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Properties of a class of functions
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Abstract. Let Py (o) denote the class of regular functions pe(2)in F = {2: |2| < 1},

2n

R —

satistying po(0) = 1 and | °+9(z)—9lda< k= for k> 2 and 0< g<1. Let
0 —e

V(o) denote the class of regular functions f,(#) in B with normalizations f,(0) = 0

r7 ( z)

e ¢Pr(e)) 0<g< 1. This
fe®
clnss generalizes the class of convex functions of the order p in the same way as the
class V; of functions of bounded boundary rotation generalizes the class of convex

functions. Let Up(g) denote the class of regular funciions f,(2) in B with f,(0) = 0,
Sol2)
Jol2)
functions of the order g. In this paper we investigate certain properties of the above-
mentioned classes snd determine the radius of convexity for both the classes Vi (p)
and Ug(p).

and f,(0) = 1, also satisfying the condition 1-+2

fo(0) = 1 and satisfying = ePr(p). This class generalizes the class of starlike

1. Introduction. Let P,(p) denote the class of regular funections
D.(2) in B = {2: |2|] < 1}, satisfying the properties p,(0) = 1 and

2

R —
(1.1) f ezf () —e
0 —e .
When g = 0 we get the class P, defined by Pinchuk [4]. Let V()

denote the class of regular functions f,(2) in £ with normalizations f,(0) = 0
and f,(0) = 1, also satisfying the condition

2 @)
(:2) S

When ¢ = 0 we get the class V) of functions of bounded boundary
rotation studied by Paatero [3]. This class V(o) generalizes the class
K (g) of convex functions of the order g introduced by Robertson [7].
Let U, (o) denote the class of regular functions f,(2) in F with f,(0) = 0,
fo(0) =1 and satisfying

di<kn for 122 and 0 o< 1.

ePie), 0<<p<1

2f,(2)

(1.3) 1.

eP.(e).
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This class generalizes the class 8*(p) of starlike functions of the
order p, also investigated by Robertson [7].

In this paper we investigate certain properties of the above-men-
tioned classes and determine the radius of convexity for the class Vi(p)
and also the radius of convexity for the class V¥V (p). .

2. A representation theorem for the class V. (p).
Levma 1. If p,(2) ePy(g), then

(2.1)

2 .

1 14+ (1—2p)2e ™

ntd) =3 [ IO g,
0

1—ze ¥

where m(t) 18 a function with bounded variation on [0, 2=] such that

2 n
(2.2) f dm(t) =2 and [ ldm(@)| <k
0 0
Pr . PR pg(z)— [ . .
oof. Setting f(z) = —TE—- = u(2)+1v(z) we get
u(z) = Ref(2) — Re {-pL—l
Tl 1-e J

#%(0) =1 and »(0) = 0. Since p,(2)eP(0o)

P

Rep,(2) —e

- AB<kr, k=2, 0<k =r<i.
—e

For p < 1, f(2) is regulur in B, hence by Paatero’s theorem [3] there
2n
exists a functlon m(t) of bounded variation in [0, 2=], satisfying f dm(t)

=2 and f |dm(1)] < & such that

2n
—¢ 1
flo) =222 — 2 f 2 m, k<1,
which yields

M 14 (1—20)ze~"
2 L—ze®

Po(2) = dm (t).

LeMMA 2. f(2)e V(o) if and only if there emists an f(z)eV, such
that

folz) = {f'(2)}'79.
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Proof. Paatero [3] proved that f(2)eV, if and only if there exists
a function m(f) of bounded wvariation on [0, 2x] such that

(2.3) f'(2) = exp,[—j: log(l—::c"")dm(t)];

b4

[am@) =2; [ 1dm@) <
0

0
Hence

2 .
14zt
1—ze ¥

1+2 = —i— dm(t).

Also, since f,(2)eV,(p), satisfies (1.2), there exists a p,(2)eP(p)
such that

fo (2)

1+z2
fa(2)

= D, (?)-

From Lemma 1 we get

f;'(z) JGmo) e f()
s s f S am(t) = (1- —ofi+ }

where f(2)eV,. Hence
7 (7) f"(#)
=(1—p)%—5,
e~ e

which on integration gives the required result.
THEOREM 1. f,(2)e V(o) if and only if

2n
fe®) = exp{—(1—e) [ log(t—ze~" am (1)},

where m(t) satisfies (2.2).
Proof. This is an immediate consequence of the above lemmas.

