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A geometric filtration of %%*
by

Michael C Bix (Madison, Wisc.)

Abstract. If a is the cobordism class of a manifold with in\{o]u?ion, e(a) isd%ef‘iin&?d ;:n ;t):e tf}:;
smallest integer # such that a representative of a can be Zy-equivariantly embe d.e 1rlxassesc: o
ome s, where Z, acts on K*** by multiplying the first ncoordinates by —1. Zy-cobor 11smc asse er,;, ]\k
2 ] ) . y

:.re ex;ﬂbited such that e(g,) = e(B,) but e(a,+) = e(a)—k, for arbitrarily large integ .
. . pn
Let 92 be the cobordism ring of manifolds with involutions. Let z, denote .RP]

K i A ! : .
with the Z,-action given in homogeneous coordinates by [Xg, Xy, s Xy
) 7
—[—Xg, Xq, «ue, X,). Define I': RENZ by
MxSt

T = | — ———
T = G =@, —2)
Lz 120,k=1, n1>121>...2nk>1} is a set of ger}eratc?m
A where I'° denotes the identity

, [m, z]—=[m, Z]] .

Then {1} v {("z,) 2, -
for M% as an m*-rlnogule (Alexander [1], Stong [7]),
a ). P - -
m 1T0 define a geometric filtration of NZ j» let F(i, j) be the s.et ?f Zl,_ cob{s;j:js;'g‘
classes having representatives which, for some s, can be Z,-equivar lar}t y em o
in R**, furnished with the Z,-action (%1, ..., Kypg) (= X15 eees —Fis Xiv1s :_’n ;_:s .
Tt is known that (I'z,)z,, .- Zn € F+ny+n2+ . 1, 0? and. ¢F(z;l—7?1 O:Sib.l;
+n,—1,1) (Bix [2]). But even if a, b e F(i,j) and ¢F(z—1,.]+1), 1t. is p :
-ti.lat r’;+b’e F(i—k, j+k) for some k>0. The main result of this paper is that such
in di for i arbitrarily large.
drops in dimension occur with k ar
THEOREM. 22 +7,4 12y + 1" 120y + 1" 20 € F(n+1,n—1) and ¢ l;(n,jiz,);
* “n n "~
while z%42,41%,—1 and iz, o+ Itz € F(20,0) and ¢ FQ2r—1,1), fo
all n>3. ’ | . .
P/ro of. The classifying map of the normal bundle to the fixed-point set of

E ]
ism i W Ny (BO (K
a manifold with involution defines a monomorphism 7: N —>kE:Do o ())

s x, i di f the canonical line bundle over RP”
= Mulxg, Xy, -], Where x, is the bordism class OI. ‘ I ndle iy
a%ii;c[{ﬁan 1[3] ][4] Conn,:ar and Floyd [5]). We identify a manifold w:th 1m(7101ut10n

o H 9 . _ )
with. the image under i of its Z,-cobordism class. S0 z, = X,-4+x5. An

- 1=2 i—1 .
Fiz = Xy 1x%)+x'(l)+‘i+[Zn]inO"'[an]fo') 1+[rzzr|]2x0 ++[F zn]ZJ“O >
n -
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where [ ], denotes the class of a manifold in %, Therefore

2

— -~
Zy +Zn+lzn—1 - xn—1+xnxn—-2+xnx,(’) 1"!"'7611—-236'(’)4‘1
and

1—vn+1z _ n—1 —_ n—1
n 1+F Zyy1 = x!lJ”O +xn-2x'6+1+[zn—],]2x3+1+[FZII—1]1x3+
2 -
FI* 2y 2y gl X5 o+ [T 2, A2, 412 %

Given o & NZ*, Stong [8] has
- Rz, as proved that o € F(j, n—j) and ¢ F(j~1, n—j
if and only if j is the smallest integer such that the image of o lféder,tlllw 11:-1'1113

ion
Z, e -
T2 @ 9, (BOG) IR, (BO ()%, ,(B0) (80

lies i .
wc:e;: Elfll)magvt h?(fhth; ma.}ll) 1‘.1It,,_,,(BO(i~i\c))——>€ft,,_k(BO) for all & with 0<k<n,
z§+zn+lzn_*:5 o) Z cs1 aFdelf)te by 2 ba.r, is the conjugation map. So
A, +12 > , nd ¢ F(2n—1, 1), since j—k = n for k = n, j—k = n—2
for ¢;*(; ,1 alln ]—k<2n‘——2 for k =2. And I+ iz, e FQn 0)
s Ofn— » 1), because j—h = n—2 for k = n+2, j~k =n for k =n '; d
= 0for I<k<n~1and & = n+1, whenever [["+1~F, e Al oy
It only remains to examine " el #0

