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Symmetric words in nilpotent groups of class <3
by ‘

Ernest Plonka (Wroctaw)

Abstract. Let G be a group. A word w = w(%y, -, xn) is said to be symmetric if w(@y, «» ay)
= W(@ny, o> @) TOr All @1y oees On € G and all permutations 7 from the symmetric group Sp on

n-letters, In this note we describe symmetric words in nilpotent groups of class <3.

1. Tntroduction and netation. Let G be a group, and let FG(xi; s X, be the
group freely generated by Xq, ..., % in the smallest variety var(G) of groups con-
taing G. Let 4 be the group of automorphisms of Fg(Xy, s %) induced by the

mappings

xr-*x,”, 1<i$r,

4 belonging to the symmetric group S, on r letters. Let S”(G) be the set of all fixed

points of 4, ie., .
SO(G) = {w: &w = w for all e d}.

The elements of S(')(G) are called symmetric words (of r variables) in G.
Clearly, S”)(G) is a group. The aim of this note is to describe symmetric words
in nilpotent groups of class <3. We prove that in this case S®(G) is Abelian.

2. Symmetric words. In an Abelian group every word w of r variables is of the

form

W= x,
1i<r

We thus have
Tumorim 1. If G is an Abelian group, then we8YG) if and only if

we= T[] xi-

151%r
In [3] all elements of SWY(G) for a nilpotent G of class 9 are described. Namely
TrrorEM 2. If G is a nilpotent group of class 2, ther we S©(C) if and only if
I T x),

w = i
' 1€isr 18 j<isy
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where the integers a, b satisfy the condition and :
2 U 2
| @ =2b(m, c+d,=%d@-1) ().
a?= 2b(expG'). Proof. Let '
o go I:;Znnyhe t;xl"’”e”‘ of the group of commutators of G.) w = X"y, xPly, x, xITy, x, 17
ne the symmetric words in a nilpotent group of class 3 we need some be a word in G. Using (x), we calculate

well-known identities:
w(y, %) = YO @, yPlx, v, 1, 3, 917

[x,9, 2y, z, x][z, x, y] = 1
, =1,
n(Z)ya(l)[y, x]—b'i-n(l)a(?,)[y, x, xl-c‘-l-«}n(l,)u(Z)(a(.‘Z)—l) %

®) Be,p, 2l = [y, %, 274, ' = x
X"y, 2] =[x,y 2] = [x,7, 27 = Ix, », 2", %[y, x’y]~c+1}a(1)a(2)(a(1)~1) )
D" %" = [y, xI™[y, x,x B Dpy o= Hence, by the lemma, we infer that w is symmetric if and only if
valid in an arbitrary nilpoter . = =a)
7y nilpotent group of class 3 for all integers , m. Let C(m, n, p, 2 4(12 = czt 22)( § =a) (m),
=2 O,

be 1 i
e the class of all nilpotent groups of class <3 which satisfy the identities
XM =1 — ) o = 20—
4 [y,x]"_l, [y,x,z]"=1, [y’x’x]ﬂzl' red cl—c*-%a(a 1)
as required.

In [2] B. Jénsson has pr .
. Vi .
THEOREM (B. J6nsson) I;";e ed‘the . TueoreM 4. If G is a nilpotent group of class 3 and var(G) = C(m,n,p, q),
of nilpotent groups of clas.s: <3’ :nz-; ;;1 1-1 c;rre.;pondence between all the varieties then for every r23, W€ S if and only if w is of the form
.. = e quadryples (m,n, , q) satisfyi . ,
ditions b q) l»ff}’li’lg the con- (1) W= H xclu H [xiv xj]b[xis x5, xj] [xb x;, xi]c H ,[xiv X, xk]d
1<igr 1Sj<isr 1?<j;<x§r )

n-ged (2, m)|m, pln, qlp, g-ged(m, 6)|m, p|3q.
The following lemma readily follows from [2].
LemMa. Let G be a nilp,

and the three congruences
Co @ =2b (n),

ctc-= ta*a—-1) @)

otent group of class 3 wi
with va =
Then for all natural numbers r the identity in G 1(6) = Cn,n,p, q).
3 =
® d a® = 3d (p) .
IT = T Ix, %P0 (i,
; i X5, %17 [x, '(1,J .
15isr  1<jigy 7 Beis x5, X100 x,, %, ] (”)1<H-< D, 3, 5, ]9 are fulfilled.
=[] x©® I e P00 - sy Proof. Let w be a word in G. Then (cf. e.g. 2D ‘
7 i x5, 5179 [x,, x., x, 1500 =1 _ ) B
isis jaisr xj X, JEwD . ) G, dG,J:%)
isr 1€ j<igr irdjs ]] [ i X, x;] 1< H [x“ X;, xk]d(i.l,k) W= H x}‘(‘) H *, xj]b(l,})[x“ X xj]c(l,j)[x” X5 xl]r( J) 1—[ [x“ x;, xk] (RO}
}élféf" 18i<r 1< j<isr 1J€<j:$1$r )

