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The full characterization of measures attracted by non-Gaussian
stable distributions in a separable real Hilbert space can be found in
papers [3] and [5]. In [5] the problem is investigated for full stable meas-
ures. However, a weaker assumption, namely the assumption of in-
finite dimension of the stable measure, enables a simpler description of
its domain of attraction. The aim of this paper is to prove the above fact.

Let H be an infinite-dimensional, separable, real Hilbert space and
let B(H) be the family of Borel subsets of H. Denote by I the set of all
probability distributions in H with the weak convergence topology.

The least set closed in H such that the measure of its complement
equals zero is said to be the support of the finite measure u defined on
B(H). The dimension of the closed linear hull of the support of u is called
the dimension of u.

The distribution concentrated at a point # € H will be denoted by
0, and the n-th convolution power of the distribution p by p™°.

The symbol T,p, where a > 0 and p € M, will stand for the following
distribution:

T,p(A) =p{xrecH:arec A} for every A e B(H).

A distribution g € M is said to be stable if for any positive numbers
a and b there exist both a positive number ¢ and an element » € H such
that

-TaQ*qu = TCQ*a:c'

It can be shown that a distribution is stable if and only if it is the
limit distribution for a sequence of distributions of the form Ta" P 6,",
where a, > 0, z, € H, and p ¢ M (ef. [2]).

The set of all distributions p € M for which there exist sequences
{a,} and {z,} such that the sequence of distributions T, p™ %9, is weakly
convergent to a stable distribution ¢ is called the domain of attraction of
the distribution q.
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In [2] it has been shown that the distribution ¢ is & stable measure
in H if and only if

(a) ¢ is & Gaussian distribution in H, or

(b) the characteristic functional of ¢ is of the form

N _ . i@y) 1 _ 'i(mry)] l
q(y) exp {"’ (w07 y) + H—‘!;} [6 i 1 1 + ”$“2 M(dw)j ?

where 2, € H, and M is a o-finite measure in H which is finite on the
complement of every neighbourhood of zero in H and satisfies the following
conditions:

(1) [l M (dar) < + o0

llell<1

and there exists a A € (0, 2) such that
(2) T,M = a*M for every a > 0.

The number A is called the type of the non-Gaussian stable distribution q.

LEMMA. A non-Gaussian stable distribution q is infinite dimensional
if and only if its corresponding measure M satisfies

(3) M{zeH:|nyxz|>=1}> 0 for any natural N,
00
where myx = D (x, ¢,)e; and {e;} is a basis in H.
=N

Proof. We may assume that z, = 0 in (b). Suppose that, for some
natural N,,

M{zeH: |zye|>1} = 0.

By (2), M{z e H: |ny@l > ¢} = 0 for every 6> 0, i.e. g(nyy) =1
for every y € H. Hence

g{we H: (x,nyy) =0} =1 for every yeH,
and since H is separable, we have
g{zeH:nyz =06} =1,

that is, the dimension of ¢ is less than or equal to N,—1.
Let us assign to a distribution p € I satisfying

(4) [ lwlp (dz) = + o0
H

a family of measures My defined on B(H) by

p{XB}

®) Ux(B) = B wl>X)

for every B e B(H).




DISTRIBUTION IN A HILBERT SPACE, II 143

Let M* stand for a measure M reduced to the set {v € H: || > ¢}.

THEOREM 1. A distribution p € I lies in the allraction domain of

some infinite-dimensional stable disiribution of the type 4 € (0, 2) if and only if
x e H: =X

(1) lim p{x e H: |z|| > X}

X-t+e0 P{x € H: ||| > kX}

(IT) for any ¢ > 0, measures (Mx)® are, as X -+ oo, weakly convergent
to M*, where M is & measure in H satisfying (3).

= Kk* for every k>0,

Proof. Note that (I) implies (4) and thus measures M x can be defined.
Conditions (I) and (II) are necessary by the Theorem in [3] and by the
Lemma.

Suppose now that (I) and (II) are satisfied. It is proved in [3] that
M has property (2). It also has property (1). Indeed, (I) implies (cf. [6],
p. 167)

J_lalip (da) )
(6) . llell<X

Xoto Xipwe H: 0> X}  2—4
Therefore, by (II), (5), and (6),

[ leltp(@)

2 - N sX<lizll<X
) = e Tplo e B I > X) ~ 23

e<|irl<<1

for any ¢> 0.
We prove condition (iii) of the Theorem in [3]. The condition may
be written in the form

| llmy @lp (de)

(iii) lim lim J=sX =0.
N->00 X—>+00 f ll|* p (de)
llzl<X

Consider the set By = {# € H: |zyx| > 1}. By (2), By is the contin-
uity set of M. Thus
H: >
) lim My (By) — lim 22 H: Inyal> X}
X+too x>+ P{@ e H: ||| > X}
Then, by (I) and (7), we have
p{reH: |nyz| > X} — %
x-+aP{® e H: |nyx|| > X}

— M(By) > 0.

