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ACTA ARITHMETICA
XXXIV (1978)

On the fractional parts of cubie forms
by

R. J. Coox (Shelfield)

1. Introduction. In 1948 Heilbronn [10] proved that for Pvely e> 0
and N = 1 and every real § there is an integer » such that

(.1 <N and [82°)< O(g) N7HHe,

where /() depends only on e and Jaf is the difference hetween a and
the nearest integer, taken positively. The result is wniform in 6 and so
‘meulogous to Dirichlet’s theorem for the fractional parts of nf. Danieic [4]

obtained # similar result for the fractional parts of #* #, where k is a posi-

tive inbeger, the proof is more readily accessible in [9%.
Danicie [5] has shown thatif ¢ > 0, N > 1 and @ {#) is 2 real quadratic

form in » variables then there exists an integer vector = = (2, ..., z,)

such that 0< jx) < N, where lx! = max|x], and
1.2y Q@) < QN —sn e

where € depends only on u and e In particular, we observe thit the
GYI)()ILEIH? of & in (1.2) tends to —1 as # — co. Danicie also obtained
results for simultaneous approximations to twe guadratie forms [6].

Davenport [8] proved that a oubie form with rational coefficients
represents zero non-trivially provided that the form containg at least 16
variables; an -expository aceount of a sjmilar resuls for cuhie forms in
17 variables is contained in [7]. Pitman [13] proved that a real cubie
form in sufficiently many variables takes small values; the method used
depends on showing that a real cubic form in sufficiently many varigbles
represents a cnbic form which is almost an additive cubie form and then
using the corresponding result for additive forms. We shall use -similax
methods to obtain results for cubic forms analogous to the resultx for
guadratic forms obtained by Danicie [5], [6].

The distribution (moed 1) of one additive form was considered in.[3].

THEOREM 1. For every >0, N =1 and additive form

fley = 82§ +... + 8,07,



62 R. J. Cook

. . - T To-1 . ot . o
of degree I =2, in s variables, where 1 < 8 < K = 277, there ewist integers

Lyy ey Ly, 10t all zero, such that

(1.3) (@< O(s, B)F 55+

maxiz| <N and
T

where C(e, &) depends on s and k only.
In particular, when & =3 and s =4 there are integers »,..., 5,
not all zero, with
. (1.4) .8, w2‘< 0(8)N~1+s
Lin ([11], [12]) obtained results for simultaneous approximations to
several additive forms but some of his results have recently been improved
wpen by Baker and Gajraj {1]. .

THEOREM 2 (Baker, Ga‘]raj], Lin}. Let

Zﬂu ‘B

be additive forms in s 'varmbles_. For eny N > 1 and s> 0 there are iniegers
Byy --ey Ty NOL all zervo, such That

(15) max|f, ()i < ON Vot

16,2 +..

max 2 < < N and

i=1,..., R,

where C.= Cle, k, R,s) and, writing K for 2%,

2K +1 if R=28=2,
(L6) g(k, R,s) =128 -1 if k=2 R22 s=1,

SR2SE kL) -1 if k=8, Rz2,s8=1.

Liun proved this result when B =2 and s = 1, the remaining cases
are due to Baker and Gajraj. In particular we zee that ¢(3,2,2) =9.

We apply these resulis for additive forms to obtain results for genel al
cnbic forms,

THEOREM 3. Let C{x) be a real cubic form . n fmrwbles Byyovey Ly
For any > G and N > 1 there exist iniegers x,, ..., 2, not all zero, such
that '
(1.7

ELEDS i%f%N Cand  [Cl@)] < AN Yelmde
i

where A depends only on n and & and p(n) is defined by

4 ' for: w111,
_ 17/8 ' for 112172,
(1.8) ofw) = 2+7([(2ﬂ)1i3j—2j"1 for 173K n< 2:127,
43 B ([(/2)V]—2)7  for . 2-127n< 3%-2%,
14-47(3 B )15t for w3 -2"“,

where [a] denotes the integer part of a

icm
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In particular, as # —» =

1— 3t ~ 4+ 388y LS

1.9
(-4 o{n)

THROREM 4. For any ¢ > 0, N > 1 and any tuwo real cubic forms O (x),
C*e) in % variables there exist inlegers xy, ..., x,, not all zero, such that

(1L.10)  maxizl <N and  max{ICM @)}, |7 (@)) < ANV
i . ;

where 4 depends only on n and & and n(n) is defined by

< 4113,
= 4-11%

12413 for

{1.11) 9+ 28/([(n/4)7]~ 2] for

o |

In particular, as » + «
11 (28

1.12 e
(1.12) 31

)_Lm w1,

The ideas used in proving Theorems 3 and 4 can also be used to
deduce results for B = 2 eubie forms from the corresponding result for R
additive cubic forms, and since it requires little extra work we include
details of this in Section 5. However, at present the resnlts known for
simultaneous approximations to E > 2 addifive forms in s variables are
no better tham the results obtained when ¢ = 1. We use Vinogradov’s
<-notation where the implicit constants depend on #, B and =.

