(Flp+Ifl}  (FeAZ(R)).

then

Bm (If 43, +4f—dll =

Let feA?(R), ’
(1+1/227) ) £,
and since 7' is linear and commutes with translation

lim [ (f+ 3fa+3f-a)llp = (2 +1/22 0\ ()],

Now
P @ = (14 2
and gince the kernel (1+ _a;_a) -+ a(za) )is non-negative, we obtain b'y

the Riemann-Lebesgue Lemma that

Lol | a(e)
l’mf'f Tt

a->00

do = f|f<a)|da.
i
We conclude therefore that

nT (Nl < E{IF llp + (L-+1/2071) 42 £, ).
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Tterating the process » times we have

I (F)llp < E{NFlp+(L+1/2771) "2 3.
Well, this means sinee n <N is arbitrary that '

1Tl < ELNflly}  (fedT(R).

Since A7 (R) ig dense in L”(R) we may extend 7 in the desired fashion..
This completes the proof.

It is easy to mee that the proof of Theorem 2 generahzes to a wide:
class of moncompact LCA groups.
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