is equivalent to the conditions
Let o, B,y be integers satisfing 1ga<f<y<r. We define

a@y=ag) m), 1<i<r,
b(z.,j) =b0.) ), 1<j<igr,
C(l:]) = E(I:J) (q) 3 1<J'<i<r,
(C (l’j) = E’(iyj) (9), 1<.j<i<r
4.5, 00 =33, (), 1<j<icr i
o ’ ) EYASEY sy J Y
40, J, ) —d(k, j, i) = 4G, j, k) -A(x, j, i) (p) o

U(Xy Xps %y) = W(L, s 1, %gs 1y ees L X Ly s 15 X 1,..1.
It the word w is symmetric, then the words u(x, y, 1), u(x, 1,9, u(l, x,y) are
also symmetric and, of course, the equalities

uGx, 3, 1) = ulx, 1,5 =u(l, %,

hold. This together with the lemma and Theorem 3 yields

: Igj<i<kr

We start with <r.

TrEoREM 3. If G i i : alo) = a(p) = aly) (= a) (m),

then WeS‘z)(G) " andlso:lynzipotent group of class 3 with var(G) = C(m, np,q), b(B, ) =b(y,a) = b(y, B) (= B (),
c(B,0) = c(y,8) = c(r, f) (= 0 @,

W = x"y"[ys _x]b[y, X, X]C[y, X, y]c'o C/(ﬁ, OC‘) = C/('}', OC) = C’(’)’, B) (__.__: C’) (q) .
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Since a, §, y have been arbitrar;

: s t y, we can assume that the word w is of t

with [x;, x;, x]"" instead of [x;, x;, x,]% ! the form (1
Clearly w is symmetric if and only if

C WXL s X)) = W, Xy, Xy, ey X)) = WXy, ey Xy, Xy)

beCauSe the Cycles (1 2) and (1 2
H) 9 &y eeey : L
. 7) genel’ates f.he group S,..

WXy, X1, X3, 000, %) = X5X4 x{[xy, %,
3Igisr

b
H s %1 [xq, %2, %10y, %5, X,]

25j<tsr ST ETE A o

N

3

Bl
1
IT_[xs 20

3<jLisr
j<ksr

a2,
[xs, x, 212 0[x, x, el

.y

I (2,13
Ljsr
b

“n

= xi[%,, xx]az'b ' '

isisr

b -
<i$r[xi, X lxy, %y, %,] ¢ Fiole-

2

A
<

1) -
X. e+4a2(a—1 4
[x5, Xy, %3] 1o )[xb X3 xj]c[xia xhxi]c

PR LY RN/ R ey i
<,[ 25 X1, X] e xy, %, )00

w
A

d(,2,j s
s [x, x4, x5 ( ")[x,-, X5, xj]“"lﬁ-’)

M

Lisr

#J

H [x:, Xj, xk]l(ifj'k) ,

3gj<igr
J<ksr

and likewise

wix;, X3, wens Xy xl) = x‘; v x:'xq

[xy, x,° b
2%ier zsllisgxi’x.l]

4
2<1<r[x1’ % X Txq, %y, %17

4 ’
s;Hisr[x“ X XY Ty, %, %,)°

N

<
X; LIEAAD
1$j<i<r[ i+1s Xj4q, xl] 4 )[xla Xje1s x‘+1]d(n,j,i)

1€j<i<y

IT Driees %ps 1, 2y, 000
F<k<i N

* ©
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- 2
= 2 TT Beoxd ™ I1 b xD

1<i%r 28i%r o 2gj<isr
—' ) a*a—1 —c+}a2(a~

:l'_[ts [‘xiaxl:xll ¢riaa )[xi:xlsxi] € }a @b
2 r

HS [xis %55 xj]c[xb Xjs x)°
2% j<Isr

d i' ' - g sb) .y » 3

! [xi+1’ xl:xj+1] ( f”)[xj_’_” Xis xi+1] d(n,j,i)—d(@i,jm) +a

<i<r

d(i,jk

H [*i41s xj+1axk+1]( R,
1sj<i<r
J<k<r

This together with the lemma gives

a* = 2b (n),

c+c = 4a*a-1) (@,
® ) & =2402,1,0)+d30,1,2) (), 3<isr,
®3) d,2,7) = dG, 1,j) (@), 3<ij<n i#],
@) & =240, J, A+d(rsj, D+d(+1, 1, i+ D=dG+1, Lj+1D) (), 1<j<i<rn
(5) di,j,r) = di+1,1,j+0) (@, 1<j<i<r,
(OF & = d(r, j,)+dG, j,N+dG+1,1,1+1) (9,  1sj<i<r,
[0) dG+1,j+1, k+1) = dG,J, K) (@), 1<j<i<r, j<k<r.

