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JAnddepenimabhbie GopMbI, OPTOroHAJBHLIE MOJOMOPPHLIM
dopMaM B HX CBolHcTBa

JI. A. Anseuserr (KpacHoApck)

1. PAp pesynbTaToB TeOopHMHM (YHKLUUI ONHOr0 KOMILIEKCHOTO Iepe-
MEHHOFO ONMPAaeTCH HAa W3BECTHOE YTBEPHACHUE: eCiIU ¢(z) HempepuBHA
Ha raankoil rpaumue 6D orpanmyeHHoit o6inactu D, To

[f(@)p(z)dz = 0
oD

nnsa Beex rosoMopdHuX na D dyuxumit f(2) Torma u TOmBKO TOrjxa, KOrma
¢(2) npopomxaerca B D rak romomopdnasn.

AnanormynHasa 3afaya HHTepecHa M B TeopPHM (QYHKIMH MHOTMX KOM-
INIEKCHHIX IlepeMEeHHBIX: oNHcaTh BHeluHue AuddepeHnanbHbEle GOPMH a
Ha 0D opToronanbsHule roaoMopduevM opmam tuna (n —p, 0), npu 0 < p < n
(B 4acCTHOCTW, NPH P = % — roJoMOPPHEIM PYHKIIUAM) B TOM CMBICIIE, 4TO

faAy =0
aD
XA BceX u, rojomopdHux Ha D < C*. _

Houn u Poccu onmmcanu ¢opmsl, opToroHaibHHE §-3aMKHYTBIM (Op-
MaM TMHA (n—pP, q) Npu g > 0. VIx pabora He oxXBaThiBaeT Hall Ciayyail
q =0

2. HexoTopele marm B pelleHNH INOCTaBJIEHHOi 3amavl CoeJIajn
BaiincTok u AitsenGepr. 3atem III. A. JlayToB mokasain miA CTPOro Inces-
ROBHINYKJIOH D, 4ro (opMEl, OPTOroHAIbHEIE TOJOMOPHBIM, MPOIOJIKA-
oTcA BHYTph D Kak 0-3aMKuyThle ¢opmbl Tuna (p,n—1). IIpn nokasa-
TeJIbCTBE MHCIONL30BAINCh WHTerpalbHEe .pefcTabBilenud Mapruxenan—
Boxnepa-Homnensmana u ,06apbepnana” ¢gynkuma Xenxuna. B paGorax
JlyaToBa OgaHH WHTEpPeCcHBIE TIPUIIOMEHUA.

~ Omupasice na 3tor pe3yawrar, JI. A. AijizenGepr ycTadHoBui, 4TO
B Clyyae MPOM3BOJILHOI orpaHmyeHHoii D BcAkaA ¢opma, OpPTOroHANb-
HafA rojloMopP(HEIM, MpeaCcTaBIAETCA KaK CyMMa cymeHHit Ha 0D gByX

¢opm THna (p, n—1), neppaa d-samxnyTa B D, a Bropaa — BHe D u 0-



152 Short summaries

TouHa BHe 060JOYKM rojioMopdHocTM Komnakta D (KoTopas mpemmona-
raercAd oxHoamucTHoi). Bropoe cimaraeMoe, BooGlle roBops, NO CyHeCTBY
y:e cnuenano (/layros).

3. 0-3aMKHYyTHle (POpMBEI TUna (p, »— 1) ABIAIOTCA AHAIOraMM rOJIO-
MOPPHBIX PYHKUMIN OXHOrO KOMINIEKCHOTO IIEPEMEHHOr0, T.e. COXPaHAKT
PAR BAMHBIX CBOMCTB 3TUX QyHKUMH, KOTOPHIX HET Y roloMopHEIX PyHK-
IR MHOrMX KOMIUIEKCHBIX mNepemeHHBIX. [l Takux ¢opM noxasaHH
TeopeMbl 06 ampoKCMMalUMM 1 pa3gelneHHM ocob0eHHOCTell, aHAJIOTH Teo-
pem Kyzena u Mopepa, paccMoTpena agguTHBHAsA KpaeBas 3aj1a4ya 0 CKayKe;
yKasana cBfisb 3Tux ¢opMm ¢ pacupenenenuaMu u3 R*~! u npennosokeHo
HOBOE OIIpeNelleHNe YMHOMKeHMsA pacnpenenenuit (Baiinctok, Aiizenbepr,
HaytoB, Anapeortd, HKreiTmMaHOB).

Compact holomorphic mappings on Banach spaces

by R. M. ARoN and M. SCHOTTENLOHER (Lexington)

Let F and F be complex Banach spaces. A holomorphic mapping
f: E—F is said to be compact if for each point = of E, there is a neighbour-
hood V_ of @ such that f(V,) is relatively compact in F. The space of
compact holomorphic mappings from F to F is denoted H, (E; F).

The space Hy(E; F) shares many properties with the space of com-
pact linear mappings from ¥ to F. For example, fe Hi (E; F) if and only if
the linear mapping ¢—>gof is compact from F; to (H(E; C), 7 ,), wherc 7,
is the Nachbin ported topology. Various other necessary and sufficient
conditions for a holomorphic mapping to be compact are discussed, as
well as the relation of compact holomorphic mappings to the aproxi-
mation property.

Metoa rpaHM9HLIX BapHamMii B 3aa4aX O HeHAJerarwmux
00acTaX

I'. TI. Baxmuua (Kwues)

C nomompio Merona rpannmunbix Bapuauuit M. HInddepa peuwenn

n
sajaun o makcumyMme pyuxuuonana [] |f;(0)| mas cuerems {f;}7 BaanmHo
te=1
HCHAJIETAIOWIMX OIHOIUCTHEIX KOHGpopMHBIX oTOOpaskeHMil e;IIHUYHOTO
Kpyra B CllelylOlIMX KiIaccax:



Short summaries 153

1. B xnacce cucrem MepoMop(HEIX oTo6parkeHmil, YIOBJIETBOPSHIO-

IINX YCJOBNIO
[] 1£:0)—fi (o)D) =1,
1<i<ksin

Ilppy n» >4 aBTOpOM noONyYeH KauyeCTBEHHBIi pe3yabLTarT,

npu % = 2 — 310 U3BecTHHlit peayabrat M. A. JlaBpenThena,

npu 7 = 3 — MOJIYYCHHBbIN pe3ylbTaT SKBHBAIlEHTEH OJHOII Teopeme
I, M. Tonysnsua,

npu 7 = 4 TNOKa3bIBAETCsA, YTO CUCTeMa obnacTel, TONOIHHTeIbHAA
[0 ABYX OPTOrOHANbHHIX NPsMBIX, lie ABIAECTCA JKCTPEMAJILIION.

2. B knacce cmcTeM peryiafApHBIX OToOpamieHHH B eUHUYHBII KPYT.

IIpu n >3 momyyeHn KauecTBEHHBIl pe3yJ/ibTar,

npu % = 2 3KCTpPeMaibHOH ABaAecTA mMapa o0aacTeil, Kampaa u3
KOTOPHIX €CTh TMOJYKPYT.

AHaJIOTUYHBIE 3a7a4M peulcHbl A MHOrOCBA3HBIX obnacreii.

Non-orientable partial regular Riemannian coverings

by I. BARzA (Bucharest)

It presents the lurwitz—Kervékjarto—Andrian formula for the rami-
fication index of a covering map between surfaces, in the non-orientable
case.

Sur les coefficients de fonctions étoilées symétriques
par O. BERESNIEWICZ-RAJCA (Gliwice)

Soit 8%, % > 2, une famille de fonctions étoilées et univalentes dans
le eircle |2| < 1, de la forme
f() = 2 ay22+ay23+ ...,
avec k prémiers coefficiénts réels.
On montre:
THEOREME I.
s int {a;} = —1.
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TaEorEME II.

—3,2< inf a;, < —0,79.
42

Les démonstrations sont basées sur la relation entre les fonections
$toilées et les fonctions de Carathéodory, ainsi que sur un théoréme carac-
terisant les fonctions de Carathéodory.

La note sera publiée dans les Zeszyty Naukowe Politechniki Slaskie;j.

Uber ein Problem von F. Leja

von F. BIERSKI (Krakow)

Zu Konferenz in Lublin im Jahre 1970 der Herr Prof. F. Leja hat
einem Vorschlag iiber eigene Verallgemeinerungén der Kapazitdt und
Extremalfunktionen geben. Ich lege daher einige Ergebnise vor.

Es sei im metrischen Raumn T, dessen Punkte wir mit p,, ps, ..., %
bezeichnen, eine nicht negative, stetige und symmetrische Funktion
@(Pyy ...y Po) von a >2 Punkte definiert. Es sei in diesem Raume T
eine kompakte und beschrinkte Menge E gegeben.

Fir ein beliebiges System

(1) ) .'p(n) = (P1y +++y Pns ---7Pn+u—1)
von (n+a—1) Punkten der Menge F bezeichnen wir durch
Vi) (p) = [l ©(Piys -1 Pigs Pryy -1 Pia_y)
1<iy<epe<dg—pSnta—1
DI 35
—k—1
das Produkt von (n+a ke ) Faktoren, wo k (=0,1,...,a—1)
a_
Punkte p; , ..., p;, des Systems (1) sind beliebig festgestellt.

Es sei nun

Vszk)(E’ OJ) = Sup( min Vg‘""’ik)(p(")))
pCo B /%
und

k-
”5;"’(1’7, w) — Vf@k)(E’ w)ﬂn) wo B, = 1/(n+a I 1)‘
a_ .
I. Die Folgen {V¥(E, w)} erfiillen folgende Ungleichungen:
a) st;:l)(E’ w) < Vf:_l)(E’ w) V(va_l)(Ey w),
n+a—k—2
b) Vf,k)(E, w) kg Vg‘—])(Ey w) < V(lk)(E’ w) ng)(Ea w)... VS:'C)(E: )
fﬁl‘ k = 1’ seey 0—1.
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II. Die Folgen {v¥(E, w)} konvergieren nach einem endlichen
Grenzen:
Imo~NE, 0) = limo¢ (B, w) = ... = limv™(E, 0) = v(E, o).
n—>00 n—00 n—>oo
Wir nennen den Greznwert v(FE, w) verallgemeinerte Kapazitit
der Menge FE in besug auf die Funktion w.
Es sei u ein beliebiger Punkt der Raum 7 und (1) ein System der
Punkten der Menge E, fir welche w(p; ..., ;) #0, 1<ji<jo<...<
< j« < n+a—1. Fithren wir folgende Funtionen des Punktes u ein:

oW (y, E) — inf

()

( w(u,p,-z,---,pfk,pjl,m,p,-a_,‘))
?

max
i 1 w ; g e ; “re ;
Tpreeesip l<j1<..'.<]'a.__,k<n+a—‘1 (pq’ p‘lz’ 7p2k’ pjl’ ’p}a_k)

11,...,1k¢j1

k =1, ...,(l'—l.

III. Die Folgen {®® (u, E)} erfiillen volgende Ungleichungen
a) @70 (u, B) P57V (u, B) 9~ (u, E),
nta—k -
b) @P(u, E) % > &¢(u, B) > &P (u, B)- 0P (u, B) ... 8P (u, B),
Ek=1,...,a—1.

IV. Wenn v(E, o) > 0, dann konvergieren die Folgen {[{®%¥ (u, E)]°}
nach endlichen Grenzen ¢"(w,E), ¥ =1,...,a—1. Die Grenz-Funk-
tionen ¢* (%, ) nennen wir Extremal-Funktionen.

Sur la factorialité des anmeaux de fonctions analytiques

par J. BocHNAK (Krakow)

THEOREME 1. Soit M une variété analytique réelle, compacte, conneze
avec H' (M, Z,) = 0. L’anneau O(M) de fonctions analytiques réelles sur M
est factorial.

Il est fort probable que la réciproque du Théoréme 1 est vraie. En
tout cas, on a

THEOREME 2. Pour une variété analytique réelle M, de dimension < 2
les condition suivantes sont équivalentes:

a) O(M) est factoriel;

b) M est compacte, connexe et H' (M, Z,) = 0;

¢) M = 8 (sphére de dimension 2).

