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Abelian ergodic theorems for
contraction semigroups

by -
S. A. MecGRATH (Annapolis, Md.)

Abstract. Let (X, X, u) be a o-finite measure space and Ly (u) = Ly(X, Z, u),
1< p< o, the usual Banach spaces. Let {T(f): ¢> 0} be a strongly continuous
semigroup of Ly(u) contractions for some 1< p< oco. Let Bz be the resolvent of
{T®}. If p> 1 and {T(f)} is a positive semigroup we show that lim AR;f(») = f(x)

A>c0

a.e. for feLp(u). In case p =1, we show ARaf(w) - f(x) a.e. for feLy(u) for an
arbitrary semigroup of I, (u) contractions.

Introduction. Let (X, X, u) be a o-finite measure space and L,(z)
= L,(X, 2, u), 1 <p < oo, the usual Banach space of complex-valued
functions. Let {T'(¢): ¢t > 0} be a strongly continuous semigroup of ZL,(u)
contractions for some 1 < p < co. This means that (i) {T(¥)l, <1, 1> 0;
(i) T(s+1) = T(s)T (), s,t = 0; (di) |T(s)f—T(t)fll =0 as s =1 for any
FeLp(p). To simplify the notation we assume T'(0) = I; all results obtained
hold with appropriate modification if T(0) # I.

For 2> 0, set

Ryf(w) = [ T (1)f(w)d
0
for feL,(u). In case p> 1 we show that
() lim AR;f(x) = f(») a.e.
200

for fely,(u) and {T()} a semigroup of positive Ly, (u) contractions. This
means: 0 < feLy(p) = T(t)f>0for 12 0. If p =1 we establish («) for
an arbitrary strongly continuous semigroup of L,(u) contractions. This
result extends a theorem in [2], p- 178. We remark that topological ergodic
theorems for Abel means of operator semigroups have been studied in
[51, [6], [10]. The question of pointwise convergence for Abel means has
been considered in [2], [4], [9] In [8] the author showed that for p > 1
and {T(f)} a semigroup of positive I,(x) contractions

IF*1 < (p/p —DIfI,
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where f* = sup |AR,f(#)|. This estimate was obtained by use of a dilation
>0

theorem appearing in [1]. The author used this estimate to show that
Hn}FAle(w) exists and is finite a.e. for fe L, (u).
A0

Before proceeding further we will clarify the definition of R;f(s)
By Theorem IIT. 11.17 in [3], given fe.L,(u) there exists a scalar funcuon
T(t)f(x), measurable with respect to the u%ual product measure on
[0, oo) x X, such that (i) for a.e. #, T(£)}f(-) = T'(t)f and ( ii) there exists

a u-null et B (f), independent of 4, such that » ¢ B ( f) implies f e“"‘T( ) (@)dt,
as o function of @, is in the equivalence class of f M (¢ f(lt The scalar
representation T'({)f(x) is umquely determined up to a set of product
fe““T (O)f(»)dt, we see that R,f(z

is in the equivalence class of RJ f e~ T () fai for every A > 0. This

justifies the definition of R,f(z). VVe note that for w¢#(f), R,f(»
2 continuous function of 4> 0.

Preliminary results.

1. LEMMA. Let {T(t)} be a strongly continuous semigroup of L (u)
contractions for some 1K p < co. Set M = {AR;f: 0 <1< o0, fely,(u)}
Then # is dense in Ly(u) and lino AR, f(2) = f(x) a.e. for any fedt.

00

measure zero. Defining E,f(»

Proof. .4 is dense in IL,(u) since AR,f —f in norm ([5], p. 321).
We now show that () holds for functions in .
By the resolvent equation, we have

A
MBanR,f =~ (Baf Ry

Since |R,f(x)| < oo for a.e. #, we have R,f(w) >0 a.e. as i - oo
by the Lebesgue dominated convergence theorem ([3], ILL 6.16).
X
Thus ﬂjl Rif(x) >0 as A-— oo, So for fixed x>0, we have
ii_ztARmR,,f(w)= 7R, f(x) a.e. for any feL,(u). m

‘The following lemma is used in proving (*) when p = 1. Before
stating it we introduce some notation. By Theorem 1 in [7] given a semi-
group {T'(t)} of L,(u) contractions there exists a semigroup {I()) oL
positive Ly (u) contractions such that Z'(¢) |f| = |T(#)f] a.e. for any fel,(u
and 1> 0. We set S(¢) = e?T(t), t>=0.

2. LemMA. Let {T'(1)} be a strongly continuous semigroup of IL,(u)

contractions. For fized 0 < geLy(u) set h = | 8(t)gat and define o measure
0
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m by m(A) = [ hdu, AeZ. Define P(t) on Ly(X, Z,m) by
Py

POf = [S@)(FR)1/h.
Then {P (1)} is a strongly continuous semigroup of L, (X, 2, m) contractions
such that ||P()flle < Iflleo for feLig(X, Zy m).