We are now going to show that for all r33 these congruences imply the equality
of all d(i,j, k) modulo g. This is done by induction on r.

For r = 3 this is obvious. Suppose it holds for r—1 (rz4). Then consider the
integers d(i, f, r) where 1<j<i<r.

If j>1, then by (7) we bave di—1,j—1,r=0=dG,j, 0 (-

If j= 1, i<r—1, then by (5) we have d(i,1,r) = di+1,1,2) (@

If j= 1, i = r—1, then using (3) and (7) we obtain dor—1,1,n =d@r-2,1,

r=1) (9). ‘
Tt is enough to apply (2) and (4) for r = 3 to get

d3,1,2)=4d(2,1,3) (p),
a® =3d3,1,2) (p)-
Suppose pow that for r—1 (r4). the congruences (2)-(7) imply
A, j» 1) = d(i.J, k) (P)
@ =3d(k,j,1) ()
I i<r—2, then it follows from (4) that
a® = 2d(1, j, ) +dr, 5, 1) ()5
since, in view 61? the ihduction‘hypothesis, we have

d(j+1,1,i+1) = di+1, Lj+1D () -

1gj<i<k<r—1,
1gj<i<k<sr—1.
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But p|3g, and therefore 3d(i,j,r) = 3d(3,1,2) = a® (p). This gives
®) dG,j, 0 = d@.7,0) (), 1<j<isr—2.
It i =r—1, j<r—3, then combining (8) and (4) we get
&= 2d(r~1,j, r)+d(r,j, 7‘—"1) (l)) .
Consequently .
® dp=1,j,n =d(,j,r=1) (p), 1<j<r—3.
The congruence d(r,r—2,r—1)= d(r—1,r—2,r) follows now from the one
above and (4). .
We have thus proved that the integers d(i,/, k) are equalmodulo ¢, and that
3d(i,j, k) = a® (), 1gj<i<ksr,
di,j, k) =dk,j,i) (p), . 1<j<i<k<r.

It follows from the lemma that the igentities

B xp %' x5, X0 = 1, Ij<i<k <y
hold in G. This a,nd‘ the fact that p|3¢ complete the resﬁlt. )
3. Humomorphis;.ms DL Gis a group, fhf;n the mapping 7% §U+ 1 o, g0
defined by ‘ - '
@ W)@ ey Xrir) = WK s Xy, 1)
is a homomorphism. From Theorems 1 and 2 follows “

COROLLARY. If G is a nilpotent group of class <3, then for all rzk the mapping

ot is an isomorphism.

Let us consider the following two examples:

ExaMPLE 1. Let Q be the eight-clement group of quaternions. Since m(Q) = 4,
n(Q) =2, p(Q) = q(Q) = 0, we get from Theorem 2

SO ={Lx,x%2%, D = {1,542, [y, 41, ¥y, «]}
and therefore 83(S(Q)) S‘li(Q). o

ExampLE 2. By Jonsson’s theorem there exists a nilpotent group G of class 3
for which m =18, n = p =9, qg=3.As is easy to. verify; the word w = xy[y, x]
is symmetric in G, while there is in.G no symmetric word of 3 variables which
would be of the form xyz..., because the congruence 34 = 1 (9) does not have
a solution, thus w ¢ 33(S*(G)). ‘ :

These examples show that the assumption >k is indispensable, Theorem 4
:and the corollary deduced from it depend very heavily on Jénsson’s theorem. Since
1t seems that there is nothing like Jénsson’s theorem for a nilpotent group of class
=>4, the following problem requires afother: method,

e ©
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prosieM. Let G be a nilpotent group of class k. Is the mapping &,*' an

isomorphism for every rzk?

In the case of a free nilpotent group, this question is answered in the afirm-
ative in [4].

4. The groups SV(G).

TugoreM 5. If G is a nilpotent group of class <3, then for every r the groups
SUXG) are Abelian. 2 B

Proof. Let G be a nilpotent group of class 2, and wy, w, € SP(G). In view
of Theorem 2 we have

b2 + +a by +ba+araz
WiWy = xmym[y’ x]btxazynz[y, x] 2 o= x™ a;ym, 2[}’, x] 1 .

