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W. D, BROWNAWRIL" (Boulder, “Col.) and M. WALDSCGHMIDT (Paris)

Dedicated to Professor Th. Schneider
on the ogcasion of his 65th birthday

In 1949, A. O. Gelfond proved ([4], Theorem 1, pp. 132-133) that
if @ is an algebraic number (a # 0, loga # 0) and f is a cubic Irrational
number, then the two numbers ¢ and a® are algebraically independent
(over @). Shortly thereafter Gelfond and N. I. Feldman [6] gave a measure
of algebraic independence of these two numbers. B. Wallisser has con-
jectured that, for § a cubic irrational, o’ and a™ are algebraically inde-
pendent even when a is only well-approximated by algebraic numbers.
Tn this paper, we establish Wallisser’s conjecture when o is closely ap-
proximated by algebraic numbers of bounded degree. We wish to thank
M. Mignotte for hiy helpful comments on an earlier draff of this paper. -

TwroREM. Let o be o complex number, a = 0, loga 5= 0, and § & cubic
irrational nwmber. Let fi N>R with [ oo and let dye N. Assume thai
for imfinitely many TeN, there exist algebraic numbers ag of degree < d,
satisfying

logheight a, =< T,
log ja — tty| < e,

Then the two numbers of and o ave algebraically independent.
Remark 1. If ¢ iteelf is algebraic, we let a = agp for T = logheight a. -

Remark 2, If o is a complex number (a 5 0, loge 7 0) and B a cubic
irrational number, with o, o algebraically dependent, then for all d,e N
there existi two positive constants '

O = Qla, 5, dy), H = Ha,§, dy)

* Rosenrch pettially supported by the National Science Foundation.
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such that, if @ is an algebraic number of degree <X d, and of height < &,

with # = H.’ then
log joe—a| > —A°.

. (In fact, O and H are effectively computable constants.)

2

. oD . 2 Lt s
Exavern. For o = D) {—1)"27* }2“ HIneE o f
=0

ally independent for every cubie irrational number f.

and ¢’ are algebraic-

Notations. Ws fix any determination of logarithm in the disk
le—a| <¢ @ such that loga 0. When & belongs to this disk, we write &
instead of exp(flogea).

When 2 = (4, 44, Ay)eZ? we write ip instead of dot A B+ A5 and

we define [4] to be max [4]. For convenience, any A,v will have non-
=0,1,2
negative coordinates unless expressly allowed to be negative (coes not

apply to ).
The letters oy, €3, 6, ..-
independent of 1.

Auxiliary lemmas

Levma 1 (Siegel’s Lemma). Let B and S be posilive integers, 2R < 8
ond let ayZ[X], 1<i< R, 1<j<8, 421, satisfy

_ degay < 8, heighta, < 4.
Then there exist polynomials fi, ..., feZ[X], not oll zevo, salisfying
~degfy< 8, heightf; < ((1+ 6)28.4) =M

will denote positive constants which are

and

g
Z(Lﬁfj =0 for 1<i<R.
J=1
For a proof, zee [2], Lemma 5.2.

Lemyma 2 (Gelfond). Suppose P, Q< C[X). Then
(height PQ): ¢"®F¥ = (height.P) (height Q).

For a proof (of a more general result), xee [4], Lemma 2, p. 135
~or [6], Lemma 3, p. 149.
Lvma 3 {Tijdeman). Suppose F(z)

A\

= ¥ A" and get
<N

b = max {1, [(v-§)|-max(1, floge})},
<

by = ll?i?v {1, (pB)]- min (1, logal)},
F = max II?’(f’)((l-ﬁ)loga)].

A< 1,
(€p <P

The algebraic independence of certain numbers fo algebraic powers 6b

Then, if L< N and PI? > 2N%.1.13b2, we have

V)1 e (_ln)N (ﬂ)ﬂ .

max |4, < I3
i< 2b,b by I

([7], Theorem 3, pp. 87-88.)