2
ZytZy g1 By F I g, I

=Xy Xy Xy g F [2,— T X I n %, 4
w =1la%0” "+ [Tz, Jp x5+ [ Tyt F 2y o X5 e
. et [0 2 AT 22,0 4]0 %
iStmce:ﬁ]i—lc = Ofork = 1and 3<k<n+1, whenever [roti-k
suffices to show that j—k =n+1 when % = 2, That is, we must show that

%ro %X i
n:e;n :—J:;‘fx;;’_; h?s algebraic degree 'n-l. The algebraic degree can be calculated by
algebra homomorphism A: H,(MO; Z,)~H(MO; Z,) [[s1] defined

by 4(a) = > (a)s' :
o t( ) ;Z"OA‘(a)S’ mwhere 452 H{(MO; Z,)~ H,_(MO; Z,) is the map which is
ua t
o the map defined by the cup product with w, (Liulevicius [6]). The Thom

isomorphism is used to identify H(MO; Z,) with H,(BO; Z,). Now Ax, = x4
n T vy

+X,~15. Given an element g e H,(MO: i i
bighest powes of ey «(MO; Z), its }algebram degree is equal to the

Lemva. 4%, = >‘c,,+:?,,,1s+...+xls’"1+y;.
Proof. Let

Zy-y "1, 1,0,

X =

i

e

x¢ and X!= i .

i=0
'l_‘hzlln+ft§(:;.§’1+st{1= (1+it)2X. Since (A(X~H)(4X) = 1 AX™Y = (4x)1
= = (+st+5*2+.)X"1. X, 1 G font
bstidig yx-t oot v -:En_lsiciﬁc; zssneﬂluil;o the coefficient of # in

iom®
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Now to complete the proof of the theorem it suffices to show that the highest.

power of s in A(E:_{+%,%,-5) is n—1. But

n—1 b n-2
AE L+ % Fs) = (X, B P+ (T 58 ) (T %us™279)
150 i=0 k=0
n—2 . r=2 2
= (Rt Y, BT (R By 5 ) N8 ) (TR
e j=0 k=0
ne=2 . n—2
= 22 (3 BT (5 Fum ) (T B2
i=0 k=0

-2 n—2
+SZ( Z xjsn~2—1)?’ = 5{:_1—]—(’_‘”-]-55"_,13)( Z x"s"_z_k)
o k=0
= X,_y 8" 1 + (terms involving powers of s<n—-2).

1 would like to thank Arunas Liulevicius for his persistent refusal to believe
my spurious proofs of the negation of the above theorem. I am also grateful to Robert
Stong for making a preprint of [8] available to me.

Added in proof. R. Stong has pointed out that, to complete the proof of the above
theorem, one also has to check the Stiefel-Whitney numbers of the form we (¥) wee(n) [M].

References

11 J.C. Alexander, The bordism ring of manifolds with involution, Proc. Amer. Math. Soc. 31

(1972), pp. 536-542.

21 M. C. Bix, Z;-equivariant immersions and embeddings up to cobordism, Proc. Amer. Math.
Soc. 44 (1974), pp. 203-207.

3] J.M. Boardman, Thesis, Cambridge 1964.

4] — Cobordism of involutions revisited, Proceedings of Second Conference on Compact Trans-
formation Groups I, vol. 298, Berlin 1972.

[5]1 P.E. Conner and E. E. Floyd, Differentiable Periodic Maps, Exgebnisse der Math. und
ihrer Grenzgebiete, Band 33, New York-Berlin 1964.

[61 A. Liulevicius, The algebraic filtration of unoriented cobordism, University of Chicago,
March 1973.

[7} R. Stong, Lectures on equivariant bordism (unpublished).

8] — Fquivariant immersion and imbedding up to cobordism, Proc. Amer. Math. Soc. 44 (1974),

pp. 479481

DEPARTMENT OF MATHEMATICS
UNIVERSITY OF WISCONSIN
Madison, Wisconsin

UNICAMP-IMECC
Campinas, Sdo Paulo, Brazil

Accepté par la Rédaction le 2. 5. 1975



GUEST




