Comparing handle decompositions of homotopy
equivalent manifolds

by
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Abstract. Denote by C(M, 9M) the chain complex associated with a handle decomposition
of a smooth or PL manifold M. Our main theorem deals with homotopy equivalent manifolds A
and X, dimM = dim X> 4. Given a handle decomposition of X, there exist a handle decomposition
of M and a chain homomorphism f: C(M, 0M)~-C(X, 8X) which is onto, and kerfis an k-co-
bordism (acyclic subcomplex). The torsion of kerf is computed. A corollary: the Morse number
M is an invariant of simple homotopy type for dimM 3 6 and the kth Morse number M is
a homotopy invariant for dimM > 6, k = 0,1, ..., dim M.

1. Introduction. Given a nice handle decomposition of a manifold M, we can
associate with it, in a certain natural way, a chain complex

C(M, 0M) = {C,(M, 0M), 8}

consisting of free, based modules over the integer group ring Zn; M. In this paper
we study C(M, dM) for compact smooth or PL manifolds of the same homotopy
type. For this purpose we define a class of chain complexes, so called algebraic
decompositions, and prove that the class of chain complexes associated with handle
decompositions of a fixed closed manifold is equal to a simple homotopy equivalence
class of algebraic decompositions. This approach has made Milnor’s duality the-
orem [7] applicable in the proof of our main result. ’

Our main results are geometrical in character and deal with the situation
where there are given a homotopy equivalence of pairs f: (X* X N> (M", OM™)
and a handle decomposition of M and we are looking for a handle decomposition
of X with the associated chain complex similar to that of M as closely as possible.
Thus, following the ideas of Xervaire [3], we prove the stable theorem: there exists
a handle decomposition of X such that f induces base-preserving isomorphisms
C/X, 8X) onto Cy(M, dM) for g<n—4. Concerning handles of indices exceeding
n~—4, we prove the non-stable theorem: there exist a handle decomposition of X
and a chain homomorphism C(X, 8X)— C(M, 0M) which is a base-preserving
isomorphism modulo an acyclic subcomplex of C(X, 8X). The torsion of that
subcomplex is expressed by the torsion of f and that of f|0M; in the closed case
it reduces to the torsion of f. '
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For a smooth manifold M the Morse number uM (qth Morse number y, M) is
defined as the minimum over all Morse functions f on M of the number of critical
points of f (the number of critical points of index g). For a simply-connected
manifold M of dimension n>6 Morse numbers can be expressed in terms of hom-
ology of M [11]but, as homology spheres show, this is no longer true for manifolds
with nontrivial fundamental groups. However, our results imply the following
corollary: if n>6, then uM" depends only on the simple homotopy type of M",
and if n>6, then u,M" depends only on the homotopy type of M "

This paper is a part of the author’s doctoral dissertation. I would like to ex-
press my gratitude to Professor Roman Duda for his kind help and advice.

2. Preliminaries. For the reader’s convenience we list some symbols used in
the sequel.

D" = {xeR": ||x||<1}, "' =4aD",

Pyt X—X universal covering of a space X,

Zr integral group ring of a group 7,

(%1, ..., X;) submodule (subgroup) generated by the set {x, ..., x;}. If x;, ..., x;
are not elements of a definite module (group), the symbol denotes the free. module
(group) freely generated by {x, ..., x}.

(ay, ... ax; Ry, ..., Ry presentation of a group with generators a,,
relators Ry, ..., Rye{a,, ..., @).

H.( ) homology with coefficients Z, i.., the integers.

A decomposition of a manifold means a handle decomposition of M which
starts on a collar of M if the boundary is nonempty and which is nice (i.e., the
indices of handles increase and handles of the same index are disjoint), polar (i.c.,
there is one handle of the maximal index, one handle of index 0 if M = @, and
no handles of index 0 if dM # @) and oriented (i.e., for each handle of index / there
are chosen orientations of D'x D" and D'). The union of all handles of indices
<i is denoted by M;. In the terminology of handle theory we follow [3].