Pour un ensemble A < R" (resp. A < C") notons par 0, U'anneau
des germes de fonctions analytiques (resp. holomorphes) sur A.
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THEOREME 3. Soit A < R" (resp. A < C") un ensemble semi-analyti-
que compacte et connexe avec H' (A, Z,) =0 (resp. H*(A,Z) =0 et A
admet un systéme fondamental de voisinages de Stein). L’anneaw 0, est
alors factoriel.

Sur les ensembles analytiques a singularités données a priori

par J. BocHNAK (Krakéw)

Soient M une variété analytique réelle ou complexe et V un ensemble
analytique (réel ou complexe, selon le cas) d’un ouvert de M. Notons
par I,(V)lidéal de V en #¢V. Un germe d’un ensemble analytique cohé-
rent, est appelé une intersection compléte 4 singularité isolée an o, si’ensem-
ble pointe ¥\ {x#} est une sous-variété analytique lisse de codimension p
dans un voisinage de # dans M, et que 1’idéal I (V) est engendré par exac-
tément p éléments.

Notons par K le corps des nombres reels R ou complexes C et posons
Z(g) = @7 1(0), ol ¢: M—K° Désignons par Diff2(M) (resp. Diffk(M))
le groupe des homeomorphismes biholomorphe (resp. difféomorphismes
de classe C*) locaux z: (M, @)—>(M, @) au voisinage # de M; t(z) = 2.
Par V nous désignons le germe d’ensemble V en point z.

TEEOREME. Soient M une variété analytique complexe ou réelle et D
un sous-ensemble discret de M. Supposons donnés, en chaque point deD,
un germe d’ensemble analytique V. de codimension p, qui soit une inter-
section compleéte & simgularité isolée en m. Alors

a) (cas complexe). 8i M est de Stein, il existe une application holo-
morphe ¢: M— CP?, telle que Vensemble Z (¢)\D soit une sous-variété analy-
tique complexve de M de codim p, et pour chaque point x e D il existe v« Diff7( M),
avec t(V,) =Z(p),.

b) (cas reel). Il existe, pour tout keN, une application analytique
réelle p: M—>RP, telle que Z(p)\D soit une sous-variété amalytique réelle
de M de codim p, et pour chaque zeD, il existe veDiffs(M) tel que ©(V,)
=7 ((p)z‘

c) 8t M est un espace affine et si D est fini Uapplication ¢ peut étre
choisie polynomiale.

Le Théoréme (a) a été demonstre par Strehl [2] dans le cas des hyper-
surfaces (p = 1).

ProBLEME. Le theoreme (a) et (b) reste-t-il valable si les singularites
ne sont pas des intersections complets ?
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Références

{11 J. Bochnak, Trans. Amer. Math. Soc. (to appear).
{2] B. Strehl, Math. Ann. 200 (1973), p. 165-173.

On modular and domain majorizations in the classes
of bounded functions

by F. Bocowskl (Lublin)

Let 8 denote the class of functions F holomorphic and univalent in
the unit disc K,, where K, = {z: |2| < r}, such that f(0) =0, F'(0) = 1.
Let Sy, M > 1, denote the subclass of the class S of the functions satis-
tying the condition: |F(2)| < M in K, and let H be the class of the func-
tions f: f(0) = 0, f'(0) > 0, holomorphic in the unit disc K,. The author '
proves the following

THEOREM. If feH, FeS,, M > M, =3.259... and [f(2)| < |F(2)|
forzeK,, then

f(K,) = F(K,)

Jor every r < ro(M) = ro(H, 8;,), where ro(M) is the unique, positive root
of the equation :

V(l—r)2+27r+1 —7 vy 1
= 7T = —
VLl +r)P—dre 4147 ’ M’
and where
_ Po(1+p3)
" 4pl—(1+p)(1—pd)’
(1 +po)? 1—p;
log———— = arctan — Pe>0.
1475 V2p, °

In the case M—>oo we get a result of F. F. Jablonski [2].

References

{11 F. Bogowski et Z. Lewandowski, Sur la majoration en module et en domaine
dans les classes de fonctions bornées, Bull. Acad. Polon. 22 (1974), No. 4.

{2] F. F. Jablongki, Sur la subordination en module et domaine des fonctions holo-
morphes, ibidem 19 (1971), No. 7.
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Analytic functions and transcendental numbers

by E. BoMmBIERI (Pisa)

This is a survey lecture on recent methods in the theory of analytic
functions and their applications to the theory of transcendental numbers.

A conjecture of Lelong on plurisubharmonic functions is also dis-
cussed, and some generalizations are proposed.

Periodic solutions of holomorphic differential equations

by M. L. CARTWRIGHT and N. G. LLoyp (Cambridge)

Let z¢CY, te<R, and let # be the class of continuous functions f:
R x CV—>C" that for fixed ¢ are holomorphic for all z, and that satisfy,
for a fixed o, f(t+ w,2) = f(i, 2). The differential equations

dz

(%) a =f(t,2), [feF,
are considered, and in particular the number of their periodic solutions.
Equation (%) is identified with fe # and is given a locally convex topology
in a natural way. The concept of singular periodic solutions is defined
and such solutions characterized. After examining the structure of that
subset o7 of # consisting of equations without singular periodic solutions,
results are proved concerning the number of periodic solutions of equa-
tions of type (*) in terms of the components of <.

Propriété de Runge et enveloppe d’holomorphie de certaines
variétés analytiques de dimension infinie

par G. COEURE (Nancy)

Dans un espace du type X X £ ou X est une variété de Stein et F
est un espace localement conyexé, séparé et complexe, on étudie quelques
propriétés des fonctions analytiques sur un ouvert £ de X x E dont
les sections suivant E sont disquées. Si X est de dimension finie, on montre
que (o X E)Nn 2 et 2 forment une paire de Runge pour tout ouvert de
Stein o dans X, dont on déduit que I’enveloppe d’holomorphie de 2 est
univalente au-dessus de ’enveloppe d’holomorphie de X. Sans hypothése
de finitude sur X, on obtient le méme résultant en supposant que X est
enveloppe d’holomorphie convenable.



Short summaries 159

Isolated critical points of analytic functions
of three variables

by I. DoLGACEV (Moscow)

It is known since F. Klein that there exists the close relation between
regular polytops and some singularities of algebraic surfaces. It was shown
by V. Arnold that the classification of analytic functions near its iso-
lated ecritical points is related with the Klein’s singularities. In his
further investigations he introduced 14 new types of singularities which
describe unimodal germs of analytic functions.

In the lecture will be shown that all these Arnold’s singularities.
can be obtained with help of the construction generalizing one of Klein
and which connects the theory of linear representation of automorphism
groups of compact Riemann surfaces and singularities of analytic surfaces.

Moduli problems in several complex variables

by O. ForsTER (Regensburg)

The moduli problem goes back to Riemann, wha stated in his memoir
Theorie der Abel’schen I'unctionen that a closed Riemann surface of genus p
depends on 3p —3 moduli, i.e. 3p —3 complex parameters. This statement
was made more precise by Teichmiiller, Ahlfors and Bers. Kodaira and
Spencer were the first to consider moduli problems in higher dimensions
and created a deformation theory of complex manifolds. They use almost
complex structures and potential theory. Therefore these methods cannot
be applied to the deformation theory of complex spaces with singular-
ities. Recently new methods have been developped by Douady, Grauert,
Knorr/Forster to attack the deformation problem of compact complex
gpaces. In the talk we want to explain some of these methods.

Exceptional points on real submanifolds

by M. FREEMAN (Lexington)

A real submanifold M" = {p, = ... =p, = 0} defined in C" by
smooth independent real-valued functions g; has an ewceptional point
at pe M" if d,0,A ... A 0,0, = 0. This means that the complex tangent.
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n
space H,M = (" kerd,e; has positive dimension. We consider exceptional
1

points p, where dimcH,M = 1, and assume that M™ is Levi-flat at every
exceptional point. This is the well-known second-order condition that
the restricted Levi forms L,o,|H,M = 0, all j. Levi-flatness is invariant
in the sense that it is independent of a choice of defining functions g,
and of local holomorphic coordinates for C™.

We also assume that M™ is non-degenerate near ¢. This is a new
second-order condition on the ‘‘purely holomorphic’ part of the Taylor
expansion of the g3 near p which is invariant in the same sense.
The main results support the idea that near such an exceptional point
M"™ has the same “good” function — theoretic behavior as a totally
real submanifold (one whose complex tangent space has everywhere
dimension zero): It is shown that near a non-degenerate exceptional
point a Levi-flat submanifold M"™ enjoys the following properties.
A) M" is holomorphically convex near p in the strong sense that there
exists a smooth non-negative function ¢ such that M"™ = {¢ = 0} near
p and o i8 strictly plurisubharmonic at every non-exceptional point of
«C" near p. B) There exists a compact M"-neighborhood N of p and a strictly
pseudoconvex domain D o> N such that every continuous function on N
is a uniform limit on N of functions holomorphic on .D. This setting sub-
sums certain special cases of recent interest. It also suggests several direc-
tions of possible generalization.

Determination of the conformal module of a quadrilateral

by D. GAER (Giessen) °*

The conformal module of a quadrilateral V is a conformal invariant
important for theoretical and practical purposes. Here, a survey is given
on the methods to obtain numerical approximations for m(V).

1. Difference methods. Here an extremal characterization of m (V)
is used: m(V) = inf{D[f]: feK}, where K denotes the class of functions
with f = 0 and f = 1 on the opposite sides Iy and I'; of ¥V and with f,, f,
piecewise continuous in @, and where D[f] = [[(fi+f;)db. Every feK

¢

gives an upper bound for m (V). To obtain suitable such f, bilinear spline
functions are constructed and their determination leads to large systems of
linear equations which can be solved by iteration. Convergence estimates
are given if the mesh carrying V is refined. For details and several numer-
ical experiments see Gaier [3].

In order to reduce the discretisation error, it is suggested that a
refinement could be used similar to the method of Birkhoff and Fix

([1], p. 133).



Short summaries 161

2. Integral equation methods. If V is mapped conformally onto
{w: |w| < 1} and the corners of V correspond to @,, @,, @,, @,, we have

m(V) = K’'(k)/K(k) with k =1/Vd,

where d is the cross ratio of the @; and K, K’ are complete elliptic inte-
grals. So any of the mapping methods via integral equations gives m (V).
Experiments by Knierim [5] show that this method is faster than the
difference method and can also be applied to infinite quadrilaterals,
but it does not give bounds for m(V).

Further it is suggested that the mixed boundary value problem
0 onl, ou

— =0 on 0G\(L[yuTI
1 onIy,’ on . SERSEY

is solved by integral equation methods due to Hayes and Kellner [4].

(%) du =0, u=

- 0
Thereafter, m(V) = J %ds for any are y connecting I, to I75.
4

3. Analog methods. Even if no computer is available, m(V) can
be determined by simple analog methods with an error of about 19.
Experiments due to the author ([3], p. 193) were done with resistance
paper. In recent experiments by Fenyi and Michael [2] the discrete ana-

0
log of (%) has been simulated by a grid of resistors and m (V) = lds

evaluated numerically. ; on
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[1] G. Birkhoff and G. I'ix, Aoccurate eigenvalue compulations for elliplic problems,
Proc. Symp. Appl. Math. II (1970), p. 111-151.
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On analytic functions with values in [*-spaces

by J. GLoBEVNIK (Ljubljana)

Throughout, 4 is the open unit dise in ¢. We denote by N (resp. N;)
the set of all positive (resp. non-negative) integers.
Let 1 < p < oo and let {¢;} be the canonical basis in IP. Suppose that

> (2) =D w0 = (i)

11 — Annales Polon. Mathematiel 33.1-2
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is a function from 4 to I whose coordinate functions ¢; are analytic on A.
R. Aron and J. A. Cima [1] proved that such an f is analytic if and only
if the function

Cm Dl (O

i=1

is locally bounded on 4. They have shown that in general only the ana-
lyticity of all ¢, is not sufficient for f to be analytic. Here we present some
additional conditions on the coordinate functions ¢; which assure the
analyticity of f.

THEOREM 1. Let ¢; above be polynomials of uniformly bounded degree.
Then f is analytic.