Remark. When % =% it is easy to see that Re{1+z§e(())} @
e

holds for the functions f,(z)e V(o). Thus the class V,(e) coincides with
the class K (o) of convex functions of the order ¢ when k = 2.

COROLLARY 1. f,(2)e V(o) if and only if there ewist fy(2)eE(e) for
1 =1,2, such that

f;(z) _ {f;l (‘,",)}(kl4+llz)/{f‘;2 (z)}(""‘-l”)_
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Proof. This follows immediately from the integral representation
for f,(2).
CoroLLARY 2. Suppose f,(2)e V(o). Then

largf, ()] < (1—p)k sin™'r, where 2| =1 and k> 2.
Proof. This follows from Lemma 2 and the fact that if f(2)e T,

then
largf,(2)l < ksin~'r,  [B].

3. Some properties of the class V,(p).
LemyA 3. Suppose f(2)eVy(o). Then F,(2), defined by

W[ 2t+a
f°(1+az).

@)@ +ae T

Jor |a| <1 and zeE, also helongs to V(o).

Proof. Since f,(2)eV,(0), from Lemma 2, there exists an f(z)eV,
such that f,(2) = {f'(2)}*~?. It is well known [6] that if f(z)eV}, then
F(2), defined by

(3.1) Ty(2)

g+a
flirs) -1
[ (a)(1—lal?)

also belongs to V. Therefore there exists an I (2)e V, (o) such that

+a \)¢-0 z2+a
i ee N o)
’ ’ 1-o _ 1+4-z2a . _ 1+4az
Fole) = O = G T+ s T Tt

which proves the lemma,
THEOREM 2. Suppose f,(2) =2+ 4,22 +4:2° +...eV,(0); then

F(z) = for Ja] < 1,

(3.2) Al <2278 oy s,
and

., ‘1;’) {(1—)k2 =4} for k>1i_e,
83 My—au<i T

4
or I < ——0.
3 f G<1—g
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Inequality (3.2) is sharp; inequality (3.3) 1s sharp for k > 4/(1 — p).
Proof. Since f,(2)e V(o) there exists an f(2) = 2+ ay22+...¢V, such
that f,(2) = {f' ()}"~9. Hence
1424,24+3452%4... = 14+2(1—0)asz+[3a3(1—0)—2p(1 —p)az]s2+
Comparing the coefficients we get |4,] = (1—o)la.] < (L —0p)%/2, &

>3, [6]. Also
@
a3 — (1 — -3“) a§

434 =] (- 91~ (1~§) ~ -

(1—a | . 4
}[ 7o Ly e k>o—,
Tl a-ak-1 .

lﬁ_T“—"— fOl Ih< 'ﬂ’

by applying a theorem of Moulis [2]. Taking the function f,(2), defined by
(1— z)(klﬂ—l)(l—o)
fe 2} = (l+z)(k]2+l)(l—g) ’

we can show that these inequalities (3.2) and (3.3) for & > 4/(1—p) are
sharp.

TueoREM 3. Suppose f,(2)eV (o). Then it is convexr in

B(L—p) —VE*(1 — g)% —4(1—2p)

< &, = 2(1—2¢)

. : k—VE2—4
Also fo(2) is & convex function of the order ¢ for |2] < —————-
These bounds are sharp.

Proof. Suppose f,(2)eV (). Then by Lemma 3, 7, (z) defined bjr
(3.1) is also in V.(p). Hence

Fg (O) fﬂl( (l-l I _f)(l__g) ‘ —IE-E—-—) from (3.2),
2 fo(a
for || < 1. Hence
o(a) 20—ga| (1—gk
fola)  1—|af? — |af?

Since a is any arbitrary complex number in E, we can replace a
by 2z in the above inequality and write
fa" 2)  2(1—g)lel* | _ k(1—o)lel
fg( ) 1—Jz® 1—Jzf?