If a homology equivalence class of manifolds is fixed, then 7 denotes the funda-
mental group. More precisely, for every manifold M in that class and every base
point x € M we assume a fixed isomorphism 7,(M, x)—n.

The chain complex C(M, M) = {C(M,dM),3,} is associated with a de-
composition of a compact manifold M if

CAM, M) = H,(py"M,, pie' M,_)),

cn @ and

and 8,0 Cy(M, 0M)—C,_,(M, 0M) is the connecting homomorphism of the triple
P My, Py M, i, py*M, 5. Homology groups of C(M, dM) are isomorphic
to singular homology groups H, (i, di) [1].

For any handle % in M the set of handles in M covering & is invariant under
the action of = on M. Choosing one handle over each g-handle in M, we get

a Zn-base of C,(M, dM). Such a base will be called a preferred base. In the sequel
if we say that an isomorphism between two complexes preserves preferred bases,
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we mean that each preferred base from the first complex goes on to a preferred
base of the second.

Let us recall some important operations on bases which are realizable by
changes of decomposition. Suppose there is a preferred base in Cy(M, 0M) and
let 7" be the matrix transforming another base of C(M, 0M) into the preferred one.
We say that the change of bases with the matrix T can be realized (by a change of
decompositions) if there is a decomposition of M with the associated complex
C'(M,aM) and an isomorphism

¢ = {o}: C(M, 0M)—C(M, 0M)

induced by idy such that the matrix of ¢, (in some preferred bases) is equal to T
for i = ¢ and to the identity matrix for i # q.

LeMMA L. Let {a,, ..., a,} be a preferred base of C(M, dM). Then the sets

‘ .
n Bis Qys ooy @i, A5 Ay, ey &), 1K<,
@ {tag, a5, .00}, gen,

(3 {41+a2a Ays ey A1)

are bases of C,(M, dM). Changes (1) and (2) are realizable and if2<q<n—2, then
also change (3) is realizable.

Lemma 1 is that version of the Adding Lemma (cf. [10], 6.7 and p. 89; for
a simply-connected version see [1], Proposition 9.4) which we need. In other words,
it states that a change of bases with matrix T is realizable if T represents the zero
clements in Whr the Whitehead group of = {7].

COROLLARY. The following changes of the matrix of 8, are realizable:

(R) permutation of rows,

(Cy) permutation of columns,

(Ry) multiplication of a row by g, gem,

(C,) multiplication of a column by +g, gen,

(R;) addition of a row to another one, 2<gq<n—2,

(C3) addition of a column to another one, 2<g<n-—2.

In fact, the change (i) in C(M, 0M) induces (R} on 8, and (C;) on 8, for
i=1,2,3. We shall show this for i = 3, the only case which needs a computation.
The matrix of @, can be described as follows [7]: if d,af = Za‘}"akj, then the

J

coeflicient at g € m in ay; is equal to the intersection number of the left sphere of at
with the right sphere of ar“g, computed in 8((43’-‘157) (af, a3~ denote the elements
of preferred bases of C, or C,_, as well as handles in §). The attaching map of
a handle determining a4+ af is formed by “piping” the left spheres of a! and al
with an arc. Assumptions on ¢ in (Rs) and (C;) show that an arc can be chosen
such that its lifting to M connects prescribed handles and that it can be isotoped
to make it disjoint with the right sphere of any (¢~ 1)-handle. Hence the coefficient
at g in d,(a]+af) is equal to the sum of coefficients at g in 9,47 and 8,aj.
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3. The stable theorem. Consider a decomposition of a compact manifold M",
let éMq denote dM,— (@M u | Ime,), where ¢; range over the attaching maps
i