Since by by ~+ayd, i8 invariant under transposition a; , @, and by, b,, we see that

(2)(G) is Abelian.
the group S$'*(Q) is . ' '
gFor symmetric words wy, Wy of three variables in a nilpotent group G of class 3

we get 4 ,

10)  wywy = x"yzy, A"z Pz, YL, %, 10, %, Y1z, %, 2072, %, 217
1 = > ? 3

Iz, 7, Y%z, y, 21500, %, 211z, %, Y12y, xlz, %121z, y1™

[y, x, x]*[y, x, ¥z, x, x1°[z, X, 2%z, y, ¥}z, y, 210y, x, 2|

[z, x, y|®

= x"te [y, x]
2 2
]51’_4—c;+a;b1+a1a§+§n1nz(n,—1) . [}7, x, Z]d;+dz+a,az+a1a,

N A ) .
Ayt da+2biaztad
[z, %, Y177 .

butbataiss [J’, x, x]c1+cz+b1az+1}a1az(nz"1)

Therefore it is enough to show that D, and D, equal 0 modulo % where‘

Dy = [01+cz+a2b1—l«%alaz(az—-1)]—[cl+cz+a1b2+%a1a2(a1——1)]
= }(azky—ask)n,
' ¢ 2 —
D, = [ci"“ci”]‘blaz"l”ax“%"“%fﬂaz(‘h“1)]‘[01+Cz+a1bz+“1az+%“1‘12(ﬂz n]

= y(ayley—aykea)n .

I the natural number n is odd, then Dy = D, =0 (g), since the number

Y(ayk, —ayky) is an integer and ¢q|n.

It # is cven, then, in view of Theorem 4, a,,a, are
B th :':hgu(lc'cl‘{)‘bc noticed that the form of the product of two symmctri.c words (:)f
two variables in G is the same as (10), provided the commutm('?)rs w.luch Z(Lntlfnn
the variable z are dropped. Thus our discussion shows also that 8(G) is an Abelian
group. The result now follows from the corollary.
4 — Fundamenta Mathematicae XCVII

also even. Hence Dy -
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Remark. There are non-nilpotent groups for which S® is non-Abelian for
some r. For example, one can prove (cf. [3]) that for the normal product of Z,
(p-primé) and Z, we have 8%NZ,2,) = Z,Z,%X Z,.

5. Free nilpotent groups. Using the result of the previous section, one can easily
get a more accurate description of the group S™(G), G being a free nilpotent group,
-~ - THEOREM 6. If G is a free nilpotent group of class 2, then all the groups $“(G)
are cyclic infinite. ‘ :

Proof. From Theorem 2 we deduce that we S)(G) if and only if w is of
the form '

, - w =2y, AT,
for some integers k.- Therefore if we put w, = x%?[y, x]?, then w = w§. The result
now follows from the corollary.

THEOREM 7. Let G be a free nilpotent group of class 3. Then

L. The words uy = x*y*[y, xP[y, x, xI%, u, = [y, x, x][y, x, ™ are the free
generators of the group S(G),
© 20 If r=3, then the words -

vy, = I1 % I bx xj]ls[xi, Xjs 3:71]90 I b, Xps x]™?
: . T 1s<ise

1§i<r 1€j<igr
\ ’ Jj<ksr

Uz = H [xlaxj:xj][xhxjsxi]HI
1<j<isr

are the free generators of the group 8“X(G).
Proof. 1. It follows. from Theorem 3 that éw'/erf‘/‘sylmnetric word of three
variables in G is of the form :
w = By, xPRYy, x, x]Ty, x, yPR-n-e
where k, ¢ are integers.kWe have
= XMy My, xPHy, x, 5]y, x, y PR D=0

for a certain integer p(k). Then w = i ug ™o, Indeed,

ulj‘,ug_l’(k) = xzkyzk[y’ x]Zkz[y’ x, x]P(k)[y: x, y]zkz(zk—l)“P(k)

[y: X, x]c_p(k)[y: X, y]p(k)—'a =W,
Since the exponent & and ¢—p (k) are uniquely determined by the word w, g and u,
are free generators of S®XG), as required.
2. In view of3the Corollary it is sufficient “to consider the case r = 3. By
Theorem 4, weS(A ’(G) if and only if w is of the form
w = x5kyS

o 18K(6k~1)—cr_ N
[z, %, x][z, x, 2] 2,3, )Tz, y, 2] 99k =0ep, AL, x, 72

k6 .
z kb’, x]lBkl[z' x]18h2[z’ y]lﬂkl[y’ x, x]c[y, x, y]ISk’(Gk—-l)—c

- [3] E. Plonka, Symmetric op
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3 k
where k, ¢ are integers. If ¢ (k) is the exponent at [y, %, x] in the reduced form of vy3,
then, as is easy to verify,

w= v’]‘.3v;;q(‘k) >

and the theorem follows.
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