T am indebted to the referee for many useful Gom:me:uts on the original
draft of this paper. -

2. Reduction te almost diagonal form Let C“(w), .

O%(x) be eubic '
forms in » variables, say : .

k3

Cx) = 2 Zn: jyﬁ-ﬁmim,-mk ' for

i=1 jJ==1 k=1

l=1,...,R

where the real coefficients yi, are symmetrical in the three suffices.
With the aubic forms Cf(x) we associate trilinear formns

D) > zy,,,xy,zk for
i=1 j=1 k=1

Levwma 1, Let L, ...,L, be t real linear forms in z,,

y yu

=

"'359“7 Swy "

Jor  i=1,...,1
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Then for any P > 1 there exist integers i, ..., &, not all zero, such thai

{2.3) jl = P for §=1,.0,m,

and

4 L) <P~™  for i=1,...,1

This is Theorem VI of Chapter 1 of Cassels [2].

¥ a={a,...,a,) then we write |a| for max|a;]. I m < n-lot V()
denote the subspace of R™ conelsting of those vecfors @ for which a; = 0
for m << i << n. For any integer s > 1 we choose non-zero integral veetors
&, ...,a° ¢ R" and .put

2.5 , X o= U U _

Then for | =1,..., R

8 & £
o Ay ol 7
(2.6) Cx)y = S ) Z/h,jk%iuj wy, = D'(u)
oy R g I v |

say, where the caefhmeni;s A,,k are symmetrical in the three suffices and
are given by

My = T'd', o/, a").

Yt - ’ i

(2.7) : WAy > My Dy T gy 0,

then we shall choose @', ..., 6° in furn such that a’eV{n,), |T'(a, o', @’)]
ig.small for § >4 and 7", y, )1 is small for all suitably bounded y
and z in V(n,,). Then [T*(a’, &, a®)i s small whenever ,j and k are
not all equal and so the nen-diagonal terms of D'(u) are nearly integers,
The result obtained by this procedure is given in the following lemma
which is based on Lemma 2 of Pitwan [13].

TEMA 2. Let P> L Z> 1 and ny, ..., ngy, be infegers salisfying (2.7).
We put i : I :
% B
(28) ey == - - ! —
COR{GD) F im0
forj=1,...,8 If A '
2.9) e Z42 for § =l 8—1, 4,

,-’ a such thai

a'sVn) for

then there erist non-zero integral vectors o, ..
{2.10) /<P and j=1,..,%8
cand if 4, and k are not oll equal then '

@.11) - iTe, &, @) <P o =1,...,R.

“for i =1,.
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Proof. In order to choose &' we see that if > 1, 5> 1 and @ <P
fori=1,...,sthen forI=1,...,R

el 71
—

4 Na aty

R
S‘yﬂqraj; &y r [\ 5‘; 2” S‘?;gqra’p iP—
=1

”]‘Jfl q l rest ,;:! r=1

T (e, o, a')ii =

since T (ny) and ¥(n,) are hoth contained in V{a,). Thus it is sufficient
0 choose a! safisfying (2.10) and

»

-

© i T —Z-—
(2.12) | Ey,,,,al, <P
. u=1I
forl =1,..., Fand 1< ¢q, v n,. This is 8 set of ab most Lna{n, +1) R
distinet line'w: inequalifies i #; variables, and
Hq Z42
1ty = e 2,
T it R

Therefore, by Lemma 1, we can choose a Nnon-zero infiegral vector a!
which satisfies (2. 10) a.nd (2.12),

When @, ..., @ have been chosen we use Lemma 1 o (’hnuae
& DON-ZET0 in‘regml vector @’ satisfying (2.10) and such that for 1 == 1, ..., R,
’ I’IJ'
P H i Tt - n
(2.13) b Y ] ,5’ ‘P or 1sq vy,
. b=l
-and _ . (
(2.14) T, A, e < PE for 1 i<,

Rince at most
_ R{j—-1)+ T (50 1)}
of these inequalities are distinet and '
' ' 7l
R{G-1)+ lf";-ﬁ-z\" w10} .

it follows from Lenmma 1 that we can choose of satisfying (2.10), (2.13)
and (2.14). Then for any y, #in V(n,;,,) with lyi < P and |2] < P we have

By = =442

“:f "3+1 i iyl M1 W
i pgd i <Rip-E
e, y, =) !; 2 Zypqrapygz 2 l Z?’pgra’ l ”’jP -
‘ © =l g1 g=1" r=1

When a', ..., a*? have been chosen we can ehoose a° which satisties
{2.10) and which also satisfies the R{s—1) linear inequalities

”Tl (air ai-r a's) h=< < PZ

vy s—1, =1, > Z. Then al, .
requiredl properties.