of (g-+1)-handles. Let f: S"—;éMq be an embedding and f: $%—p;' M, its lifting,
where 2<g<n—3. The following two lemmas are due to Kervaire [3] (Lemma 2
is equal to Kervaire’s Lemma 5 and the considerations following its proof in [3]
yield Lemma 3). o .
LemMA 2. For any ae Cyyy(M,3M) the embedding f: S”—J}Mq is isotopic in
OM,.; 10 an embedding g such that [§] = [J1+08,.1a in Hpy My, prM,-,).
LemMA 3. If a generator of C,(M, dM) is given by a q-handle h* and belongs
10 Im@,; 1, then h? can be replaced by a (q+2)-handle, i.e., the decomposition can
be changed in a way such that h* disappears and instead there appears a new (q-2)-
handle. ‘
THEOREM 1. Let X", M™ be compact connected manifolds and let f: (X, 0X)
—(M, M) be a homotopy equivalence of pairs. For any decomposition of M there
exist a decomposition of X and a homomorphism ¢ = {@.}: C(X, 3X)—C(M, 8M)
induced by f such that ¢, are isomorphisms and preserve preferred bases for g<n—4.
Fundamental groups of X and Y are identified via homomorphism induced by f.
Proof. The proof is by induction on g. The case ¢ = 0 follows by the as-
sumption that the decomposition is polar. If n<4, then either the theorem hag
no meaning or the only case to consider is g = 0. Thus for the rest of the proof
we can assume n>4. ’ ' ’
Case g=1. Let 0X = Y, U ..U Y, and M = N, U ... U N, be unions of
components. Assume first that K

(4 all I-bandles in M besides ,, ..., hy, are trivially attached to a collar of N,
and h; joins N; with N; for j =2, ..., k.

If g is a homotopy inverse to f, then it induces an: isomorphism
w(Mo+hy+ ... +hy, ¥) > ¥y %% 1, Y, (on the right * denotes the free product).
Let (ay, ..., a,; Ry, ..., R,) be a presentation of T (Mo+hy+ ...+, %) and let

) (815 ey 84 byy ey bps Ry, Ry Q44 ey O)

be a presentation given by the decomposition under consideration (see [2]). Presen-
tation (5) can be regarded as a presentation of 7, X via the isomorphism g4 induced
by g. By [2] there exists a decomposition of X which determines that presentation
of m X, Let b; correspond to ¢&; in x,(X, *) and to n; in (M, ). Then Sl
=2 94[bi] = (fg)sn; = n,. Since &; and 7, are represented by left discs of some
I-handles, one can change f by a homotopy rel M such that  the induced
homomorphism f: C{(X, éX)—C,(M, 0M) is an isomorphism  preserving pre-
ferred bases.

In general, one can first pass to a decomposition satisfying (4), then find — as
above —the needed decomposition of X, and finally change both decompositions
in order to obtain the initial decomposition of M.

©
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Case 2<g<n—4. Let {ay, ..., q,, 2,4, ..., 4.} be a preferred base of C,(X,0X)
and let {by, ., by, byyy, ., b} be a preferred base of C (M, dM). Suppose d,a;
s 0 if and only if i<r and 9,b; # 0if and only if i<s. The map finduces a homo-
morphism f,: C(X, 8X)— C(M, M) which, by the inductive assumption, is an
isomorphism of Cy(X, 0X) for i<gq. This implies that the set {f,8,4,, ..., Sfeda}
gencrate Im(?,’f. Thus there exist Wi €Zr (m is the common fundamental group
of X and M) such that '

©® 0,b; = Ekj(fcaqa,,)wﬂc =0, (Y awy), j=1,..,s.
k

Onc can also find x;e kerd, = C(X, 0X) satistying
(7) f*[xj] = [ch(ak)wjk‘“ il J=1,.,95,

because the homomorphism induced by 7, in homology is an isomorphism.
Add to X, s trivial handles Ay, ..., i, of index g and s handles g, ..., g, of
index g+1 such that h; and g, are complementary for i = 1, ..., 5 A little more
precise deseription of that addition shows that the resulting decomposition is nice.
Add to X,_; all the old handles of index ¢ and trivially attached handles Ryyeens b
of index g and new handles g, ..., g, with g, complementary to h; besides the old
handles of indices g+ 1. By Lemma 1 one can change the base hyyenshgyay, .y ay
to the base A%, ..., kg, ay, ..., a,, Where B, =R+ Yy Wy —x;. Consequently, 9,419;
kzr

= - zkja,,w/,;-i-xj. By (7) we get

Jehj—by = f.hj= 3 fladwy+fx; = f.(0~Y, awy+x;) = 0 modIma .