(8)

for any ¥ > 0 and any natural N. Condition (8) obviously implies
[ lleyal®p (dx)
. lle il < X A
(9) lim = .
x>t Xp{r e H: |nya]| > X} 2—2
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Condition (iii) follows now from (6), (9), (7), and from the fact that
lim M(By) = 0.
N-oo

4
Therefore, it suffices to apply the Theorem in [3].
The characteristic functional of the stable measure of the type 1 € (0, 2)
in H may be rewritten in the form

®) i) =opfiean+ [ f [oen 21— 2D ]2 s,

where 2, e H,S ={xeH: |z| =1}, and I' is a finite Borel measure
in S (see [4]).
Define a measure y on the positive half-line as follows:

d
(10) y(A4) = fr—l% for any A e B(R,)

A

If M is a measure in H corresponding to the stable distribution ¢
according to (b) and I' is a measure in S associated with the form (b,)
of the distribution ¢, then

(1) M(4) =yx Pfir, o) = ol o = oy 0 < 4]

"nn
for every A e B(H).

This follows from the fact that the least ¢-field containing all sets
of the form

{w €eH:|r|eB, — € W} where BeB(R,), W e B(8),

contains B(H).
By (11) we have

(o]

1) 1
M{zeH: |rnyal|> 1} =f I’{s el: IInN81|>7};m'd’"

1
and thus the following condition is equivalent to (3):

(3,) for any natural N there exists a number ¢ € (0,1) such that
I'{se8: ||ny8||=>¢} > 0.

Let us assign to a distribution p € M satisfying (4) the family of
measures I'y defined on B(S) by
—2 p{reH: |lz| > X, /||| € W}

for every W e B(8S).
p{o e H: ol > X} v )

(12)  I'x(W)
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We shall characterize distributions attracted by the infinite-dimen-
sional stable distribution of the type 1 € (0, 2) in terms of the measures I'y.

THEOREM 2. The distribution p € M lies in the attraction domain of
some infinite-dimensional stable distribution of the type 1 € (0, 2) if and only
if condition (I) of Theorem 1 is satisfied and, moreover, »

(II,) the measures I'y are, as X —+ oo, weakly convergent to a finite
measure I' in 8 satisfying condition (3,).

Proof. By (5) and (12) we have

p{reH: |z| > rX}
p{reH: |z|| > X}

1
(13) My {w cH: lw|>r, W% e W} =5 Lx(W)
for every set W € B(S). Putting » = 1 in (13) and applying Theorem 1 we
show the necessity of the conditions.

To prove the sufficiency we shall show that condition (II) of Theo-
rem 1 with the limit measure M defined by (11) is satisfied. Let ¢ > 0. Rela-
tion (13) implies
(14) lim (Mx)*(4) = M*(4)

X—+400
for any set

A ={xeH:|z|eB, /|| c W},
where Be B(R,), W e B(8), and W is the continuity set of I

Thus, to prove (II) we shall show weak compactness of the (M x)°.
Consider the measures on the plane defined as follows:

Qn,x(B) = Mx{w e H: |lz|| > e, [lel, %I] eB} for any B ¢ B(R%),
. . o N ol 9
Qn(B) = Mz e H: |z|| > & | |z, W €B for any B € B(R%).

By (14) we have
(15) lim @y, x(B) = Qx(B)

X—+400

for any set B = B, X B,, where B,, B,c B(R,), and {s € 8: ||nys| € By}
is the continuity set of I Hence (15) is satisfied for every B e B(R%)
provided that it is the continuity set of measure Q%. Replace in (15)
the set B by the set {(u,v) € R’ :%-v>1} and let ¢ € (0,1). We get

lim My{re H: |nyx|>1} = M{r e H:|nyz|=>1}.
X—+00

‘Therefore, using (3,) we obtain the condition identical with (7), i.e.
lim p{reH: |nyz| > X}
X400 Pp{xeH: || > X}

= M{zeH: |nyz|=>1} > 0.

10 — Colloquium Mathematicum XXXVIII.1



146 M. KLOSOWSKA

Similarly as in the proof of Theorem 1, condition (7) implies (iii)
of Theorem in [3].

To show now that the measures (M y)° are weakly compact for any
e > 0 it suffices to use the conditions for weak compactness of measures
in H given, for example, in [1], p. 448. Those conditions can be derived
from (I) and (iii).
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