(3.4) for |2 < 1.

N
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2

Hence
Re{l""'?:((f } 1-k@ _i)i;:(l—zg)rz, where |2| = 7.
Thus .
]ie{l-{- f":’ }
for
ol =r< B, =20k w:(; 292 —4(1—20)
Also Re{1+z‘f: I>g provided 1 —%r+12 >0, i.e.,r <_E___E.

fo(2) |
These bounds are sharp for the function f,(2), defined by
(1-— z)(klz 1)(1-c)
(1+z)(k12+1)(l—0)

fo(2) =

CoroLLARY 3. Suppose that f,(2)eVy(e); then it is univalent if o >
(B+1)/(k+2).
Proof. Since f,(2)eV,(0), we have from (3.4)

fo2) _2(—e)lel | _kll—g)
fal2) I—le2 |~ 1—|g?
Hence
e (#) <(kr2R(i—e) (4210
fe@) T—em < a—Em e Esh
It is well known [1] that if
Fll(z) ﬂ . .
|F'(z) gy in [2]<1

for some constant f, where g isx at least 1, then F(2) is univalent in E.
Hence f,(2) is univalent if (¥ +2)(1— p) < 1, that is, if o = (E+1)/(k +2).
THEOREM 4. Suppose f,(2)eVi(e); then for k > 4[(1— o),

(1—0){(1—0)k*—4 +4dkor + 4or 2}
2(1 —r2)2

I{foy 7} <

where {f,, z} denotes the Schwarzian derivative of f, with respect to 2.
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Proof. Suppose f,(2)e V(o). Then F,(2) = #+B,2*+..., defined by
(3.1), also Dbelongs to V(e). Then '

_pr o (F@) L(E (=) .
o155 «B*"( ’(z))’ 2(F;(z)) r=0
Also
[Fg () ]f;'()l ,,a“_f"() N omaq
U0 faeos — Lot | 1 gy 20 e e =),
and
JF:(z)[ _ fela) g — 21 —
AT P A
Hence
. 3 2\2 2 lf:-"( )] a2
61B; —Bs| = |{fy a} (1 —laj*)?—2ao(l —|a] )1f( ) [+2ga (1—0p)
ne om fola) a(l—g)}l.
- {fe,a}(l—lal)—Zae(l—lal e
that is,

lBs Bii | 2¢la | fo(e) all-g)
e }'\ —lal®t " 1—laf*| fol@) 1—]af?

For k>-1/(1-—g), from (3.3) we have
(1-o){0—-)k—4}  2¢]a|

fola) a(l—oe)

e e}l < 2(1— [af?)? 1—lal® | fol@) 1—lal? |
Also
fola) a(l—o)|_|file) 28—0)|  ldl(1—0)
foled  I—lal? || fola). 1—]a* — |aj*

. k(l—g) | lal(1—0¢)

S1—jer T 1—Jap’

by (3.4). Using this in the above inequality we get
(1—o)fl—o)k*—4}  2(1—g)(k+lal)elal
<
e el S —la® T d—jal?

-0
2(1— a2

{1— )k —4+4kgla] +4elal?}.

Since a is an arbitrary complex number in #, we can replace « by 2
in the above inequality and write

1 . .
2(1 —12)2 {(L—p)k*—4 4 4kor + 40r*},- where [2| = 7.

{fes 2} <
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This completes the proof of the theorem.

4. Properties of the class U, (o).

THEOREM 5. f,(2)e V(o) if and only if 2f,(2)e Uy(p).

Proof. This follows at once from the definitions of the classes V(o)
and U,(p). ‘

CoROLLARY 4. f,(2)eUyle) if and only if

(£.1) fo(2) = zexp { —(1—p) f log(1—ze~%) dm(t)},

where m(t) 18 a function of bounded variation on [0, 2=], satisfying (2 2).
Also there exist s, (2) and s,,(2) in 8* (o) such that

{sol (z)}l.-/4+1/2
{8, (R))¥A1
Proof. This is a consequence of Theorem 1, Theorem 5 and Corollary 1.
fﬂ
fel?)

for functions f,(z) in U,(p). Thus the class U,(p) coincides with the class
of starlike functions of the order o, 8*(o) when % = 2.