THEOREM 2. Let 1 < p < oo. Let {y;} be a sequence of univalent complew-
valued analytic functions on A. Suppose that a point {ye A exists such that

(1) {wi(o)}el?,
(i) {y:(Co)}el”
Then L+ {y;({)} 18 an analylic function from A to 17,

THEOREM 3. Let 1 < p < oo, Let {y;} be a sequence of complew-valued
Sfunctions, analytic and r-valent in mean with respect to area in A (see {3},
p. 587, [2], P. 314) for some fimed r. Suppose that p,({) # 0 (ieN, Le A).
Let a point Lye A ewist such that {p;({,)} el®. Then {—{y;({)} 18 an analytic
Sfunction from A to 1”.

THEOREM 4. Let 1 < p < oo. Let {y;} be a sequence of complen-valued
analytic functions on A. Suppose that for each ie N yp; does not assume any
value on a ray from the origin. Suppose that a point {ye A emists such that
{w:(Eo)}el?. Then {—{p;({)} is an analytic function from A to I7.

THEOREM 5. Let 1 < p’' < p < oo. Let {y;} be a sequence of complew-
valued analytic functions on a disc |{| < R which are uniformly bounded
there. Suppose that p;() # 0(ieN, |{| < R). Let {;(0)} l?’. Then £+ {y;({)}
18 an analytic function from the disc |{| < R(p—p')[(p +p’) to 1*.

The proof of Theorem 1 is elementary. The proofs of Theorems 2-5
are simple and use some inequalities from the complex function theory

([4], p. 217, [2], p. 314, [2], p. 296, [6], p. 140) to show that in all cases-
the function

& 3 lw (O

i=1

is locally bounded and then apply the Aron—Cima theorem.
Finally, we present the following counterexample.
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THEOREM 6. Let 1 < p << oo. There ewists a function from A to I° with
the following properties:

(i) it 18 mot continuous,

(ii) it is analytic on A as a function to 1*’ for any p’ > p,

(iti) 4ts derivatives (to I'') of all orders are functions from A to 1P.

In particular, Theorem 6 gives the negative answer to the question
in [1] whether every function from 4 to ! whose coordinate functions
are analytic and uniformly bounded on 4 is analytic on 4.

The proof of Theorem 6 is long. Let us give the idea for the case
when p = 1. One takes first the suitably modified counterexample of

Aron-Cima [1]: there exists a sequence {p;} of complex-valued poly-
nomials such that the function

i 3 lgul0)

is not locally bounded on A while {p!™(£)}el® (neNy; Led). One observes
that each polynomial together with all its derivatives is uniformly

bounded on A4 and then, taking a suitable sequence {p;} of positive
integers one defines for (e 4

{V’;(é.)} = {@:1(8)/ D1y -1y ?1(4.)/]’1_13 Pull) [ Pny +- ‘Pn(C)/Pm }

py times Pn times

which shows that in the Aron-Cima counterexample one may assume
that all polynomials v, together with all their derivatives are uniformly
bounded by 1 on A. Then, usmg such a .sequence of polynomials {y;}
one defines for (eA o .

&) = w02, va(O)/2, .., 02", ..., palf) 2%, ...}

-1 2" times

The detailed proofs, especially the proof of Theorem 6 are too long
to be presented here and will appear elsewhere. :
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The additive Cousin-problem for partial differential equations

by B. GorpscHMiDT (Halle)

The additive and the multiplicative Cousin-Problem for meromor-
phic functions is well known. The aim of this paper is to solve corre-
sponding problems in the case of linear partial differential equations or
of systems of such equations:

L[u] =h.

PROBLEM. Given is an open covering {U;} of a domain G and in every
netghbourhood U; a solution u; of L[u;] = h. In U;NU,, # 0 the difference
of the corresponding functions g; = u;—wu, must be Holder-continuous
(Condition of compatibility).

The problem is to find a global solution of the differential equation,
which is compatible with the local solutions.

I will restrict the proof here on the Vekua-equation:

Llw] = g:% + A(2)w(2) + B(2)w(z)* = F(2).

As in the general case the proof will be made in two steps:

a. construetion in compact subsets of @,

b. construction in the whole domain G with an exhaust-method.
For the Vekua-equation exists a Cauchy-integral formula

1
Y f[),(z, Hw(t)dt— 2,(z, DHw(t)* dt* = w(z) for 2¢G
2l 4,

for every solution w(z). In the holomorphic case is £2,(z2,?) = R

and 2,(z,?) = 0. Let y be a smooth curve. Then the function
1 * *
d(2) = 5— | @i(z,1)g(t)dt— Qy(2, t)g(t)"dt
e
has the following properties:

1. L[d] = 0.
2. By crossing over y, d(z) has a jump g(z).
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3. On the boundary points of y, d(z) has the representation:

w(2)

d(z) = = log(z—2,) + a continuous function.
™

For subdomains @, € @ exists a finite covering of neighbourhoods and
it is possible to construct a net of small squares, such that every square
lies completely in any U;. Next form the jump-integrals:

1
di(2) = Py f Q,(2, 1) gy (8)dt — Q,(z, 1) g, (1) d2*,
. Vik

where y;, is the common part of the boundaries of the squares @; and Q,,,
and take the (finite) sum about all this functions. The sum has the same
jump-behavior as the functions in the squares. The difference

U(2) = tUp(2)— ) dy(2) in Qp
i,k

has no jumps at the boundaries of the squares and is compatible with
the given local solutions.

In order to construct a solution in the whole domain G, one must
construct a solution %™ in every subdomain G,, where the sequence {G,}
exhausts the domain @. For the construction one needs approximation
theorems in the kind of the Runge-theorem. For generalized analytic
functions such a theorem is proved in [6].

By this considerations the problem for the Vekua-equation is solved.
It is also possible to construet solutions in compact subsets by using of
the partition of unity (see [2]).

The corresponding problem can be solved also for other partial differ-
ential equations, for instance for general elliptic equations, for equations
with constant coefficients and for principal normal differential equations.
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Holomorphic continuation of separately analytic
functions on a 3-dimensional set in C*

by J. GOorskr (Katowice)

Let D;, j =1,2 be a simply connected domain on z;-plane and
E; < D;asegment on the real axis #;. Let F be the family of all functions f
which satisfy the following eonditions: (i) f is bounded on the set Z = E, x
xD,uD, x H,, |fl< M, on Z, (ii} f is separately analytic on Z. The
first problem: Is fe# analytic continuable in a 4-dimensional domain %
The second problem is the construction of the envelope of holomorphy
of the set Z. Both problems were solved in general case without the con-
dition of boundedness of f for arbitrary finite dimension n and general
form of the set E; by J. Siciak [Ann. Polon. Math. 22 (1969), p. 145-171].
The aim of this announcement is to give an other proof for both problems
in the particular case n = 2 under conditions (i), (ii). Application to the
edge of the wedge theorem are given.

Direct decomposition of the space L=(£2(I"))

by D. IvAagcu (Bucuresti)

In this note we construct a continuous and linear projection of the
space L*(£2) on the subspace L*(I', 2); I" being a discontinuous group
of Mobius transformations (Kleinian group), 2 = Q(I') the set of discon-
tinuity of I" and the space L*(I", 2) called the space of Beltrami coef-
ficient of I'y, being defined by:

LI, 2) = {u|peL®(Q), (uoT)T'|T' = u for Tel},

L>(I', Q2), as closed subspace of L™ (£2) is a Banach space.

With the view of an effective construction of a continuous linear
projection of the space L®(£2) on L>(I', Q), it is necessary to remind two
well-known properties of the Kleinian groups:

a) Every Kleinian group is a countable one.

b) For each Kleinian group there exists a fundamental domain
N =N(I') « (') such that m(0N) =0 (where m(0N) denotes the
two-dimensional measure of the boundary of N). Now, for a Kleinian
group I', we fix a fundamental domain N with the property above, and
denote by Ly(2) the following Banach space:

L3(Q) = {plueL(2), Y lurrnlo < oo

Terl’
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£

with the norm:

el = D ltrzalle-

Terl
First of all we define a bilinear continuous mapping:

U: I'(I") x L™(Q2)>L¥(2)
by the formula:

Uy, ) = X v(T)penp

Terl’

%7y being the characteristic function of the set TN).
Obviously the bilinear mapping U verifies the relations:

1T (75 Wllye0 = ZII( (1) 2r3 1) o
= 217»(1’ M rzale < Mgl D) (T = el Iyl
Ter Tel

Now by means of U we can define the mapping:
U: V(T) x (L®(2))2~L™T, 2).
Namely:
Uly,», 1) = D ([U(y, ) ploT)T'|T".

Tell

Obviously [T (v, 7, #)lle < it 1T (7, )lix;e0-

Moreover, 1f yeL""(I‘ Q), then U(y,», p) = p+( X U(y, »)oT), there-
fore, if 1/( Y U(y,»)oT)eL™(2), the mapping:  T<F
TeI‘

P,,: I®(Q)~L=I'%Q)
defined by the formula: P,, (u) = U(y,», p)/( 3 U(y,»)oT) is a linear
Tell

continuous projection of L®(L2) on L™, 2). Consequently, L=(£2)
~ L®(I', Q)@PkerP,,. Denoting by v, the element of I*(I') defined by
the relations: y,(I) =1, y(T) = 0 for TeI'— {I} we obtain:

V U(yo, 1) ZXNOT

T:I' Terl
and evidently
1/ > Ulye, 1) L™(2).

Tel

Therefore L™(RQ) = L¥(I", Q) Pker P

7091 ‘
The above construction generalizes the Poincaré series.
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Prolongement analytique des fonctions harmoniques

par M. JARNICKI (Krakéw)

Nous posons le probleme suivant: supposons que pour le domaine I?
dans R" (n > 2) il existe un domaine G dans C" (D < G) tel que chaque
fonction harmonique dans D ait un prolongement holomorphique (ou
bien un prolongement analytique non univoque) dans G; existe-t-il un
domaine maximal ayant la méme propriété? S’il existe nous le désignons
par Dy (ou D).

On sait que, pour chaque domaine D, D, existe et qu’il existe aussi
un domaine @ < D, (D < G) tel que chaque fonction harmonique dans
se prolonge & une fonction holomorphe dans G (P. Lelong).

La construction effective du domaine D, (ou bien Dg) constitue
aussi un probleme. Par exemple, on peut prouver (C. O. Kiselman et
indépendamment, J. Siciak) que pour la boule B = {@eR": |9 < 1}
on a By =B, ={z =0+iyeC™: [|z|2+lyI2+2 (102 ly|*— (&, y)2)* ]
< 1}. Pareillement, pour la bague P = {#<R": r, < |#| < r,} on a

P, ={z=0+iyeC: r,< [|@]2+|y|2—2(|z|> ly|2— (=, y)?)]?
< [B2+ Y242 (|2 [y = (@, D) < 1y}

(notez qu’ils existent des fonctions harmoniques dans P qui ne se prolon-
gent pas aux fonctions holomorphiques dans P ).

Sin =2, les problémes se simplifient. On prouve que pour D< C on
a D, = {(21, 2,)eC?: 2, +1z,, %, +1iZ,¢ D}. De plus, si pour deux domaines
D et E dans C la transformation f = u+414v: D—>FE est biholomorphe,
les fonctions harmoniques % et » peuvent étre prolongées & des fonctions
holomorphes @, % dans D, et f = (4, 9): D, —~>f(D,) = E, est une trans-
formation biholomorphe.

A variational characterization of the capacity
of a condenser in R" and C"

by J. KariNna (L6dz)

A variational characterization of the capacity of an inhomogeneous
condenser in R", expressed by means of a hypersurface integral, is ob-
tained by the author. This is a generalization of the corresponding result
in R? due to J. Lawrynowicz (Math. Nachr., 1973). The main theorem of
the paper gives connections between stationary points of a funectional
whose value at these points is a capacity and solutions of the equation
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div(pgradu) = 0, where p is a function describing inhomogeneity. An
analogous result is obtained in the case of C", for some counterparts of
the above capacities (J. Lawrynowicz, same Proceedings), where the
admissible class of functions consists of suitably normalized plurisubhar-
monic functions.