R sinee p, > ., & have the
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3. Proof of Theorem 3. We now take R =1 and s =4 I[‘wmg
reduced C'{x} fo a form

4 4 4
Diu) = 2 2 Zlﬁku_iujuk

i=1 j=1 k=1

{3.1)

whose off-diagonal coefficients are mearly integers, we apply Theorem 1
to the additive form

(3.2) Do) = Ay i 4+ Ay sy
For any U>1, >0 there exist mtegers Uy, - .-y Uy, DOL &ll zero, sueh
that . ‘
(33) maxju] < T and  [Dy(u)] < U
1' .

From Lemma 2 we have

(34

1D (u) —Dy(w)]] < rip—#
go that the sobstitution
(3.3) * = u ot ... F
grves ] 5 40P and ‘
(3.6) 1)) = [Diw)] < T+ TP2 _
We choose U and P so that 4UP = N and U™' = 0P, that is -
(8.7) U = (1\_?/4)21(““ andl P = (N]/4pHE+Y,
If a',...,a* are linearly independent we have
(3.8) 0< i< N and [O(x)] < N-HE+
H a'y ..., 0 ave linearly dependent _theﬁ for some j
(3.9) et oy =0
where al,...,a’"! are Iine@ﬂy independent and a,..., q; are integers.
Then - '
e .. B e =af
Whefe B = —ualu;. Applying Cramer’s rule 0 a snitable subsek of j—1
of these equations in py,..., f;_, Wwe have
B, =04 for di=1,...,5—1

where A i3 the determinant of a non-singular (j—1)x (j—1) integral
matrix with components of absgolute value at most P so

1< AL (1P
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and, similarly, for ¢ =1,...,j—1
4; <« P' and so B, < PN

Hence we can take o; = A < {j —1)P! and then
@ = —pia; <PUY - for 4§ =1,

Bince |[nd] <

U B
[#10]] when n is an integer we have

i-1

(3.10)  [Clyal = 1T(gd, 0, wa)) = || 3 (—a)T(a, o, ) |
i=1 :

g pHi-ip-7 g p-¥
provided that Z = 16. Then, as Z 3 16,
(j=1)P1.P < 3Pt < V.
For Z = 4 the inequalities (2.9) will be satisfied if

(3.11) §=1,2,3
gince we then have w;,, > max(12,%Z) for j =1,2,3 é.nd 80
%;+1(1=Z—1—2) l-w,HIZ—!-%-+1 (o + 40y, +6)

= 30 Bty By A1) 2 (B0 4+ B) = B (g, F1)(Z+2) B2
> (g, (2 2)+(Z24-2) (1)

From (3.11) we deduce that # 3> n, = 3°2%. Therefore if 73> > 3929 we
take Z = [(37n)/"*], where [«] denotes the integer part of #; and choose
7, 0y, By aDd %, to be defined by

ny, =32 and

« NPT+ o N-2NET3)
Jas | <

w34 and oy nHlZ for

TR /-

ny=ng, % for  j=1,2,3.
If n < 3%2% we take ¢ == 3 and apply Theorem 1 to
Ay 43+ Anag 43 + Ay 43

In place of (3.5) we use the substitution

(3.12) DX = 1 O @ U

o ohtain

(3.13) l0@)] < U+ 1032,

Taking . '

(3.14) T = (N3)IH0FHIS)  and P = (IV[3)I0E1)
e have _ -

(3.15) 3UP =N ‘and U~ = %P2
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If a',a® and @ arve linearly indopendent then
(3.16) 0< el <N and |C(x)] < N 3HEETETe

If ¢, & and &® are linearly dependent then, in place of (3.10) we see fhat
for some j there is an integer «; such that jo;of| < 2P° < N and

HO0{a )] < Po77 ¢ No80ea)
provided that Z = 10. Thé inequalities (2.9) will be satisfied i

ng =22, By =32(Z+Lf

and
ry 22 +2)[(Z4-1P(2(% +1)° +1)}f2(z+1)6(2+2) +(Z+1P(Z +2)

80 we take n, = 2(Z 4-2)" where Z is an integer, Z > 10. Thus for # > 2-12°
we can take Z = [(n/2)°]—2 and find an integral vector x satisfving
(3.18).