CoROLLARY 5. Suppose f,(z)e Up(o); then it is siarlike for

(4.2) fo(?) =

Remark. When & = 2 it is easy to see that Re{ }> ¢ holds

(1— o) k—Vk*1—g)—4(1~—2¢)
2(1—20) '

el < B, =

E—Vk?—4
Also f,(z) is starlike of the order g for |z| < — These bounds

are sharp.
Proof. This follows from Theorem 3 and Theorem 5. For the function

) (1 +z)k,'2—-l (1—0)
70 = | )

we have

1 kl2—1 —p 1 kj2—2 .-
Fyle) — | | | g |+ )5+ (1 20)#%)

=0 for z = —R,.

Hence the radins of univalence for U,(g) coincides with the radius
of starlikeness for U,(p).
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THEOREM 6. If f,(2)eUy(p), then for |2 =r< 1

(1 —p)R-10-0 (1 4 )21 -0

Proof. Since f,(2)e Uy(0),

(4.3) 1, (re®)] = rexp{ J (1—o)log Il —ze~*jdm (1)},

2

[am@ =2, [ ldm@)I<k
0 0
Now

n 2

—f log |1 —ze~*|dm (1) = —_} log |1 —ze~[dp (£) + j log |1 —ze | dn (1),
[
where p(#) and n(f) are non-decreasing functions on [0, 2x], s'atisfying

m(t) = p(t) ~n (1)

2rn 2r 'S

k 3 k
of dp () < ( +1) ~aald J'doz(t)g(—z-—l).

0
- . k k
—f log (L —2e~ ") dm (1) < «-(E-{-l)log(l—r)-l-(3—.1)log(l+r)
0

(L)1)
= log\——+—71 |
(1) ™
Further, we assert that

)k/
—f log (1 —ze~*)|dm (1) > log{ (1-]-1‘)’“2“}

To see this, we first assume that f |dm ()] = k; then

In .
fdp(t) =(%+1) a fdn =(~—1)

Hence
2r k k
— f logll —ze % |dm(t) > — (-2—- +1)10g(1 +7)+ (—2"_1) log(1—7)
0

(L—r)42-1 }

= toa{ ;e
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2n

Suppose f ldm(t)] = k' < k; then

1)k fe=1

y (1 (1 —ry?
—f log |1l —ze *|dm(t) = IOg{WI>1 g{w}

since k' < k. Therefore, from (4.3) we obtain

(1 _ ,,.)kl!-d 11—@

fo(re)| = » {(1+,—)m+1 f

Also fpr
1 4 z)ki2=1 \(1~0)
fo(2) = z{il—-l—-z;’wﬁ} these lounds are sharp.

This completes the pfoof of the theorem.
5. Radius of convexity for tlie class U e(0)
LemMA 3. Suppose p,(2)ePr(o). Then

¢

1—kQ—)r+(L—2g)r*
11—

(5.1)  Rep,(2) > for o] =r<1;

and

[ 2D4(2) IS (L — @) {—kr+ 4" — &'}

Vpute) | = A=kl —g)r+ (1—2)77 ’

where |21 =1 < R,, as defined in Corollary 6, 0 < g<1/2 and k> 4.

These inequalities are sharp.
For 2< k<4,

(8.2) Re

53 mol e Coa Bl (4 ot 2]
Po(?) . 2(1L—r3) (L =k(1 =) +(1 —2'9)7-2)
Proof. Given any p,(2)eP,(o), define f,(2) ip E such that
f” N )
5.4 1 To(® _ .
(6.4) +2 [AT) = D,(2) |

Then f,(2)e V,(e). Hence inequality (5.1) folloxvsl"froul (3.4). Since
f(2) e Vi(0), there exists an f(2)e T such that f;(2) = {f'(2)}'~9, that is,

e e
) (129l 2
e ey

(f" )1 ~1c2 4)
7)) | 2@ —re

for 1 > 4, || =r.
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Hence

k2—4
2(1—r2)2’