If £eImd,y; and h is a generator of CX, 8X), then f can be changed by
homotopy relX; . in such a way that the induced homomorphism carries A to
Soh+&. Thus there exists a map homotopic to f such that the induced homo-
morphism. f, is equal to f, on Cy(X, 8X) for i<q and f,h} = b;.

Note that f;*@,by, ..., f; *8,b, generate Imd,. Hence the set {3,A), ..., 8 hi}
generates Imd,. By the addition of linear combinations of handles 4, ..., . to a;
(the addition allowed by Lemma 1) we change the attaching map of «; in such
a way that 9,4, = 0.

Thus we have reduced the proof to the case where r = s and f, sends «; to b;
for i<r. Let {@,4(, o, @4, Pyy oonr Py} e 2 set of generators of kerdy, where p;
e{aq, ..., a,). Then

(8) (Bra1s woes bus foPys woos fobi) = kerdyf.

In fact, each xekerd, can be written as y+z, where ze(by,...,b) and
V& by, ... b,). Hence
z = Zbili = chatl: =fLL ail),
isr i<r i<r
= 0x = 0z =ch(Zaili) .

isr
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Moreover, 8( Y, a;4;) = 0 (for f, is an isomorphism on C,;(X, X)) and Eruzii
i<r

=Y p;u; (because the set {p,,..,p;} gemerates kerd, N (ay, ..., 4,). W“e“:ﬁét
z =Y f.p;u;, which proves (8). ) . o

Sincejf* is an isomorphism, it follows from (8) that there exist y, yj, éZ@
such that in homology

[5,1 =f*(kz [ak]yjk+; [pdyi) .

Change the decomposition of X by the addition of complementary pairs h,, 9i
of handles of indices g and ¢g+1,7 = r+1, ..., u. Replace, by Lemma 1, the handle i i
by the handle o

hy = ﬁj+k§>:rakyjk+;p,y}, , J=r+lau.
Then dg; = hj—3, ayj— 2. pi¥y. These operations lead to a decomposition with
the following p:;;;erties: l
©) , fuhy = b; modIma,
(10) (@411 o

The formula

Jehi=by=f.hi— Y foayyp— Zl:fcp,y}, = f(0g) = 0 modImd
P

j>r, N
slaDersd, s ] [pad e [2D)

justifies (9). By (8) there exist Xjx, X € Zm such that
(i Fula)= 3 bt Lulpd = Ll Lhlpd
=f*(£Z [+ ; VAR

and since f is an isomorphism, we get (10).

From (9) it follows that fis homotopic in M., to a map which sends 4; to b;,
i{=r+1,...,u By Lemma 1 one can replace the base {a, i@, By s B} by
the base '

{ﬂ“ s s “1,'+1 > ees ﬂ;, hr+1’ ) hn} >

where a; = a;— } I x;— Zp,x;-,, i=r+1,..,t By (11), the handles belong
k>r I

to Imé,,,. Hence we can use Lemma 3 to replace them by (g42)-handles. The
proof is complete.
COROLLARY. Let M" be a closed manifold. If 3<q or g<n—3, then the Morse

numbers yp, M" depend only on the homotopy type of M". In particular, if #>06, then
each p, M" is homotopy invariant.

4. Algebraic decompositions. By an algebraic decomposition we shall mean
a chain complex with the properties which guarantee good relations to decompo-
sitions of closed manifolds. In particular, each chain associated with a decompo-
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sition. of a closed manifold will be an algebraic decomposition. Somewhat more
precisely, if we have a chain complex associated with, a decomposition of a mani--
fold M", n6, and an algebraic decomposition which is simply homotopy equiv--
alent to the former, then there exists a decomposition of M™ for which the latter
is an associated chuin complex (see Corollary A in the next section). In this section
we shall prove a result analogous to Theorem 1.