K,y -pyHKIMH MHOIHX NAapaMeTPOB M HEKOTOPHIE BONPOCHI
OLCHOK KO03((HIHEHTOB OJHOJHCTHLIX NOJHMHOMOB

®. Hrapueurko (Hamenern ITomonncrmii)

Ilokasana poab K, -QyHKUN MHOTMX NIapaMeTPOB B PpeIlEHUH
npobieMbl  OlEHOK Ko3(PULUUEHTOB OFHOIUCTHHIX INOJIMHOMOB.

Ilonp3ysAck NPEACTABICHNAMN HYJIeil IOIMHOMOB ¢ momowsio K, -
gyHknuii JokasbiBaeTcAl NpefNoiioMeHUue, BecKazaHHoe 0. C. Jlaspm-
HOBMYEM, UTO B Kiacce P, OMHOIMUCTHHX NOJIMHOMOB HMMeET MeCTO TOYHASA
olleHKa

(m — 1)m—1

lem| < e

Kpome Toro, vcranaBnuBaeTCA TOYHAA OlLleHKA KO3Q(UUMEHTOB pnidA
noannoma P, (w) = w-+ew' +e¢,w™, onnoaucTtHoro B HamGomablueit obiac-
™ D, conmepskaieii Toury w = 0 u Takoil, 9to P, (w)|< 1 nna weD.

Hexoropeie cBoiicTBaA KJeHHOBLIX rpynm M uX Iedopmammii

C. JI. Heymkaae (HoBoceiGupck)

B nornapme Oyner uanoseno pellleHue pAfa 3ajay, CTOAIMX HA CTHIKE
TeOPWH 1Ba3UWKOH(OPMHBIX OToOpakeHUil, KiIeHHOBBIX IPynn ¥ PHUMaHO-
BbIX IOBCPXHOCTEIL.

IlycTh G-riteitiioBa (pasphiBHasA HE3JIEMEHTAPHAA) rpynna Me6nycoBbIX
aBTOMOpP(N3MOB pACIIMPEHHON KOMIIEKCHON MiIockoctn C, 2(G) — mHo-
skecTBO paspeBHocTH (. PaccmaTpmBaloTcA rpynmel KOHEYHOTO THIIA,
[IA KOTOPBIX £2(G)/G — KoHeuHoe oOBeNMHEHMEe PIMAHOBHIX NOBEPXHOC-
Teil KoHeyHoro THIA.

Hna KiIeAHOBBIX IDYNI M PUMAHOBBIX IOBEPXHOCTCH TOKA3LIBAIOTCA
JOKaIbHbIE TeopeMbl CYILIeCTBOBAHMA KBAa3UKOHPOPDMHHIX pmedopmanmii
¢ onpene;GHHLIMH cBoiicTBamMi. B mnpocreiillemM ciayyae QA KBa3WKOH-
dopmHEIX aBTOMOP(]H3MOB ILIOCKMX o6iacTefl 5TM TeOPeMEl IIOKA3BIBAIOT,
YTO 3a CU6T 3aMelbl KOHPOPMHOCTH KBa3WKOH(POPMHOCTLIO NaKe HA CKOJIb
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YroHO MajlOM MHOHECTBE IOJIOMUTENbHON [BYMepHOIl neGerosoil mepehl
MOMKHO TIPOM3BOJIbHBIM 00pa3oM 3amaBaTh (B oNpefeléHHLIX Ipegernax)
HanpuMmep, 3Ha4eHUA oToOpaskeHuii BMecTe C UX NPOU3BOAHBIMU JIIOOBIX
KOHEYHBIX IIOPANKOB B KOHEYHOM 4YHCIile 3aJJaHHBIX TOYEK. 31eCh e IOIy-
Yal0TCA TEOPEMAl O BO3MOKHOCTH IPOJOMKEHUA PA3IMUYHHIX KIACCOB
nedopmanuii rpynnel G ¢ MHOMecTBa £2(G) MIM ero HEKOTOPOI YacTu Ha
BCIO IUIOCKOCTb C C COXPAaHEHHEM OIIPeHEeIeHHBIX CBOMNCTB.

Ha ocnoBanmu 3TnX pasyinbTaToB paercd pellleHUE SKCTPEMAalIbHBEIX
3ajad JaA KBasnKOHQOPMHEIX Aedopmanuii PUMaHOBEIX IIOBEPXHOCTeii
M KIEeHHOBRIX TIpyNi, a TaKe YCTAaHABINBAIOTCA HEKOTODPbe CBOIiCTBa
NPOCTPAHCTB KBAa3UWKOHQOPMHEIX Hmedopmanmii,

McenenyioTca BONpochl KBa3WKOH(GOPMHOI cTaGMIIBHOCTH KIIeHHOBBIX
TPyNN ¥ YCTAHABJIMBAIOTCA KJIACCH TIPYyNN, YROBIETBOPAIOIIMX OIpefe-
TIEHHRIM YCIOBHAM CTa0MIBHOCTH.

Symmetrization and harmonic measure

by J. G. KrzvZ (Lublin)

Following Ahlfors [1] we shall call a configuration a domain 2 of
finite connectivity » with I > 0 distinguished boundary elements (or
prime ends) and m > O distinguished interior points. All boundary compo-
nents of the carrier 2 are supposed to be hyperbolic and can be taken
without loss on generality as piecewise analytic ares. It is well known
that each class of conformally equivalent configurations can be described
by a finite number N of real parameters. In particular N = 3n—6 for
1 =m = 0 and » > 3. Hence it easily follows that one-dimensional configu-
rations (N = 1) correspond to carriers with » < 2 and thus can be easily
found. These are:

(i) ring domain (» =2, 1 =0,1, m = 0);

(ii) quadrilateral (n =1, 1 =4, m = 0);

(iii) twice punctured disk (n =1, 1 =0, m = 2);

(iv) punctured disk with a distinguished boundary are (n =1,
1=2,m=1).

The class of all conformally equivalent one-dimensional configura-
tions can be described by one real parameter — its characteristic con-
formal invariant. In the above described cases characteristic conformal
invariants are:

(i) the modulus of the ring domain;

(i) the modulus of the quadrilateral;

(iii) the Green function (or hyperbolic distance);

(iv) harmonic measure of the distinguished boundary are.
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According to the classical result of P6lya, cf. [4] circular and Pélya
symmetrization both increase the modulus of a ring domain.

A quite natural question arises, how do the remaining characteristic
conformal invariants behave under symmetrization. Sinece symmetri-
zation does not give rise to any explicite correspondence between the
distinguished points of the original and symmetrized domain in the gen-
eral case, we must assume that the configurations have a special form.

In fact, if e.g. the distinguished sides a,, a, of a quadrilateral @ lie
on a straight line I and @ lies to the right of I, then a reflection in I and
a subsequent sewing along a, and a, of symmetric quadrilaterals yield
a ring domain B. Steiner symmetrization of B w.r. to the line I, perpen-
dicular to I gives a ring domain B* whose right-hand half can be consid-
ered as the symmetrized quadrilateral . A similar procedure can be
applied to quadrilaterals whose sides lie on a circle in case of circular
symmetrization. In both cases the modulus of @ is increased by symmetri-
zation, cf. [5], p. 135. For the configurations of type (iii) a very natural
correspondence between the distinguished interior points can be estab-
lished by means of perpendicular projection of distinguished points on the
axis of Steiner symmetrization, or by circular projection on the polar
axis in case of circular symmetrization. As shown by the author [6],
symmetrization increases the Green function and decreases the hyper-
bolic distance with the above described correspondence of distinguished
interior points.

The remaining configuration (iv) has been treated six years later
by K. Haliste [3]. She assumed that the distinguished boundary arc «
is sitnated on a straight line I and the carrier 2 lies to the right of I. Then
the Steiner symmetrization of the configuration {Q, z,, ¢} w.r.t. the line 7,
perpendicular to ! can be defined in a natural way as {Q* z,, a*}, where 2,
isthe projection of z,0n l,. Note that symmetrization of £ and a makes sense.

Obviously ecircular symmetrization can be defined in an analogous
manner. As shown by Haliste, harmonic measure is increased by symme-
trization.

However, this result is a simple consequence of the symmetrization
result for the configuration (iii) and the following observation which we
quote as

LEMMA. Let Q2 be a simply connected domain of hyperbolic type with
two distinguished interior poinis z,,z,. Then 2 has two lines of symmetry
that are image lines of circular arcs of symmetry in the unit disk 4 (with
distinguished interior points 0,r) under the conformal mapping f: A—Q,
f(0) = 2y, f(r) = 2,. Let a be the line of symmetry in 2 not containing
24, 2, and let Q, be the component of 2 — a containing z,. Then

e ? =cosirow,
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where g = g(2p, 21; £2) 18 the Green function and w = w(z,, a; £2,) denotes
the harmonic wmeasure.

The proof follows by conformal invariance of g, » and direct calcu-
lation in case of the unit disk.

Recently more general symmetrization results for the Green function
and harmonic measure have been obtained, cf. e.g. [2].

References

[11 L. V. Ahlfors, Conformal invarianis. Topics in geomelric funcltion theory, Mec
Graw-Hill, New York 1973.

[2] A. Baernstein, Infegral means, univalent functions and circular symmetrization,
Acta Math. 133 (1974), p. 133-1689.

[3] K. Haliste, Estimates of harmonic measure, Arkiv fiir Matematik 6 (1965), p. 1-31.

[4] W. K. Hayman, Multivalent functions, Cambridge 1958.

[6] J. A. Jenkins, Univalent functions and conformal mapping, Berlin—Gottingen—
Heidelberg 1958.

[61 J. Krzyz, Circular symmetrization and Green’s function, Bull. Acad. Polon. Sci.
7 (1959), p. 327-330.

Uber Identitiiten und eine Kernfunktion in der Theorie
der quasikonformen Abbildungen mit ortsabhiingiger
Dilatationsbeschriinkung

von R. KUHNAU (Halle)

Von P. R. Garabedian und M. Schiffer, Trans. Amer. Math. Soc. 65

(1949), p. 187-328, wurde durch umfassende Anwendung der Methode der
Randintegration ein umfangreiches System von Identitaten zwischen einigen
konformen Normalabbildungen (Parallel-, Radial- und Kreisbogenschlitz-
abbildungen usw.) aufgestellt. Es werden hierzu Analoga, d.h. Identi-
titen zwischen gewissen quasikonformen Normalabbildungen angegeben,
die durch Extremalprobleme bei ortsabhingiger Dilatationsbeschrinkung
auftreten. Diese Normalabbildungen bzw. einfache Hilfsausdriicke in
diesen erfiilllen dabei des lineare elliptische System
(1) L=rf (0<v<1).
Dazu wird fiir Losungen von (1) eine Theorie der Kernfunktion aufgebaut,
die in diesem Zusammenhang gewisse Vorteile gegeniiber bekannten
Entwicklungen von St. Bergman und M. Schiffer (vgl. z.B. deren Buch
Kernel functions and elliptic differential equations in mathematical physics,
New York 1953) besitzt, z.B. Darstellungs und Konstruktionsmoglichkeit
fiir die gennannten quasikomfortmen Normalabbildungen in unmittel-
barerer Weise liefert.
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Conformal mappings with quasi-conformal extensions

by O. Leuto (Helsinki)

Considerable interest has been devoted in recent years to quasi-
conformal mappings of the plane which are conformal in a subdomain
of the plane. Such mappings play an important role in the modern theory
of Riemann surfaces and lead to many interesting problems in the theory
of schlicht analytic function. .

Properties of such mappings can be studied by means of variational
methods, developed by Belinski and Schiffer and applied by Kiihnau,
Krukkal and others. Another starting point is the Bojarski representation
formula for normalized quasi-conformal mappings whose complex dila-
tations have bounded support. By methods of the classical function theory,
a general inequality can be derived which yields a number of various
special results.