LemyA 4. Let f(X), g(X)eZ[X] have heights |f| and |g|, respectively,
and degrees m ond n, respectively. Then f(X) and g(X) have & common
divisor in Z[X] if and only if for some weC,

max {|f (@)l 1§ (@)} < 1f 17" [g] ™™ (m Hn)~C+m),

For a proof, see [4], Lemma V, pp. 145146 or [1], Lemma 1, p. 14,

LEMMaA 5. Suppose weC and P(X)eZ[X] satisfy |[P(w) < ¢ 40+
where A2z 3, 4 = degP, height P = ¢" Then there is a factor Q(X) of
P(X) which 18 a power of an {rreducible polynomial in Z[X] such that

log|Q (@} < —(A—1)d(h-+d).

For a proof, see [4], Lemma VI, p. 147 or [1], Lemma 3, pp. 15 —16

Levma 6. Suppose weC is transcondental, &< C is algebraie iniegral
over Z[w], of degree 8, having a minimal polynomial (over Z[w]) with
coefficients of degree < d amd height < ¢ Let A;, Ay be two real numbers
satisfying

Ay > Ay > 64 2log(84-1)+2log (jo] +1).
If
A @) <loglE] < —Apd(R+d),

then there exist am irreducible polynomial P(w)eZ [w], and an infeger 82 1,
such that P*° divides the norm of & over Q(w), and that

—884,d(h+d) < log |P(w) < —-}*-?— Ad(h-+d).

Proof of Lemma 6. The proof is an adaptetion of Ohudnovskn Y
argnments in [37.
Consider the minimal polynomial of & over Z[w]:

&t a1 (0) 87y (w) =0,
with w{@)eZ[w], degu, < d, height u; < e® (0 < i< §-1).
The norm of & over Q(w) is uy(w), and

Upl{w) = —§ Zﬂ'“ JE-T (with w, = 1),

Fr=l

1o ()] < |88(d +1)"max {1, 0%,

" 5 — Acta Arithmetica XXITL
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gince |£] < 1. Uonsequently
log lug ()} < ‘-22 (h4+@) - b+ dlogmax {1, |o|} +logd(d--1)
< —§ hd(h+d).

By Lemma 5, we get an irreducible polynomial P(w)¢Z[w], and an
integer &> 1, such that Pw) divides u,, and

p
log|P* ()] < —»(—;-Lz—z-—l)cl(h+d) < ——Tzd(h—[—d).

Weo show that

by deriving a confradiction from the contrary assumptior.
Afsgume

log |P(w)] < —384,d(h-+d).
We claim that for each j (0 << j=<C 6--1),
| <

log |u(w) =284, d(h+d).

The claim is true for j=0: P(w) divides u,(w), and the quotient has
degree < d and height < ¢"*% (using Lemma 2), hence has absolute value
< (d-+1) e Pmax {1, |o|%.

We now assume that the claim is true up to j—1, with 1< j< d-1,
and, under that assulnption, prove it frue for j. We can write

§—1 .
) = g ) ST e

. Using the induction hypothesis, and the lower bound for (&, we deduce

log 'T;l(ﬂ' & (28 —f+ ) A d(h 4 d) < —, d(h-+d),
for 0 <4< j—1. Sinee
[ ()] < (@ +1)ePmax {1, (@, j4+1<I<€ -1,

we obtain
' log ()| < — ¥ad(h+d).

Consequently, by Lemma 4, u;(w) and P{e) have o common factor, i.e.
Plw) divides uy(w) in Z[w]. As a result:

log |4y (w)| < —264,d(h + dy,

- and the claim follows.
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However, the claim gives .
é—1
17 < 3ty ()11 < g2,
i=0 ‘ '
and consequently

loglé] <1 —24,d(h+ad) < —A,d(h+d),
contradicting the hypothesis.
This contradiction completes the proof of Lemma 6.