Given a homomorphism ¢: n—~Z, = {+1, —1}, we have the involution.
*: Zn—Zn defined by g* = £(9)g™* for gen. For any right Zz-module R, the
involution provides a right Zr-module structure on Homj, (R, Zn) by the formula
(pA)(x) = A*p(x). For a Zrn-homomorphism f: R—S we have the dual homo-~
morphism f*: S*—R* and for a base of R we have the dual base of R*. In the
sequel we shall assume that ¢ is the orientation homomorphism of the fundamental
group = (i.e., the first Stiefel-Whitney class).

An algebraic decomposition of dimension 7 is a chain complex D = {D,, §;}
of free Zrn-modules with a class of preferred bases such that:

() for any preferred base {a1,...,a} of D;, a base {by, ..,b} of D, is
preferred if and only if there exist 915> gr€m such that bh; = +a;9; for
i=1,..,k,

(D) if D; + 0, then 0<i<n,

() Dy==Zn~D, (it is assumed that +7 < Zr corresponds to preferred ge-
nerators of Dy and D,),

(IV) there is a preferred base 4 of D, such that w(a) =1-6,aen for aec 4
and if A is the group freely generated by 4, then the induced homomorphism.
w: A—m is an epimorphism,

(V) the dual complex D = {D}_,, (—1)'8*_}} also satisfies (IV).

THEOREM 2. Let M" be a closed, connected manifold with the fundamental group T,
C'M a complex associated to a decomposition of M, and D = {D,, 8;} an algebraic
decomposition of Zn-modules. If f: C'M—D is a chain homotopy equivalence and
T<n-4, then there exist a decomposition of M with the associated complex CM~
and a homomorphism g: CM—D such that:

(&) g; is a base-preserving isomorphism Sor igT,

(b) there exists a homomorphism 0: CM—C'M induced by idy and such that
the diagram

\

commutes up to chain homotopy.

Proof. As in Theorem 1, we can assume n>4. By (IV), the coset 14+Imd, is
a generator of My D=Zn/Imd, ~Z. We can assume (changing, if necessary, the
orientations of handles with indices 0 and 1) that f carries a preferred generator
of CoM onto 1+ue D, with ueImd,. Hence f is homotopic to a map sending.
the generator of C{M to 1.
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Consider the presentation w: A— of the group = determined by D and a de-
-composition of M giving that presentation. Let CM be the complex associated
with that decomposition, and let #: CM—C’'M be a homomorphism induced by id,,
-and preserving generators with index 0. : '

Ii the generator 4 € C; M corresponds to a € 4, then §,(f0d—a) = f9(8,4—3,a)
= 0, since (f8), preserves generators and 24 = 1—-w(a). Hence a = f8(d)modkerd;
and it follows that f§ is homotopic to a homomorphism whose restriction to C, M
is a base-preserving isomorphism. The rest of the proof is identical to that of the
case 2<g<n—4 in Theorem 1. ' )

Remark. The considerations in the proof of Theorem 2 are valid also for
manifolds with boundary, provided we consider dual decompositions to those
considered above, i.e., provided we consider decompositions of the triad (M; &, M)
on @. Since Theorem 2 is concerned with the stable situation, the condition (V) as
‘well as the isomorphism D,~Zxn are superfluous.

5. Nonstable theorem in the closed case. The results of the previous section
‘will now be used to prove our main theorem. The proof is roughly as follows.
“Consider dual complexes C*X and C*M, which are homotopy equivalent, and apply
Theorem 2. We get, for T>3, a decomposition of X such that the associated chain
complexes CX and CM are isomorphic in dimensions 7. By Theorem 1 we may
consider C, X and C, M as isomorphic for g<T—2. There remain two dimensions
-only in which the decompositions of X and M may differ. The addition of handles
in those dimensions tompletes the proof.