On some extremal functions

by F. LEJA (Krakoéw)

Let T be a metric space, w(p,, ..., p,) — @ positive symmetric func-
tion defined in 7° and let '™ be a system of #» > e point p,, ..., p, of T.
Let jy, ..., j, be a system of » < a distinet integers < n, and let 2,, ..., 2,
be points of 7. Consider two following products, each having (2 ::) factors,

Atheeenid) (i) — ” (Dsys <ees Piys Payyyy ooor Pig)s

lgl‘,+l<"'<l‘a<n

W(Zyy ceeyg ? ; o ;
@(_’Jl...,i,)(zl’ ey 303 P(v)) — ( 1 ’ 'yP1,+19 71’:.,) :
w(?jl’ ceey Py Pi, 10 coes Diy)

1<"’,+|< L. <‘l‘a<ﬂ

where the set {i,,,,...,7,} does not intersect the set {j,, ..., j.}.
Let K be a compact subset of T such that its “transfinite diameter”
(Vecart) with respect to w is positive. Put

As:)(K) — Sup { min A(jp-o-pjv)(p(n))}’
PMCE (Iy,.000dy)

Qg)(zl7 ceey %y K) = inf { max Qb(jl""'j')(zl, ceey %3 p‘"))}_
I‘(n)CK (jl,...,j,)
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The subject of this communication is the problem: of convergence
of the sequences

n—v)

8K = (49 (&)1,
, . y(r
¢$),)(zly"'1zv; K) ;[¢$3)(_zl7"'7zv; K)] ( )7

vr—1,...,a—1, as n > a tends to oo.

Un théoréme de fonctions implicites pour les fonctions
plurisousharmoniques et ses application a Pétude
des fonctions analytiques

par P. LELoNG (Paris)

Un théoréme de fonctions a déja été donné dans le cours de Montréal
(Fonctionnelles analytiques et fonctions entiéres n variables, Sém. de Math.
Sup., été 1967); il permet d’obtenir des résultats variés en dimension
finie et aussi en dimension infinie pour les fonctions analytiques; cer-
tains théorémes obtenus récemment par SIU sur les ensembles analyti-
ques complexes sont des conséquence de ce théoréme qui ne fait appel
qu’a des propriétés des fonctions plurisousharmoniques. On I'utilise pour
étudier une notion nouvelle: les zéros semi-réels d’une fonctions entiére F
de n variables complexes, c’est-a-dire les points z = (2, ..., 2,) tels que
2, = ww, ol w est un nombre complexe et # = ()¢ R" a des coordonnées
réelles.

Modular majorization and inclusion of domains

by Z. LEwWANDOWSKI and J. STANKIEWICZ (Lublin’)

Let T denote a compact subclass of the class S of functions
F(z) =24+ 4,224 ...

which are regular and univalent in K, (K, = {#: [2|<71}).
Let H,(n =1, 2, ...) denote the class of functions
f(z) = a‘nzn ‘l'an-i-lzn-l-1 + ...

which are regular in K,. Furthermore, if » = 1, then we suppose a, > 0.
We say that f is modular subordinate to F in K,, or that F' is modular
majorant of f in K, if |f(2)| < |F(2)| for zeK,. We write then

If(2)] <, |F(2)].
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It is known that if feH,, FeT, then |f(2)| <, |F(2)| if and only if
there exists a function w(2) regular in K,, bounded |w(2)| <1 for zeK,
and such that f(2) = w(2) F(z).

We say that f is domain subordinate to F in K, or that F is domain
majorant of f in K, if there exists a function w(z) regular in K,, |w(2)| < |z}
for ze K, and such that

f(2) = F(w(z)).
We write then
f(2) <, F(2).

If F is univalent in K, then f(z) <, F(z) if and only if f(K,) < F(K,)
and f(0) = F(0).

Many authors (Biernacki [7], [8], Robinson [24], Goluzin [15],
Alenicin [1], Lewandowski [19]-[21], Bielecki and Lewandowski [2]-[6],
Jablonski [16], [17], Bogucki [11], Bogucki and Waniurski [12], [13], ...)
investigated some problems which can be expressed by the following
theorems:

THEOREM A. If feH,, F T, then there exists a number r(H,, T), depend-
ing only on the classes H, and T not depending on the functions f and F,
such that

f(2) <y F(2)=[f(2)] <r(}1n.1‘) |F(2)].

THEOREM B. If feH,, FeT, then there eaists a number R(H,,T),
depending only on the classes H, and T not depending on the functions f
and F, such that

If(2)] <y |F(2)] =f(2) <R(H,,T) F(z).

These two theorems may be generalized in the following way:

THEOREM C. If feH,, FcT, then there exists a real positive function.
M(r; H,,T) such that

f(z) <y F(2) = |f(2)| < |F(2)|- M(lz|; H,,T) for zeK,.

THEOREM D. If feH,, FeT, then there ewists a real positive function.
R(r; H,,T) such that

f(z) <0 \F(2)| = f(K pirom,, 1) = F(K,)  for 0<r<1.

The problems which are conected with Theorem C were investi-
gated by Z. Bogucki and J. Waniurski [14]. The present authors investi-
gated some problems in connection with Theorem D. In papers [22],
[23] is presented the method of finding a funection R(r; H,, T) and is.

solved this problem for some special cases (T = 8, T = 8*).



176 Short summaries

THEOREM 1, [22]. The function R(r; H,,T) in Theorem D may be
defined in the following way

R(r; H,, T) =sup{R: 0< R<1,0%ND(r, R, T) = 3}

" R(r; H,,T) —inf{R: 0< R<1,0%nD(r, R, T) =0,
-where
.D(?’,.R,T) = {u’: w =F(z)/F(C)) lzl =17, ICI =R7-F€T}
={w: § 4 J w=F@)F(C)
|2|=r |{|=R FeT
-and

R={w:w=0@)k =R o} ={w: J Jw=o0@)

121=R we,

L, is the class of functions w(z2) = a,_,2" '+ a,2"+ ... which are reqular
and bounded by 1 in the unit disc K,, in addition if n = 1 we suppose that
-ap = 0.

Using this theorem we obtained ([22], [23]) the following results:

THEOREM 2.
r Jor 0 < r <7y,
R(r; H,, 8*) = l/;
——  for ry<r<1,
1+Vr 47

where r, = .29... is the unique positive root of the equation 73 +r2+3r—1

== 0.

COROLLARY 1. If feH, and F e8*, then
If(2)] <, [F(2)| =f(K,;3) < F(K,).

THEOREM 3. For n>2 the function R(r; H,,S) = R(r; H,, 8*)
.and i8 equal to the inverse function to the function

= (1—R)2—2R*—(1—R)V(1— R)*—4R"
2R"
defined in the interval 0 < R < R,, where R, is the smallest positive root
.of the equation (1—R)>*—4R" = 0.
COROLLARY 2. If feH, (n>2) and Fe8 (or Fe8*), then
7)) <1 1P (2)| = f(Eg) < F(Ky),
-where R, defined in Theorem 3.

‘ Remarks. 1. For n > 2 the number R(r; H,, T) may be greater
than r.
We can easily check that

R(1/4; H,, 8) = 2/7 > 1/4.

r(R)



Short summaries 177

2. F. Bogowski and Z. Stankiewicz [9], [10] found the function
R(r; H,, T)for T = 8° — convex univalent functions and for T = 83, —
starlike of order 1/2. They also generalized this problem on the class H,
of functions f(z) such that feH, and f(z)/z # 0 for zeK,.

3. F. Bogowski and Z. Stankiewicz [9] proved that
R(1; Hy, 87) = 1/2.

4. J. G. Krzyz [18] proved that
R(1; H,, 8) =1/3.

b. The function R(r; H,, S) is not known yet.
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On a class of capacities on complex manifolds endowed
with an hermitian structure and their relation
to elliptic and hyperbolic quasi-conformal mappings

by J. LAwryYNowIcz (Ro6dz)

A class of capacities is introduced on complex manifolds endowed
with an hermitian structure and an inhomogeneity function. The finite-
ness, algebraic properties, behaviour under holomorphic and biholomorphic
mapping as well as connections with quasi-conformal capacities of conden-
sers and quasi-conformal mappings on real submanifolds endowed with
the induced riemannian or pseudo-riemannian structure are investigated.
In particular an extensive generalization of the Schwarz lemma on holo-
morphic mappings and a theorem on invariance of capacities under biholo-
morphic mappings are proved. An interpretation in the physics of elemen-
tary particles is given.

This research has been inspired by papers of S. Kobayashi (J. Math.
Soe. Japan, 1967), R. Kiihnau (J. Reine Angew. Math., 1968 and 1970),
8. S. Chern, H. I. Levine and L. Nirenberg (in Global analysis, Papers
in honor of K. Kodaira, Tokyo 1969), and P. A. M. Dirac (in Proc. Internat.
Conf. on relativistic theories of gravitation, Warsaw and Jablonna 1962).

Approximation of analytic operators by polynomials
in Fréchet spaces with bounded approximation property

by Cz. MATYSZCZYK (Warszawa)

Let X be a complex Fréchet space, i.e. complete locally convex,
metric space.

DEeFINITION 1. We say that X has the polynomial appromimation
property (PAP) if for every open polynomially convex subset @ of X,
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for every complex Fréchet space Y, for every analytic operator U: Q - Y
and for every compact subset K of @ there is a sequence of polynomials (P,)
convergent uniformly to U on K. If the sequence (P,) does not depend
on K, then we say that X has the strong polynomial approsimation prop-
erty (SPAP).

Every Fréchet space with the Grothendieck approximation property
has the PAP. In my paper Approxzimation..., Bull. Acad. Polon. Seci. 1972,
I proved that every complex Banach space X with the BAP (the identity
on X is the pointwise limit of a sequence of finite rank operators) has
the SPAP. I now announce the solution to the problem of deciding when
a Fréchet space X with the BAP has the SPAP.

THEOREM 1. If a Fréchet space X has the BAP, then the following
conditions are equivalent:

(i) X has the SPAP;

(ii) the topology on X may be defined by a sequence of norms;

(iii) there is mo subspace of X topologically isomorphic to the space s
of all complex sequences endowed with the product topology.

It is interesting to note that: an open polynomially convex subset Q
of 8 has the property:

every analytic complexs valued function defined on Q 1is the limit of
a sequence of polynomials convergent uniformly on each compact subset of @,

if and only if the subset @ has a finite number of connected components.

Remark. Theorem 1 is more strong in the “real” case. We may
replace, in Theorem 1 and thus in Definition 1, “complex” by “real”,
“open polynomially convex” by “open” and “analytic” by “con-
tinuous”.

The above results will be published.

Eine Normalform fiir dreifach-zusammenhiingende in einem
Kreisring eingebettete Gebiete

von C. MichEL und U. Pm:L (Berlin)

In der konformen Geometrie auf einer Riemannschen Fliche F
ist es wichtig, stetige Normalformen .4 beziiglich gewisser normiert kon-
former Abbildungen zu kennen, bei denen die Gebiete G’ 4" auf F relativ
schlicht liegen. Wir betrachten hier den Fall, dass F = F, eine konzen-
trische Kreisringfliche

F: {z]r < |2} < 1}
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ist. Es sei ¢, die Menge aller (n + 2)-fach zusammenhingenden schlichten
Gebiete @ = F,, die X'y : {z||2) =1} und X,: {z||2| = r} als Randkom-
ponenten haben, und bei denen keine Randkomponente punktformig
ist. Zwei Gebiete @,, G;¢¥, heissen dann normiert konform dquivalent,
wenn es eine schlichte konforme Abbildung f(z) von @, auf @G, gibt, bei
der f(X,) =X, v =1,2, gilt.

Unter einer stetigen Normalform fiir ¢, beziiglich dieser normiert
konformen Aquivalenz verstehen wir eine Teilmenge 4 < %, mit fol-
genden Eigenschaften:

1. Zu jedem Ge¢¥%, gibt es genau ein normiert konform idquivalentes
Q'eA,

2. Ist {@,}, @,eA4", eine Folge, die im Sinne Qarathéodoryscher Kernkon-
vergenz gegen ein Gebiet G'eA4” konvergiert, dann gilt G'e.A".

SATzZ. Fiir n = 1 st die folgende Menge A von dreifach zusammenhdn-
genden Gebieten E < A eine sletige Normalform:

E hat die Randkomponenten X'y, X, und n, wobei n das Bild einer
in der (-Ebene gelegenen achsenparallelen Ellipse n* bei der Abbildung
w = ¢ ist und der Mittelpunkt von n* auf der negativ reellen Achse liegt
(n* darf auch zu einer achsenparallelen Strecke oder zu einem Kreis ausge-

dw
artet sein) —n 18t also in der logarithmischen Metrik ds = — eine eventuell
ausgeartete Ellipse. w

Dieser Satz kann mit Hilfe einer Verfeinerung der Koebeschen Konti-
nuititsmethode bewiesen werden, wobei zum Beweis der konformen
Inaquivalenz zweier verschiedener Gebiete aus .#° das Argumentprinzip
verwendet wird.