Proof of the theorem. The proof is based on the ideas of Gelfond
and N. I, Feldman [5], and. (. V. Chudnovskii [3]. It follows from Gelfond’s
fra:n&cendenee measure ([41, Theorem IIT, p. 134).for numbers of the
type a°, where o and b are dlgebra,m numbers with loga £ 0, b irvational,
that both numbers o’ and ¢ are transcendental. Suppose theut the field
0 (o, o) has transcendence degree one. Then we can write Q (8, of, ™)
= Q(w, w,), where o is transcendental (we can choose w = af), and @y
is integral over, Z[w] of degree m. Let veZ[w], v 7 0, such that va, vaﬁ
v~ and va =8 Z[w, v, We may agsume Wlthout logs of geuera.hty
that § is an algebraic integer and that f(T) < logZ.

Let T be a sufficiently large positive integer with a, an algebraic

" number aatisfymg the hypotheses of the theorem. Then select AeN,

1< A< €% such that dag is an algebraic integer and seb
Ny = [expZf(T)[7], N, = [Njlogh,].
It is easy to check that
Nilog NV, < M TNTNY,
For NeN with Ny << ¥ < ¥,, we define
L Ly = [PRRITM,

Hy = [N (log N)f(T)~*"],

Py = [0, N*Ff ()7,
whera o, = 1/{4dym).

The mequahty NLyT < 8H, which follows from our agsumpiion
that T (I < Tlog N, will be nsed repeatedly below, often without men-

tion.
Strr 1. We show: that there exist clements p(v)eZ[w], |v| < N, not
oll of which ave zero and without o common diviser in Z[w), salisfying
logheightp(v) < ¢,Hy, degop(v) < oLy, '
such thai the fu%ation '

= Slotess(o-a

i<V
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satisfies _
1og | Py (2) ljsmniie < —6, N°lOg N .
Proof. (i) Consider the numbers
Dpa= D o) BPagpatrd’ie (0<p<Py),

mi<N

where g, phy, e and gyt ot = (v FY(A- ), for || < Ly, and

the @(v) satisfy
' logheightp(v) < e Hy, dego(v) << ey N,
The numbers
(s AN D,

are polynomials in m; and Aey with coefficients from Z[w]. These coelffi-
cients themselves have degree < ¢, NLy and

logheight < ¢, (N Lylogheight ap-+Hy) < 0o Hy

by our choice of range of N¥. We want to choose the ¢(v) such that the
coefficients of the at most dym monomials in o, and Aap vanish for
0<p < Py and |i] << Ly. The number of equations is at. most

dym Py Ld << N34,

and the number of unknowns is ¥° Thus by Lemma 1 the system has
a non-trivial solution with g,(v)eZ[e] satisfying
degep,(v) < 6, N Ly, logheightp,(v) < e Hy.

After dividing each ®o(¥) by the greatest comnmon divisor of all the ¢,(v),
Lemma 2 agsures us that the quofients cp(v) satisty

- degp(v) < 6 Ny,

as desirved.
(i) For 0<<p <Py and |2 < Ly, we have

[I"(N) IOg Ct) ll<2 E(,v; I iv ﬁip!aﬂlllllaﬂ‘lﬂzlaﬂu _a |

Ioghelghtqo(v) GQHN+03NLN (’2HN’

So
log|F@((A-p)log o)| < oy (Hy+2log N +NLyT)+1og |a— ay).
But since '

we have

log| F@ (4 log al| €

< 10H y, < Nilog N, < exp (137F(1)/14},

~3exp(TH(T)) < —~(VF,/2) N*log N .-

icn
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(iif) We now use Hermite’s interpolation formula on the circles about
the origin of radii ¥** and ¥ For N%2 < |2| < N?, we have