‘We start with some definitions. Let f = {f}: {C;, d}—{C], d!} be a homo-
‘morphism of based chain complexes of free Zrn-modules. The cone of fis the com-
plex Cf = {C;. ®C/, di—d|_,+f;_,} T fis a homotopy equivalence, then Cf is
acyclic and the torsion t(Cf) e Wh(n) is defined (ct. [9], part III). By definition,
the torsion 1f of f is equal to 7(Cf) and a homotopy equivalence is called simple
if 7f = 0.

Consider a split exact sequence of based free Zr-modules
(12) 0—K~—L—M—0 .

Mk =1{k,...k}cK,m={my, .. ,m)cMand I'={l, .., li.;}=L are preferred
bases, then lifting every element m, to M, e L gives a base

fm =k, .. ki, @y, i}
of L. We say that the sequence (12) splits in the category of based modules if the
matrix determined by passing from I to km represents the zero element in Wh (n).
The definition does not depend on the choice of liftings (see [7]).

A split exact sequence of chain complexes of based free Zn-modules 0—A
—B—C-0 is said to split in the caregory of based complexes if the sequence

0~4—B—~C—0

splits in the category of based modules for any i.

©
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Lemma 4. If a homotopy equivalence F = {F}: € ={C,,0)-D = {D,, 8}
is an isomorphism for i2T, then there exists a homomorphism homotopically reverse
to F and equal to F[' for i>T.

Proof. Choose a homomorphism Ji D—C which is homotopically reverse
to F. There exists a w: D—D homotopic to 1—Ff such that w; =0 for i<T—1
and w; = | —F; f; for i>T—1, and there is a homotopy 4: w~0 such that 4, = 0
for i<T—1. Since (F;')* carries Imd* into Imo*, there exists a homomorphism
@ making the following diagram commute:

Croy % Dy, '
(3 o e
' C;f [ D;'S
a7h

Define G: D—C as F7* for i»T, @* for i = T—1, and the zero homomorphism
for i<T~—1. Since F; and § commute, (13) yields
(‘4) ) . . a,‘G; = Gi*lai for i>T—-1.
Define g: D—C by:

.= (Gw, for izT-1,

Y0 for i<T-1.
We shall verify that
(15) 8,9, = ¢g;-18; for each i.
If iz T, this follows from (14) and the commuting of wand é. By definition, 4, = 0
for i<T—1 and w; = 8,,,4,+4,~8;; hence wp_, = d4. Since Gr_y = @*
preserves Im @, we have dgp_ = 0, which proves (15).

Now (14) implies that
gi= 041Gy 4+ Gidy 19 for i>T-1,
gr=0=08,,,G 4,;+G, 4,.,0; for i<T—1.

Thus the map G, 4, gives a homotopy G4: g~0. Since g; = F/'—f, for i=T,
the homomorphism f+g satisfies the lemma.

‘THEOREM 3. Let X" be a closed connected manifold and let D = {D,, ;} be an
algebraic decomposition of dimension n>4. If there is a homotopy equivalence

S' C XD, where C1X is the chain complex associated with a decomposition of X,

then there exist a decomposition of X with the associated complex CX and a homo-
morphism g: CX—D such that
(a) there exists a simple homotopy equivalence @ such that the diagram

CX—>D

S
c'x

commuites,
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(b) the sequence 0—kerg—CX —g‘vD—>0 is exact and splits in the (.‘alegory» of
based complexes (the base of kerg is inherited from CX),

(c) kerg is acyclic,

(d) z(kerg) = f.