Ein ausfiihrliche Darstellung mit Beweisen erscheint in den ,,Mathema-
tischen Nachrichten”.

On some method of conditional extremum determination

by L. MixozAJCzZYK (X6dZ)

Denote by E a set of real measurable functions ¢ satisfying the con-
dition m < ¢(?) < M for te[a, b]. Let .# be a family of functions f defined
b

as follows: f(2) = [g(z, t)p(t)dt, where z¢D, D is a certain region in C,
a
the function g(z, t) is holomorphic in D with respect to z and continuous
in D X (a, b) with respect to {z, t}.
Let F,, F,,..., F, be a sequence of real functionals of the form

Fy(f) = F;(f(&),7(&), ..., FDE), fB(#),5 = 0,1, ..., m, defined in the
family .#, where £ is a fixed point in D. Oonsider now Problem 1 which



Shorl summaries 181

consists in determining the extremal values of the functional F, under
the condition (Fy(f), ..., fn(f))e4, where 4 is a fixed set in R"
Using Dubowicki-Miljutin theorem we have proved the following

b .
THEOREM 1. If f*(2) = [g(z,t)p*(t)dt is a solution to Problem 1
a

and a set A is a conves polyhedron, then the function ¢* satisfies the condition
k

6(t)-p*(t) = min ¢(t)-yp, where c(t) = ) c,'reg” (&, t), ¢, —real constants.
m<y<M r=0

Let M, be a family of functions defined by an integral f(z)
f g(z,t)da(t), where a — a non-decreasing function over [a, b] satis-
b

fymg the condition f da(t) = 1. By the use of Theorem 1 we can prove

THEOREM 2. 4 functwn f(2) bemg a solution to Problem 1in the famzly My
and a set A — a convex polyhedron then f*(z) = 21,, g(z,t.), where A, >
N
i =1, N<k+1.

r=1

Evaluations de la seconde et troisieme dérivée
dans la famille des fonctions en moyenne p-multivalentes

par K. MistA (Katowice)

Considérons une fonction holomorphe de la forme f(2) =2P+
+a,,2°T1+ ... dans le cercle unité. Soit n(w) = n(w, f) le nombre des
solutions de 1’équation f(2) = w dans le cercle unité.

DErFINITION. La fonction f est appelée en moyenne p-mullivalente
dans le sens de Biernacki, si

N
&f n(R-€®,f)dp<p pour tout R >0.
0

‘Dans le cas p =1 les évaluations de premier et du second coeffi-
cient ainsi que les estimations concernants le valeur absolu de cette fonction
et de sa dérivée sont connues. Soit qa(z) = 2+ a,2*+ ... une fonection
en moyenne univalente; alors

lag| < 2 et lag] < 3
et

(1) (o)l <

pour 2] < 7. . )
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2+ §&
142§
un point du cercle unité et une fonction arbitraire ¢ en moyenne
(9(8) —o(2)

¢’ (2)(1 — |2|?)
obtenons les estimations exactes de la seconde et tr_oisiéme dérivée de
la fonction en moyenne univalente, soit

Considérons maintenant la fonction ¢(&) = , Ol 2 #0 est

univalente. A l’aide de la fonction k(&) = et (1) nous

. 2(2+7)
(22) @<
(2b) e < o pour <7,

En utilisant les évaluations (2a) et (2b) et la relation fondamentale
entre les fonctions en moyenne univalentes et en moyenne p-multi-
valentes nous obtiendronds I’évaluation exacte de la seconde et troisiéme
dérivée de la fonction en moyenne p-multivalente, soit

r?"2p

If" () < W[(P +1)r2+2(p+1)r+p—1],

rP3.
I (21 < mz—fﬁ [(ps+3p +2)r*+3(p?+3p +2)r* +

+3(p*+p—2)+p*—3p +2],
pour 2| << 7.

Hexoropble mpuMeHeHMsi CHMMETPH3AUHOHHBIX METOM0B
B TeopHH QyHKIM

. II. Mumox (HpacHonap)

Beogntca mouatne cnupanbHoil cummerpusaumu S JuA cnupains-
HOIl CHMMETPH3aLMM MMeeT MecTO ciefyloulad Teopema (cM. [1]):

Eciu @ -peaynsraT cummerpusamuu S, ob6nactu @ OTHOCHTEIBHO
ZeG@ TO cnpaBeIIMBO HEPaBEHCTBO:

) (G, 20) > ©(G, 2)

rae (G, 2,) -BHyTpeHHUI panuyc o6aacT G OTHOCHTEIBHO TOUKH 2.
PaBenctBo B (1) MMeeT MeCTO TOrJa M TONBKO TOrjaa, KOrac

.qasl)(zy %) = gg(2, %), 2eGNGY,
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rae gq(2,2,)-dpynrnua I'puna (se o6a3aTenbHO KIaccHYeCKaA) 1A o6acTu
G OTHOCUTEIBHO 2 = Z,. J]0Ka3aTeIbCTBO TEOPeMbl €IMHCTBEHHOCTH JaHO
B [2]. Ilpn 6 = 0 momydaeM TeopeMy eIMHCTBEHHOCTH JJIA CHMMeTpH-
3aumn M. Mapkyeca.

Hatotea 00o61eHnA CNMPaNbHOW CUMMETPH3allMM THNA CHMMETpU3a-
umm  Cere, dopmyiupyercA TeopeMa eXMHCTBEHHOCTH A o006o0meHus
cummerpusauuun S§). Ilpn 6 = 0 nomyyaerca TeopeMa €IMHCTBEHHOCTH
nna cummerpusamnn  Cere.

PaccMaTpHBAIOTCA HEKOTOPHIE IPUIIOMeHuA S{™-cuMmeTpusauuu K us-
YYEHHMIO SKCTPEMAIIbHBIX CBOMCTB (yHKUMil, PETyIAPHBIX B Kpyre, KOJble
N MHOTOCBA3HOIT oGuactn [3], [4].

JlutepaTypa
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Estimation of coefficient a, ., of univalent
and k-symmetric functions in the unit circle

by K. PETHE (Gliwice)

Let 8™ be a class of functions
o0
f(2) =24 Y Gpyr ™!
m=1

regular, univalent and k-symmetric in the circle |2| < 1.
THEOREM. If f(2)eS®, then

2
(1) [@ap 41| < ﬁ for k> 8,

where the equality holds for the function
fe) =2(1 472, n =1,
4[3(k+1)*(3k +2) + k*(3%* + 3k + 1))
9V3(3k+2)(8%° +3k 1)k

(2) @y 1] <

for 2 <ELT.
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In the proof I availed myself of the idea of L. E. Ahlfors which con-
gists in choosing a matched polynomial for the function f(z)e8™ and

in applying, for so obtained p-valent function, the area theorem of
G. M. Goluzin.

The work will be published.

Algebraic criterion of quasi-conformality
for Riemannian differential spaces

by A. M. PiERzCHALSKI (f.0d%)

Let (M, C) be a Riemannian differential space (R. Sikorski, Colloq.
Math. 1972; P. Walczak, Bull. Acad. Polon. Sci. 1974). For any posi-
tive integer k let A4,(M, C) be the totality of functions ueC satisfying
two conditions: (i) » is bounded on M, (ii) D, () = ( [ |gradu|*dp*(M, C))'/*

M

< oo, where u*(M, 0) is the k-dimensional Lebesgue measure on (M, )
(cf. the detailed version, Bull. Acad. Polon. Sci. 1974, two papers). With
the usual algebraic operations A,(M,C) becomes an algebra over R.
The completion A,(M,C) of A,(M,C) with respect to the norm [lul

= sup |u(p)| +D,(u) for ue A, (M, C) is a Banach algebra with unit.
peM

The author obtains the following criterion of quasi-conformality:
A diffeomorphism f of (M, C) onto (M’', C’) is a (Q, k)-quasi-conformal
(for the definition cf. the detailed version) with some 1 < @ < oo iff the
induced mapping A, (M, C)>u—>uof'ed,(M,C) is an algebraic iso-
morphism.

Generalizations of Bazilevié functions

by M. O. READE (Ann Arbor)

Let f(2) = 2 ... be analytic in the unit disc 4, with [f(z):f'(2)/z] # 0
there, and let U(w) be “suitable” function defined on f(4). If the in-
equality

%a,rg [¢f" (2) U(f(z))] >0, z=re?,

holds in 4, then f(z) is said to be OST-c_omJew in A. If the inequality
0y

[ dlarglef (2)) U(f ()] > —=

9
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holds for all 0 < 6, < 03 < 2w, and all 0 < r< 1, then f(2) is said to be
OST close-to-convexw (with respect to U(w)) in 4. Ogawa (Journal of the
Mathematical Society -of Japan 13 (1961), p. 431-441) Sakaguchi (ibidem
14 (1962), p. 312-321) and Takatsuka (Duke Mathematical Journal 33
(1966), p. 583-593) have shown OST-convex and OST-close-to-convex
functions are univalent. In this note we obtain (1) representation theorems
for OST functions, using the technique of an earlier note (Publicationes
Mathematicae (Debrecen) 11 (1964), p. 39-43), (2) geometric descriptions
of OST functions that appear for special choices of the function U, and (3)
some distorion theorems for special cases.

These results are related to earlier ones due to Bazilevi¢ (Mat. Sb.
37 (1955), p. 471-476), the present author, and Sheil-Small (Quarterly
Journal of Mathematics (Oxford) 2 (1972), p. 135-142), among others.

A class of extremum problems for analytic functions

by E. ReicH (Minneapolis)

Let x(2), 2| < 1, be a given complex-valued bounded measurable
funetion. For functions f analytic for |¢| < 1, with [[ |f(2)|dedy <1, let

Izl <1

Lfl = [[ »(2)f(z)dzdy.

1z|] <1

We consider the extremum problem
(%) sup \L.[f]l.

Analytic function theory methods for investigating (*) will be discussed
with reference to special examples of x»’s. It is known that the value of ()
is related to a boundary value problem for quasi-conformal mapping,
and this provides an alternative method for investigating (*). The problem
of characterizing those » for which an extremal f exists is open.

Uber eine Variants des Modulpotenzprodukts

von H. RENELT (Halle)

Das endlich vielfach zusammenhdngende Gebiet B werde in gewis-
se nichtiiberlappende Streifen F; vorgegebemen topologischen Verlaufs.
eingeteilt. 1957 wurde von U. Pirl (mittels Koebescher Kontinuititsme-
thode) und J. A. Jenkins (mittels einer Variationsmethode von Schiffer
und Spencer) gezeigt, dass zu jeder Linearkombination ) a,M; # 0 der
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konformen Moduln M, der F; mit beliebigen, aber festen a; > 0 ein quadra-
tisches Differential gehért, dessen kritische Trajektorien diejenige Eintei-
lung von B in Streifen F; liefern, fiir die ) a; M; maximal wird unter allen
solchen Einteilungen von B.

Betrachtet man ) a,/M,—min anstelle von Y a,K;—>max, so ergibt
sich unter Verwendung des Dirichletintegrals eine neue Beweismethode,
die dariiberhinaus auch bei unendlich vielfach zusammenhingenden
Gebieten anwendbar ist.

Some boundary properties of series in Laguerre polynomials

by P. RuUssev (Sofia)

The aim of the communication is to show that some classical results
about power series as Hadamard’s gap theorem, Fatou’s theorem for
convergence on the circumference of convergence and also Jentzsch’s
theorem, are valid for series in Laguerre’s polynomials.

The Levi problem for domains spread over spaces with a basis

by M. SCHOTTENLOHER (Miinchen)

A proof of the following result will be presented:

A pseudoconvex domain spread over a Banach space with a basis is
a domain of emistence of a holomorphic function.

The proof is different from proofs in [1], [2], [3], although it uses
-one essential tool of [2] to apply a characterization of domains of exist-
-ence in [4]. The same proof gives the corresponding result for domains
over Silva spaces (i.e. 2% %-spaces) with a basis, over certain metrizable
spaces with a basis or over complemented subspaces of such spaces, extend-
ing results of [1].