. _ 1 (L) z—{i-ploga .
e H(c a mloga) -

(¢1= 12
f""” ﬂ)lou a)
s >
p=0
(£~ A ploga)? (z«).'-ﬂloga)PN
X ; dz
lc—z.ylo“!;lmwz St n {~24-ploga

where the indices run over all 4, 2’ with coordinates between 0 and L, —1,
and where b = flogaj/min|(d1-f— 21"+ . To estimate
A l

iFNINalz “-I lma’szJI‘N( s

we use the following bounds:

log | Fiyl e < en(Hy +8°) < 0, N°,
§ z—A Ploga *N 2 p
10 $:13h PR P s ~—~L5 P 10 < ______1_ 5
|z‘|!:3’=.2\:r31’:[ZJ 1 Cm).'[ﬂoga o= NLN0E LY p N log ¥,
M -
logb 2 ’"““UlalogN,
#—A" ploga |F

log wup H < o, Dy Pylog ¥ < e, e, N log N,
[Gewde BIOE 6] ==l

|z} 312

A" floga

Thus we obbain

log | Pyl e < —¢, N1og N

STEr 2. We now note that there emist pycZ, Py < Po s[
and LeZ® with |A| < Ly, suck that _
—e N?log V.

—e1 N*log N < log [FE (4 plog a)| <
The upper hound
log | PP (1 Bloga)| < ;s Nilog NV

is a direct consequence of Step 1 and Cauchy’s integral formula. Assume
that, for every pair p,, 4 in the considered ranges,

log | B (2 floga)} € —ey N3log N
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for some large ¢;;. Then, by Lemma 3,

logmax [p(v)] < ~6, N'log¥,  with ¢, > 0.

v :
For each v with @(v) 320, we choose by Lemma 5 a factor g(v) of p(v)
in Z{w] such that ¢(v) is a power of an irreducible polynomial in Z[w]
and A ‘
loglg(v)i < —0, N'log N,
degq(vy < ey NLy, logheightg(v) < ¢yHy.

Since the @(v) do not all have a cormon factor in Z[w], at least two of
the g{v) must be powers of distinct irreducible polynomials, contradicting
Lemima 4, since :

904 045 N Ty Hoy -+ 20, N log (205 N Lg) < 030 N? (log N)f( )™,
We now know that @, , and hence (v 4)2V°N @, , satisty
—y Mog NV < loglw| € —cp Nolog NV,
by the argument of Sﬁep 1 (id).
STEP 3. The number £y = (v%54)2VV @, , and its conjugates over

Q(w) are polynomials in the conjugates of f01 and Alwg. over O(m) (of
degrees << m and d; respectively), with coefficients in Z[w] having

degree < 6,y N.Lp;, logheight < ¢,  Hy.

Using L.emma 6, we get an iweduciéle polynomial Ey(w) in Z[o] and
an nteger Sy = 1 such that By(w) and Qy(o) = By{o)™ satisfy

degQy < 0, NLy; logheightQy < cxHy;
— N {log N)f (L) < log|By(0)l;  log|Qu(w)] < ~6, Nlog ¥,

Srep 4. We apply Lemma 4 to the polynomials @y(w) and
Gy (), for Ny< N < NV,. We estimate

deg @y -logheight @y, + degQ e logheight @ +
1 (deg @y -+ degQy..1) - 10g (deg @y -1~ deg Q)
< o NLyHy < GMNS(IOU,N)f(T)"Uz

Consequently, by Lemma 4, @y(w) and @y (o) have a common factor
By (m) -—RN+1( ), sinee both polynomuls are powerd of irreducible
polynomials in Z[w].

Consequently

By, =By, and  Qy(e) = Bii(0);

The algebrate independence of cerlain numbers fo algebraic powers 1.

thus
~10g |Qx, (0)|= —8x,10g| Ry, ()] < oy N3 (T)”"‘Nﬂ(lﬂgl\f o) f(T)H
< oy NV F(TYANT? (log M,) 3R (log W) f (1)
= cngi(logNl)"mf(T)”Z,

which contradicts the upper bound on @y, ()] found in Step 3.
The contradiction establishes the theorem.
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