Proof. I fi C—D is a homotopy equivalence, then 1f* = (—1)4mEF gy s
(see [71, § 10). In particular, a homotopy equivalence dual to a simple homotopy
equivalence is simple. o

Let F' be a homomorphism homotopically reverse to f and k+1>3. By
Theorem 2 and the duality theorem [7] there is a decomposition of X with the
associated complex C2X and a homomorphism (F2)*: (C2X)*—D* which is an
isomorphism for i<n—k—1. Infact, there is even a homotopy commutative diagram

1)%
(CIX')* gl} D*
A 2y
(C2xy

where A is 2 simple homotopy equivalence. By dualizing this diagram and passing
to homotopically reverse homomorphisms we get a homotopy commutative diagram

1 J!
C'X—D

I
S A
c*x

with @' a simple homotopy equivalence. By Lemma 4 one can assume f% to be
isomorphism for izk+1. Applying Theorem 2 for T = k-2, we get a decompo-
sition of X equal to the preceeding one in dimensions exceeding & and a homox
morphism f*: C*X—D equal to 2 on C,X for i>k: S are isomorphisms for
ik, k—1. '

Add pairs of complementary handles of indices k—1 and k, and, in the same
way as in the proof of Theorem 1, change the decomposition in such a way that
the homomorphism f*: C*X—D determines a 1-1 correspondence between new
(k—1)-handles and generators of D;—y. By further changes old handles are re-
placed by handles from kerf;". ;. They form a base of kerfit . for fi*., now carries
generators either to generators or to zero. Call the resulting chain complex '¢X
and the new homomorphism f?, By construction, f;° are epimorphisms for / %'k
and isomorphisms for i # k—1, k. We shall show that H*(cokerf ) = 0. Since Vi
induces epimorphisms y,: H{(CXkerf 5)—H, D for all i, we infer, by considering
the long exact sequence induced by the exact sequence 0—C3 X kerf 5 D
—cokerf *—0, that it remains to prove that W, Hy_ ((CXkerf 5y—H, . D is
asmonomorphism. If a coset a+kerf,S | represents an element of kery,..,, then
S aeImd and daekerf,’ ;. Since £, is an isomorphism, da = 0 and therefore
aeImo, for f*is a homotopy equivalence. This implies that a+kerf,S, belongs
to the image of the differential of C>X/kerf ®. Note that also the homology of
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ker® is trivial. It /% are epimorphisms for i 5 & and H,(cokerf?®) = 0, thenalso f,°

‘must be an epimorphism. Hence we get the exact sequence O—kerf*—C3X— D—0.

The module kerfi? is free, for kerfS , is free and olkerf® = 2°: kerf,>—kerf,
is an isomorphism, .

Consider the base of kerf,’ carried from kerf,’_, via 3°. That base and the
base of D, determine a new base of CiX. Let 4 be the matrix which transforms
a preferred base to that new one and let  denote the number of k-handles, Add
to Xj., ¢ complementary pairs of handles, ie., add to CJX the complex

e 4
o =0 F > F =0 ..

where rank F, = rank F,_ = ¢ and d preserves bases.
" Now change the preferred base of C;X@F, by the matiix

4710

K B= [0 A}

and denote the resulting complex by C®X. The composition of the embedding
C*X—C*X@F and the isomorphism C*X@®F—C®X is a homotopy equivalence;
call it 7. The torsion of # is represented by B, and hence is zero. The homomorphism
FS=71%"1 C°X~D carries any generator to a generator or to zero. Since the
matrix of 9°: kerf,f—-»f,f_1 is non-degenerate, one can put the matrix of df, by the
addition of appropriate linear combinations of generators of kerf to the remaining

generators, in the form
V a® 0
0 NYI”

In this way we obtain a chain complex CX associated to with a decomposition
of X and a homomorphism g: CX—D satisfying conditions (a), (b), (c). We shall
check that it satisfies also (d). If ¢: kerg—0 is the zero homomorphism and
¥ = g: CXJkerg—D, then tg = o+ by the additivity of torsion [7]. Since
= 0 and ¢ = t(kerg), we get t(kerg) = 1g =tf. )

The proof is complete.

COROLLARY A. Under the assumptions of Theorem 3, if moreover tf =0 and
dimX 26, then there is a base-preserving isomorphism g: CX—D.