Proof. We note that hel(x) and &> 0 a.e. on X sinee §(0) =I
and {§(#)} is positive and strongly continuous; hence P(#)f(z) is finite
a.e. Henceforth denote L, (X, X, m) by L,(m), 1< p < oo. Clearly, {P(2)}
is a semigroup since {§(?)} is. To see that [P(#)|l; <1 pick feL,(m). Then

[1P@fiam = [18() fhldu [iftdu = [ 1fidm.
Since [|P(r)f—P@)fll = IS(r)(fR)— S®{fh) for feL,(m), we see that
{P(¥)} is strongly continuous since {S(t} is. We have
Syn = fS( ygdr < fS'r)g(Z'r = h.
i
Hence [S#)(R)I/A<1 ae. From the positivity of §(z) it follows that
I8 (®) (1) [Mlleo < Ifllo for feLoo(m). Hence

I () fll.»\llﬁ’(t VAR Pl < iflloo- ™
Main results.
3. TEeOREM. Let {T'(1): 1> 0} be a strongly continuous semigroup of
positive Ly, (u) contractions for some 1 < p < oo.Then lim /IRJ ) = f(2) a.e.
for every feL,(u)

Proof. We have hm AR, f(z) f(m) for fes# and A iz dense in L, (u).

Also f* < +oo ae. smce I < (pfp —1) Ifi for any feLy(u) (see [8]).

Employing Banach’s convergence theorem ([3], TV. 11.3), we conclude

that lim AR,f(x) exists and is finite a.e. assuming A—oco through some
A—>o0

countable subset of (0, oo), say the set of positive rationals. Since AR,f(x)
depends continuously on A for a.e. ®#, we have lim AR,f(z) exists and is
A0

) —f in norm, we have lim AR,f(x) = f(z) a.e. m

A0
i 0} be a strongly continuous semigroup of
a.e. for feL ()

finite a.e. Since AR,f(%

4. TueoreM. Let {T'(t):
L, (u) contractions. Then lim AR,f(2) = f(«)
A-+00

Proof. By our Lemma 2 and Theorem 1 in [9], we have for ¢ >0
and feL,(m)
m{B(a)) < (1/a) f Ifldm,

E(a)
sup[lfe““P )fdt] and E(a) = {f* > a}. Hence f* < oo a.e.

on X. Applylng Banach’s convergence theorem again we get

where f*
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tn | P (Of (@)t = f(0)
A0 g

a.e. for feL,(m). We note that fel,(u) implies f/heL,(m). Also

f e~ P (1) (fh)dt ﬂ{ f e*8(4) f(m)dt}/h(m) ae

and fwe""S(t) f(@)dt = By, f(w). Thus
lim AR, (2) = m(3-+1) By () = (o) i (1+1) fe""P VF /) d
20
) {f(@)/h(2)} = f(x) 2e. w

Added in proof: Theorems 3 and 4 hold for pseudo-regolvents. The author has
learned that an indicect proof of Theorem 4 for pseudo-resolvents was published
in 1974 by C. Kipnis. The technique used in proving Theorem 4 may be adapted
to obtain a direct proof of Kipnis’ result.
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Corrigendum and addendum to the paper
“In general, Bernoulli convolutions have independent powers”

Studia Math. 47 (1973), pp. 141-152
by
GAVIN BROWN and WILLIAM MORAN (Liverpool)
Abstract. In this paper we point out an error in our earlier paper with this

title and prove that with a slight modification of the definitions the results remain
true. Explicitly, we show that for virtually all (in the sense of Baire category)

sequences (z,)el? the infinite convolution

v(®) = *1%(5(—$")+ ()

has the property that the o (L*®(»), I! (v)) closure of {¢": n.cZ} contains all constants’
in [~1,1] , M

1. Corrigendum. We are indebted to Professor 8. Saeki for pointing
out to us that Remark 4 on p. 142 of [1] is false. In addition, we have
subsequently found an error in the proof of the main theorem of [1].
The error arises in the final paragraph of the proof of Lemma 4 because
the sets M;'U; are not mecessarily open in the relative topology of B.
Nevertheless the main theorem of [1] remains true as stated and an
appropriate variant of Remark 4 is obtained when, for example, the set
F is replaced by the set F' defined by

F=km:§m<&b

>0 (n=1,2,3, ...)},
n=1
where £ is any irrational number in [0, 1].

Since generalizations of the theorems stated in [1] will appear with
full proofs in the forthcoming paper of Lin and Saeki [2], we refrain
from giving the details of the corrections needed in our original arguments.
Instead we wish to state and prove a variant of the main theorem of [1]
which admits a simple direct proof and which yields a more natural
interpretation of the title result of that paper.

2. Addendum. For any sequence (#,)>_, of real numbers consider the
(formal) Bernoulli convolution

n=1

1) ‘ v(@) =
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