Relerences

{1} Dineen, Noverraz, C. R. Acad. Sci. Paris 278 (1974), p. 693-695.
[2] Gruman, Kisleman, C. R. Acad. Sci. Paris 274 (1972), p. 1296.
[3] Hervier, C. R. Acad. Sci. Paris 275 (1972), p. 821-824.

4] Schottenloher, Math. Ann. 199 (1972), p. 313-336.
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Analytic continuation of positive definite functions

by M. L. SKWARCZYNSKI (Warszawa)

A real analytic function is called positive defz’nite at z,¢ C" if the coef-
ficients a,;, Im|, |n| < K of the Taylor series f(2,Z) = Y @, (2 —2,)™ X
X (2 —#,)" form positive definite hermitian matrix for every K = 0,1, ...
Some elementary properties and examples of such functions are present-
ed. It is also shown that the property of function to be positive definite
at a point in C” is preserved under analytic continuation.

Faber polynomials in the theory
of univalent bounded functions

by J. SLADKOWSKA-ZAHORSKA (Gliwice)

Let 8, be the class of eonformal mappings of the unit disc onto itself
with f(0) = 0, f'(0) > 0. Let

z—E m en
TR —f&) 2, amn" €

m,n=0

—log(1—F(8)f(2) = D buns™&".

m,n=1

Let (@,), » =1,..., N, denote an arbitrary sequence of complex
numbers. We have the following
THEOREM. Let feS; be a function. for which the functional

m,n=1

assumes its maximum in §,. Let F,,(w) be the Faber pglynomial of degree
m for the function 1/f(z). Then

N
3o ) 25— 3=,

The proot 18 ba,sed_'on the formula which gives a family of comparison
functions for any given feS,.
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On completeness of holomorphic principal bundles

by S. TAkeUCHI (Gifu-shi)

Main results are the followings:

DEFINITION. Let M be a g-complete complex manifold. We say M
is strictly q-complete if M is not (¢ —1)-complete. We define the completeness
of M (denoted by »(M)) by setting »( M) = ¢, when M is strietly g-complete,

DEFINITION. Let G be a connected complex Lie group, with a maxi-

mal compaet subgroup K. G is called g-compact if dimgku V -1k = q,
where & denotes the Lie algebra of K. If the equality holds, we say that G
is strictly q-compact. This number ¢ is called the compactness of G (denoted
by 8(@)). .

kE: = k+V —1k is the complex Lie subalgebra of ¥, where ¥ denotes
‘the Lie algebra of G. Then the complex Lie subgroup K of @& corresponding
the Lie algebra % is closed in G and it is known that G is biholomorphically
isomorphic to K x C° where C° denotes the complex euclidean space of
dimension a. This number a is independent of the choice of K and hence
may be called the complez characteristic index of G (denoted by a(@)).
Denoting the complex dimension of @ by (@), and the real dimension
of K by y(@), we obtain the following formulae for G and its closed con-
nected normal complex Lie subgroup N;

(1) a(@)+y(@) = ﬂ (G)+6(aG),

(2) a( < a(N)+a(G/N),
(3) ﬁ(0)<ﬁ )+B(G/N),
(4) y(@) = y(N)+y(G/N),
(6) 4(G) = 6(N)+4(G|N).

We shall prove for a holomorphic principal boundle P(B, G) over
a complex manifold B with a structure group @, that »(P) < 8(G)+ »(B)
which is a generalization of the theorem of Matsushima—Morimoto. We
prove eventually compactness equals completeness for complex Lie groups,
i.e., B(G) = »(@), which generalizes a characterization of Stein group.

Resolution of Warschawski—-Walsh—-Sewell’s problem
and application to various questions of analysis

by P. M. TamMrAzov (Kiev)

Let: ® be the class of all bounded simple-connected domains of
complex plane C; Ge®H; A(G) be the class of all continuous functions
on G, holomorphic in G; feA(G); w,z.(d) and f™(g) be moduli of con-
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tinuity (global and local) and derivatives of f along a set B < G; C(E)
be the class of all functions continuous on E; M be the class of all functions
4(8) of modulus of continuity type; ¢ be constants not depending on
8 K = {&: |6l <1} |

Let us consider the following implications:

Sl. wpa< p=>05< Y,

S2. Or,56a, 7, Su = W53,z < op (%€0G),

83. 3f55(%) =3 falzo) (2€0G),

S4. {fageC(0G), wys6(8) < b} >f5¢C(G).

Hardy and Littlewood proved S1 in the case when G = K, u(9)
= 6% a > 0. In the case when @ is a Jordan domain and u(8) = 4% a >0,
Warschawski proved S2 and Walsh and Sewell — 83, S84 and S1 (anal-
ogously for u(d) = d|logé|, dllogd|?).

In the well-known Sewell’s monography (1942) the following problems
have been posed:

P1.. To omit the restriction that @ is Jordan.

P2. To prove analogous results for x(4) other than 4° é|logéd|.

P3. What is the most general modulus of continuity () for which S1
is valid in the case when G is Jordan (or even Jordan domain with ana-
Iytic boundary)?

These problems form the general problem, and it was essentially
posed by Warschawski, Walsh and Sewell.

Warschawski—-Walsh—Sewell’s problem is solved by the author
(1971-1972): 81-S4 are proved for any G'«® and u e M. It also is established
that in S1 and S2 as ¢ one can take an absolute constant, and that the
concavity of »(t) = logu(expt) is necessary and sufficient for the validity
of 52 (and is sufficient for validity of S1) with¢ = 1.

Suppose: Rt = {4: 8 > 0}; A be the class of all functions w(d) >0

1
on R* for which [w(t)t™'dt<< co; C*A(F) be the class of all functions
0
on a set F < C for which there exist derivatives ¢'f) = ¢, ..., ¢} along P
such that @ (m) o<4; J be operator on A defined by
F':
J 1

(Jw)(8) =f w(t)t"dt-l—éfw(t)t‘zdt.
0 4

The solution of Warschawski-Walsh—-Sewell’s problem has many
applications, for instance:

1. Let @ be a Jordan domain with rectifiable boundary 0G' whose
small arcs and their chords are infinitesimals of the same order. Then
for any @eC"A(0G) the integral @(&) = (2wi)' [ @(w)(w—{) 'dw of

aG
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Cauchy type has in @ derivatives &9 = @, ..., ™ 5 >0, which can
be continously prolonged onto @ and prolonged function @™ satisfies
the inequality wemn) g < cJwyn) 45.

2. Let @ be a Jordan domain with rectifiable boundary possessing
continuously turning tangent. Suppose that the angle r(s) between the
tangent and the positive real axis as a function of arc lenght s on 0G
belongs to C"A(R*), n>1. Let ¢(&) be a conformal homeomorphism
of K onto @. Then

Wgn+1) g < e 0(r) g+ .

3. Suppose k(&) be holomorphic in K, Rek(§) be continuous on K
and u(0) = Reh(¢®®) in respect to 6 belong to C"A(R*), n>0. Then
h™ (&) can be prolonged onto K and the prolonged function satisfies the
inequality

wy(n) B < CJ y(n) g+ -

4. In inverse theorems of polynomial approximation we obtain
statements about behaviour of functions along G (not only along 0G).

5. In the direct theorems of approximation it is sufficient to demand
functions be good only along dG (not along G).

Qualitative properties of generalized analytic functions
of several complex variables

by W. TuUTsCHKE (Halle)

One of the most important aims of the theory of generalized analytic
functions is the following: we want to get a connection between generalized
analytic functions and analytic functions in the ordinary sense. That
means in particular, that we want to construct such functions with help
of analytic functions. Moreover, one can find many common properties
of analytic and genefalized analytic functions. In the following we define
a generalized analytic function (w,, ..., w,) as a function, whose partial
complex derivatives relative to the conjugate complex variables z; are
prescribed functions of all variables and the functions w; self.

1) Factorization. If the right-hand sides of the differential equations
satisfy a certain Lipschitz condition, then each w; has the representation
w; = P,expw;, where &; are analytic. This representation shows, that
the set of all zeros is an analytic set. In the case of one complex variable
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we have a close connection between the factorization and the fact, that
the zeros are isolated (cf. the papers of L. Bers and I. N. Vekua). Although
in the case of several complex variables the zeros are not isolated, one

can prove the possibility of the factorization (JAH 214 (1974), p. 1276—
1279).

2) With help of a solution of the well-known Cousin-problems for
analytic functions of several complex variables one get results about
generalized analytic functions. For example we get a global factoriza-
tion from local representations. Another example: one gets in this manner
a global solution of the inhomogeneous Cauchy-Riemann differential
equations (In several complex variables). It is also possible to solve such
Cousin-problems for generalized analytic functions (see also the paper
of B. Goldschmidt).

3) A factorization in the sense of 1) is possible, iff w is a solution of
a certain complex differential-inequality. In this manner we get a gene-
ralization of the notion of approximately analytic functions in the case
of several complex variables (Abspaltung holomorpher Faktoren aus Losun-
gen komplexer Differentialungleichungen, Math. Nachr., in press; in the
case of one complexe variable L. Bers was first to consider such funections).

4) With help of theorems about the factorization we can prove,
that in certain cases the stationary points of (non-constant) solutions
of real differential-inequalities of second order are isolated.

5) The Hartogs theorem (about continuity of seperately analytic
functions) also holds for generalized analytic functions of several variab-
les (example: Ow/az}" = w-h; (24, ..., 2;, w), k; is a holomorphie function
of w).

We call a function approzimately analytic in weak sense, if all dw[dz; = O
in all points with w = 0. Then the Hartogs theorem holds for approxi-
mately analytic functions in weak sense (under some additional assump-
tions about the derivatives (FKine KErweilerung des Hartogsschen Stelig-
keitssatzes, to appear).

Ksa3nkongopMublie 0TOOpaxeHHs ¢ AKOOMAHOM NIEPEMEHHOTO 3HaKa

JI. . Boaxkosuicknn (TamikeHT)

[Iycte @ wapTa, NpPelCcTaBIAWIAA 3aMKHYTYI0O PHMaHOBY IOBepX-
nocThk S, pasburylo Ha 061acTH, NONYCKAaKIUHe NPAaBUIbLHYIO PacKpacKy
neByma kpackamm. Ilycrs Df, D coorBetctBylolmMe uM ofmactd, y-
cMesKHBle cToponbl, y = () y;. Mul pacemarpuBaeM otobpaskenna f mosep-

xnoctn 8, cyseHMA KoTophiXx Ha D;, D; npencTaBiA0T KBasHKOH(OP-
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MHEIe oToGpaskenna ¢ AKo6uaHoM J < 0 Ha D} n J < 0 Ha D c oGmmmu
3HAYEHHAMM HA Y, BOBMOHO C |u| =1 Ha y (u-GembTpamMoBCKU#i KO3(du-
ument f Ha S\y). JloxasniBaercA, 4TO NPU HEKOTOPOil PEryaApHOCTH ¥
TakKe f CyLecTBYIOT M CYLIeCTBYeT ecTeCTBeHHEI romeomopduam ¢: S— S,
S’ = 8", pu* =y nam 1/, cootBecTBeHHO |u|<<1, |u| >1; Tako#t dro
f* = fog™! npencraBnsaer xondopMHO — aHTMKOHPOPMHOE oTOGpasieHue
KapTH ¢’ = ¢(@). Pemaerca 3agava 0 MAHAMAIbHOM OTHIOHeHHH K [¢]
mia Q.

Jaa dYacTHRIX cjay4yaeB PpacCMaTPMBAIOTCA WHTErPajibHHE TeOPeMH
¥ KpaeBhle 3a7a9¥, CBA33aHHEIE C BOBHMKAIOLIMMHA PMMAHOBEIMM IIOBEPXHOC-
TAMH CO CKJIaJHKaMHU.