Tn fact, if a,, .., a, are handles corresponding to the generators of kerg,
then the triad obtained by the addition of «, ..., a, to a collar on

Ky +HE 1 Y

kL, :"z',‘,"1 denote the remaining (k—1)-handles) is, by the acyclity of kerg,
an h-cobordism. Provided t(kerg) = ©f = 0, it follows from the s-cobordism
theorem (cf. [10]) that this h-cobordism is trivial. The handles «,, ..., a, may be
collected in such an /i-cobordism (for they have indices equal to k—1 or to k and
the decomposition is nice), and hence they may be removed.
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CoRrOLLARY B. Let f: X"—M" be a homotopy equivalence of closed manifolds
and n>4. Then for any decomposition of M there exist a decomposition of X and
a homomorphism g: CX—CM such that: :

(a) the sequence 0—ker g—CX—CM—0 is exact and splits in the category of
based complexes,

(b) kerg is acyclic,

(c) t(kerg) = f.

CoroLLARY C. Let X", M™ be closed manifolds. If n>6, X" and M" are homo-
topy equivalent, then y, X" = y, M" for each q. If 126, X" and M" are simply homo-
fopy equivalent, then pX = pM and p, X = oM for each q.

Remark. For orientable manifolds of dimension n>6 the second part - of
Corollary C can be derived also from a theorem of Mazur ([5], Theorem 1T or {6]).

By the results of Kirby and Siebenmann [4] we also have:

CoROLLARY D. If manifolds X" and M" are closed and (topologically) homeo-
morphic, n>6, then pX" = uM" and w X" =y, M

6. Nonstable theorem in the general case. Now we shall prove a gencral
theorem, valid for compact manifolds, which, if the boundaries of manifolds are
empty, reduces to Corollary B. ‘The proof of that theorem is essentially that of
Theorem 3 and differs from it only by some considerations concerning the boundary.
We omit details which seem to be routine.

THEOREM 4. Let X" and M" be compact connected manifolds of dimension n>4
with connected boundaries and let [ (X, 0X)—(M, 0M) be a homotopy equivalence
of pairs. For any decomposition of M there exist a decomposition of X with the as-
sociated chain complex C(X,0X) and a homomorphism g: C(X, 8X)— C(M, OM)
such that:

(@) the sequence O-skerg—C(X, 0X)—C(M, dM)—0 is exact and splits in
category of based complexes, .

(b) kerg is acyclic, :

) z(kerg) = tf—i,t(f16X), where ix: Wh(z;0M)—Wh(r, M) is the homo-
morphism induced by inclusion.

Proof. By Theorem 1 there exists a decomposition of X such that [ induces
a homomorphism f,: C(X, 0X)—C(M, 8M), (f.); being isomorphisms up to
I =n—4. By the remark at the end of Section 4, we can apply Theorem 2 to the
dual decomposition. The same considerations as in the proof of Theorem 3 show
that there exist a decomposition of X and a homomorphism g: C(X, 8X)
—C(M, 0M) satistying conditions (2) and (b) in Theorem 4 as well as the equality

t(kerg) = f,.

In the PL category the CW-complex W associated with decomposition of M
(cf. [19]) contains dM as the subcomplex. In the smooth category one can fix
a C-simplicial structure of 8Mf and change the attaching maps in order to obtain
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a CW-complex with dM as a subcomplex. Denote by W4 the gqth skeleton of W. Let.
CoM = Hy(py'W*, pp'we1) CoM = H,(py (oMY, Pt @M)Y);

pw denotes the universal covering map. The modules C, M, C,?M with connecting:
homomorphisms of the respective triple form chain complexes CM, C°M, There:
is an isomorphism

and

CM=C(M, 0MYSCOM .

The map finduces a chain homotopy equivalence ¢ : CX—CAM such that @|C(X, 60X )
= f . Let ¢° = @|C°M. It is not hard to verify that

Y=t =1, +10°
w0° =i, 7(f]0X) .

Hence (c) is satisfied.

COROLLARY. Under the assumptions of Theorem 4 there is a base-preserving:
isomorphism g: C(X, 0X)—C(M, 0M) provided <f = i,x(f|8X), and n=6.
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