A e
"l—e{fé(z)l °(1—o)=1fo(z)} <

From (5.4) we have

(fé'(é)) 2el2) = (0 1) f(R) _ pe(®)-1

fo(?) 2? T fo?) 2
Hence

, 1 K2 —4)(1— o)r®
0 = o)1)+ 55 o °(z)"1)2}‘<( 2(1)(—1'2)5), !
e BE e (1=20))|_ (-4 -
'%(z) {2(1—9) 1o P50 )| S 2(1—r2)2

For r < R, (as defined in Corollary 6), Rep,(2) > 0; and hence-

Re{ 1 }< L.
2.(2)] 7 Re(p,(2)) "
also |p,(2)] # 0. Hence for 0 < g<<1/2, we have
Re {z p;.(z)}> Rep,(¢) o __ (1-2) _(k-4)(1—g)r*
P#)| 7 2(1—0) 1—g 2(1—0)Rep,(2) 2(1—r?p,(2)l
Using (5.1),

Re{zp;(z)}; 1—k(1—pg)r+(1—20)* o
Po(?) 2(1—a)(1—1% 1—e

(1 —2p0)(1—1%) :
S 2(l-o{1-k1l—gr+(1- 29)1“}
(5 — 4) (1 — g)r2
T 2(1—)(L—F(1l—@)r+(1—2¢)7Y
(1 — o) (—kr+4r2 — k)
T AL —k(I—o)r+(1—20)rY
and |2| < RB,. Consider the function

2,(2) = {L—k(1— @)z +(1—20)2%} /(1 —2?),

then we can show that equality is attained for z = 7. Hence this is sharp.
For 2< k<4 we have

(o)LL)

for 0<<o<1/2, k>4

2(k—1)(1—o)r?
(1—r2)z 7

[3]. .
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Then we get

L LBE e _(1—29)} 8(k—1)(1— o)1
Pl \30"g T U= 2 21— '< A—rp
1 1

For r< R,, Rep,(2) >0, and hence Re ; also

<
A P.(2)  Rep,(2)
[P,(2)] # 0. Hence for 0 < g < 1/2 we have
Re {z P\ Repld) o 1-3¢ _ 2k-1(1—g)r
D)) 7 2(1—-p) 1—g. 2(1—0)Rep,(?) P (2)[ (1 —7%)?
Using (5.1) we get
p;(z)}> 1—k(l—g)r+(1—2¢)* o
Po(?) 2(1—0)(1—7%) 1—p¢
_ (1—20)(1—1?) 2(k—1)(1—g)r*
2(1—g)(1 —k(1—g)r+(1 -20)7%)  (L—1Y)(1—k(L—0)r+(1—20)r%
(L= o) {—2kr + (4 + (b —2)%)r* — 2’}
21— (1-k(1—p)r+(1—20)rY)
THEOREM 7. If f(2)e Up(e), 0 < 0 < 1/2, then f,(2) i8 conves in |z| < R,,
where R, is the least positive root of the equation

1—8k(L— )7+ (6 —8g+ 1 — 0)3)r2 — (L —g)(3— 4o)r" + (1 —2¢)%* = 0

Re {z

Jor k=4, -
Proof. Since f,(2)e Uy(g), there exists a p,(2z)eP,(pg) such that
fol®)
7 = P,(2).
fe(2) ¢

Hence, by applying (5.1) and (5.2),
Re[l ) . {zp;(z)} +Re{zf;(z)}

A1 D,(2) fel2)
(1—o)(~kr+ 42 —kr®) 1—k(L—o)r+(1L—20)r%
T A1 —k(1—)r+(1—20)7) (1—77)
for k >4, r< B, and 0 < ¢ < 1/2. That is,
72 (@)
R"{“z £1(2) }>°

provided
T(r) =1-3(1—g)kr+(6—8g+k2(L—0)Y)12—k(1—0)(8 —40)" +
+(L—-20)2* >0,
T(0) >0 and T(R,) < 0. Hence the theorem is proved.
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For the function
z(l _z)(k12~1) 1—¢
Je(?) -| NIESR l ;
L@ +a)f |

Jfol® _ 1—k(@—g)z+(1—20)e?
fo(z) 1—22

and

“(2)
. 1 : —
t )

Hence the bound is sharp.

0 at 2z =R,
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