Polynomial structure on principal fibre bundles

by P. WaALcgzAk (L6dzZ)

A complex manifold M can be equipped in the natural way with
the (1, 1) tensor field f, which satisfies the algebraic equation

’('1) f 2'|‘I = 0’
where I is the identity mapping on T M. If M is a real C*-manifold and f
satisfies (1), then f is said to be an almost comples structure on M. It is

Known that f is induced by a structure of a complex manifold on M if
and only if the tensor field [f, f] on M defined by the formula

X, Y) =[x, fY]-f[X, fY]-f/X, Y]+ f2[X, Y]
vanishes. The second example of a “polynomial structure” is an almost
contact structure, which is an (1, 1) tensor field f satisfying the equation

f+f=0
and such that
fi+1 = XQw,

where X is a vector field and w is an 1-form on M. It is known that if f
is an almost contact strueture on M, then there is a canonical almost
complex structure f' on the manifold M x R such that [f’,f'] = 0 iff
i, fl=0.

Generalizing these concepts Goldberg and Yano (Kodai Math. Sem.
Rep., 1970) introduced the notion of polynomial structure of degree d,
which is an (1, 1) tensor field of constant rank on M, satisfying the equa-
tion

Q(f) =fd+@ gt aof ta, I =0

and such that f%~(a), ..., f(m),‘ I are lineary independent for any point
of M. In this situation we shall call f a Q-structure. We can prove that if
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the manifold M is parallelizable (e.g., M is a Lie group), @ is a poly-
nomial of degree d << dim M and dim M is even or @ has a real root, then
there is a @-structure on M.

Here we will consider a principal fibre bundle P over a paracompact
C*-manifold M with a structure group G and the projection n: P—-M
equipped with a connection I'. If f is an (1, 1) tensor field on M, then the
formulae

fh(Zh) = (f(z))hyfh(_A*) = 0’
where Z is a vector field on M, A — a left invariant vector field on G,
Z" — the horizontal lift of Z and A* — the fundamental vector field on P
corresponding to A4, define a tensor field f* on P, which we shall call a hori-
zontal lift of f. Similarly, if f is a left-invariant (1, 1) tensor field on G,
then the formulae
fra* =f(4)*, 2" =o,

define a tensor field f* on P, which we shall call a fundamental tensor
field corresponding to f. _

It is easy to see that if f is a @-structure on M, f' is a @’-structure
on @, and @’ is a divisor of @, then F = f*4f* is a @Q-structure on P.
Hence, we obtain the following results:

THEOREM 1. If M admits a Q-structure f of degree d and dim@G is even
or § has a real root, then P admits a Q-structure F such that rank F > rankf.

COROLLARY. If M is an almost complex manifold and dimG is even,
then P admits an almost complex structure. In particular, P is orienfable.

It is easy to see that if the connection I is flat, then
[ 112" 2 = (f, f1(Z, 2')*
for any vector fields Z and Z' on M. The formula
[f*hf‘]('A‘.’ B') = ([f’ f](Aa B))*
holds always. Thus we obtain the following

THEOREM 2. If the connection I' is flat, [f,f] =0 and [f,f'] =0,
then [F,F] = 0.

Application of ‘Pontriagin’s maximum principle
to examining some extremal problems

by S. Warozax (Lédz)

We consider the following problem: given the sequence of func-
tionals F,(k), F,(h), ..., F,(k) (F, — a real functional) defined in some
family M of complex functions. We want to determine min #,(k) under

he M

13 — Annales Polon. Mathematicl 33.1-2
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the conditions Fy(h) = A4, j =1,2,...,n, where 4, — constants
F;(h) =.F,-(h(C1), h(l1)y ooy B {E),s h(nl)(C1);
h(Ck)y B(E)y any BOR (L), BR(LL), 5 =0,1,...,m

Such problem in the variational calculus is called an isoperimetric
problem. Employing the Pontriagin maximum principle I have con-
structed the method of solving those problems in families of convex,
starlike and Carathéodory functions as well as in families of univalent and
bounded functions. For example, in the family of starlike functions the
following theorem holds:

THEOREM. If h* is a solution to an isoperimetric problem, then

h*(2) =2 ” (1—e%z)~%,

J=1
where N < 0y +ng+ ... +n,+k, 4, >0, 2}.,—-2
J=1
This method can also be applied in other families of functions (of
one or more variables) having the structural representation.

Capacity and quasi-conformal mappings on Riemannian manifolds

by M. Z. WoJICIECHOWSKA (X6dZ)

The author gives a systematic study of quasi-conformal mappings
in Riemannian manifolds by means of conformal capacity. This is a
counterpart of the approach proposed by J. Lawrynowicz (Rep. Math.
Phys., 1974) for essentially pseudo-Riemannian’ manifolds and is moti-
vated by inherent difficulties in extending the extremal length approach
due to K. Suominen (Ann. Acad. Sci. Fenn., 1968) to the pseudo-Rie-
mannian case.

In this research the key theorem gives estimates of the norm for the
differential of quasi-conformal mapping by means of its jacobian and
yields, in particular, the equivalence of quasi-conformal mappings in
the sense of Suominen and in the author’s sense. The paper will apear
in the Rev. Roumaine Math. Pures Appl.

HexoTopnie BOOPOCH KOMILIEKCHOM ,,eOpHE moTeHNHANA”

B. II. 3axarwra (PoctoB)

ITpenmonaraerca ofcyspmeHne ClIenyloOIWX BONPOCOB:
1. 3xcTpeManbHbie MAOpHcybrapMoHudYeckue PyHKIMK U NX CBOHCTBA.
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2. C™-peryinfipHOCTb KOMNIAKTOB M obnacreit B C™.

3. Paannynble xapaxrepusauunm C"-IIOIAPHBIX MHOMKECTB.

4. Tlpumenenna K usoMopHoii kiaccmpukaluM NpPOCTPaHCTB aua-
aurnyeckux PyHKImil B o6nacTAX v Ha Komnakrax B C".

5. Basucei u3 OPTOrOHanbHHIX IIOJIMHOMOB M WHTEPNOJALUOHNLIE
pans Helorona-Jlarpanska pnAa koMmnaxtoB B C™.

6. Haunyynmime nonuHoOMMalbHble NPUOIWIKEHNMA HA KOMIAKTaX.

7. Heroroprle 3amaum.

Pemenne mpoGaemsl Jleiia o TpancduBATHOM auaMerTpe
NpOoH3BOJLHOI0O KoMOaxkTa B C"

B. II. 3axariora (PoctoBs)

Haetca nomourtenbHoe peuleHne npodiaemsr @. Jleiia (1957 r.) o cy-
IIECTBOBAHNU Npu 7 > 2 oOwYHOro mnpefena y MOCIeIOBaTEIbHOCTH,

ompenenAwomel TPaHCOUHNTHBINA AMAMeTp 1A NPOM3BOIBHOTO KOMIAKTA
B C":

d(K) = d™(K) = limd,(K).

800

Panee 6b11 M3ydeH cnyyail IeKapToBa NMPOW3BEIeHNA NMIOCKUX KOMIIAKTOB
(M. UInddep, . Cunax, 1961 r.).

PesynbTaT mocturaercA ¢ nomoinbl0 paccMOTPeHHs INIaBHON NMOCTOSH-
Holi UYeGwimeBa t(K), onpemenseMoii Kak cpefHee reoMeTpuuecKoe
ceMeiicTBa MoCTOAHHBIX YeGHIlIeBA 1O BCEBO3MOMKHBIM ,HaNpaBIeHUAM”
7(H, 0).

B xauectBe npuioxieHMA A TNPOU3BOJIbHOIO Komnakra K < C”
paccMOTpeH aHalor Kiaccuyeckoit teopemnbl Iloita 06 ouenke koagduum-
€HTOB CTeNIeHHOro PAa3jIoKeHMA (PYHKUMM, aHATUTUYECKOH B OKPECTHOCTH
GecrkoHeuyHOCTH, Yepe3 TPAHCHUHUTHHIN NUAMETP MHOMKecTBA €6 0COO0EeHHO-
creit. . o cnmeumanbHBIX KIaccOB KOMMaKTOB aHasjorn Tteopembl Iloiia
paccmarpuBanu M. Illuddep m Y. Cuusk, a tarxe B. I1. Ileiinos.

CraBuTca paAnm 3apmav.

On the problem of orthogonality for Teichmiiller quasi-conformal
mappings in doubly connected domains
by J. ZATA0 (X:6dZ)

An analogue of the N-class of complex dilatations due in the case
of the unit disc to L. V. Ahlfors (Ann. Math., 1961) is discussed for annuli,
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>

what enables its applications for arbitrary plane doubly connected domains.
In particular, a characterization of this class is given by means of the
strong orthogonalization in the sense of E. Reich and K. Strebel (Ann.
Acad. Sci. Fenn., 1970). This result is essential e.g. when deriving the
parametrical differential equation for Teichmiiller quasi-conformal map-
pings in an annulus.

Sur la courbure des lignes de niveau dans les classes des fonctions
convexes et Z-convexes d’ordre o

par J. ZDERKIEWICZ (Lublin)

Soit 8., 0<a< 1, la classes des fonetions f(2) = z+ay22+ ...
holomorphes et univalentes dans le cercle K = {z: [2| << 1} et satisfaisant
la condition

(1) Re{l - —z%’;(z—j)} >a pour zeK.

c

Par 2, 0 < a <1, désignons la famille des fonetions f(z) = 2 +a,+ a,/2 + ...,

holomorphes et univalentes dans le domaine [2| > 1 et satisfaisant la
condition (1) dans ce domaine. Soit encore K,(#) la courbure de ’'image
de la circonférence z = 7¢*’, 0 < ¢ < 2r dans la représentation w = f(2)
au point w = f(re'®).

THEOREME 1. Soit f(2)eS,, 0 << a< 1, et

1+r 1 1+(1—2a)r? 1
a(r) = - o 8(r) = - — .
2r (1—1)lo 1+7 2r Io 147
Alors
2 2 147\5®
(2) s (1+:) , 8t 0< a< a(r),
(1—r2)t-e (1—72%)log
— <K, ()< 1—7
r
1—(2a—1)r
et ) < 1.
Pyt st a(r)<a<




Short summaries 197
[+
TIIEOREME 2. 87 f(2)e Y, 0<a<1, on a

1 1 1 1
14+2a— +(2a—1) — 1-2a— +(2a—1) —
. r2 7 r? 7

(3) i e s K (B) S -

—_1 3-a 1\3-¢
) (o)

Les limitations (2) et (3) sont exactes.

OO0 oToOpakeHUH 00/1aCTeil KOMILJIEKCHBIX MHOro00pa3uii

0. B. 3emuncunn (Kues)

Ilyete M™ n N™ KoMmiuleKcHble n-MHoroobpasuu, D < M —orTkpsiTag
o6nacre..

Troeema. ITycme f: D—N" —zonomopgroe omobpadceHue u nycmbv 6bl-
NOJAHEHHL Yca08Us

1) f(OD)nf(D) = O;

2) Haiidemca asamknymoe mrHoncecmeo F, npuHnadaemcaujee 2panuye
u omkpsimoe mHoxncecmeo U < 0D (20e U —seujecrneerroe (2n —1)-mH02006-
pasue) makoe, ymo U\ F-Hecea3Ho, npudem 8 a1oboii okpecmuocmu U aencam
gHewHUue mouku D;

3) fo: H*™ *(F,)—H" *(FNnU)-snumoppusm, 20e F, = f(FNU) u 20-
momopgusm f; epynn kozomoqozuil uHOYyUposan omobpasceruém f;

1) f(F)nf(AD\F) = 0.

Tozda f|,-moHOmOHHOe omob paxceHue.

damevanue. Ecim M™ = N" = C", To npu BHIOJHEHUN YCIOBUiL
Teopembl f|;, —romeomopduam.

ITonydyen pan mpyrux pe3yabraToB 0000IAIOMIMX NPUHLMUI TFPAHHY-
HOT'O COOTBETCTBHA. '

Generating functions for some classes of univalent functions

by E. J. ZroTkIEWICZ (Lublin)

Let p(2) = €? 4+ p,2+p,2*+ ... be regular in the unit disc 4 with
|B] < w/2, let p(u, v) be a complex continuous function defined in 2 domain
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of C x C. With some simple restrictions on y the relation
Ry(p(2), 2p'(2)) > 0=>Rp(2) >0
is proved.

This result is then used to generate subclasses of starlike, spirallike
and close-to-convex functions.