If < 2-12° we tnke 5 = 2,

(3.17) T = (N [2)2e2=)

aad P
The substitution ® = w,a'+u,a® gives an infegral vector
(3.18) 1) < N-HeaDte,

If a' and o are linearly dependent then, as at = 0, in place of (3.10)
W obtam

= (N/g')?l(EZH)_

x satisiving
<N and

lag8?] < _P°< N provided that X = 7/2,
and '

??G(agaﬁ)ﬂ <P*“z < N—DWEE+T) <N—ZI(EZ+7)
provided that Z > 14/3. The inequalibies (2.

Zz 3 hecome
he = Z  and

ny = AZ+2) (L + 30, (ny-+1))

If 2-127 >0 2 173 we take 1, = Z = [(20)*]1—2 = 3 to obiain an
mbegral vector & sabisfying

=
=

(3.19) 0<!el <X and (C{x)]| < N 20OZH05s,

IT 172 2o 112 we take n, = Z — 5 to obtain an mtegui vector e
satisfying

(3_20) 0 < ;]3] N amnd n' O'(x)i <_N'—5f17+a

If n< 111 we consider the se{,tlon C(®,, 0) and apply a result of
Danicie [4] to obtain an integral véetor @ satisfying

{3.21) 0< || <N and 10 (@) < N-Yere,

which completes the proof of Theorem 3.

icm

We chooge U and P so that 2UP = N and UP% =

(4.8) < j#/<N and
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Tt is possible to make some improvement in this rvesult when # is

large. IT my, ..., 9, ave all sufficiently large and.@ > 0 then the imequali-
ties (2.9) will he satisfied if

(8.22) my= 37 . and i ((1be)ninZ  for
50 fhat
1 8 15
oy 2 ((1-1—'?9)) Z7

Thtrufolc, tor all sufficienfly large », we mw take o(n) to satisty
(3.23) —Lfo(n) = 1441 +)(3

where p i3 an arbitrary posibive congbant and the formula is valid for
> 9y ().

—8 21’7.’1) —1{15

4. Proof of Theorem 4. We take R =2 and s = 2. We reduce Qi(fc),
I=1,2, o forms

4m

(4.1) - Di(u) = /"-jkuz--u}-u,_.

-

J=1-

>

b

[]
-

Li

%

P
—

whose off-diagonal coefficients are nearly integers. We apply Theoren 2,
with & =3, B = ¢ =8, to the additive forms
(4.2) DPi{uw) = }111ﬂ1+1n011&2, I =1,2,

Tor any ¢ > 0, U > 1 there exist infegers 4, and u,, not bhoth zero, such

that

(4.3) maxfu] < U and maxiDi(u)] < U“’”“.
) 4 H _

FromJLemma 2 we have

{$.4) 1DYu)—-Diw)i < TP~ for 1 =12,
so that the substitution

' (4.5} ®r = ulal}uzaa

gives @ < 2UP and, for I=1,2,

(4.6) @)l = D)) < U TP

U"’9 that is

(4-7) U= and: P = (Nj9)23f9(3+"8f9)
I @' and a@® are linearly independent we have '

max |[(F(a)]} < N —HOTME +e,
1

(N‘/‘?)ZI(Z+2B,f9)
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. If &' and of are linearly dependent then there is an integer a, < P
such that |g,e% < P?<C N and for 1=1,2
iCﬂ(a a?)|l ]U.q( al)T((l- a’ , @ )” < P d< N-B(-ﬁ.—Z][(D/»]—”a) Z N—ljg

for Z = 5. The ineguadities (2.9) will be sabisfied i =, 2Z and

1> (Z +2ny(ne-+1). For n > 4-11° we take

Lo

e Z  and

2

Z = (/&)1 -2 29,

s0 that 9-+-28/7 < 12+1/3, and we obtain a non-zero integral vector

- satisfying (4.8). If » < 4-11° then Theorem 4 follows from the case s =1

of Theorem 2.
5. The case of B > 2
of the following form:

PrOPOSITION. For any &> 0, U > 1 and rmy R additive cubic forms
fi{u) in s =2 variables there exists am integral vector uw such that °

cabic forms. Suppose that we have a resulf

(5.1) 0< << U, maxifi{u)]<Cz, R,s)U """
‘ i3 ' )

where ¢ = (R, s) satisfies 0 << o<1,

Given £ cubie forms (*(x) In n variables, where n» is so large that
we ean choose infegers n,, ..., n, satisfying (2.7), (2.8) and (2.9}, then
we can choose integral vectors a', ..., &® 30 that the substitution

{5.2) o=ua ... tuat
= D'(u) for I =1, ..., B where
(5.3) IDu)—DL(w)i < U°P~%  for

gives C'(a)
1= 1, cens R,

and Dj(u) is the additive form corresponding to D'{w). Applying the
hypothesis we obfain an integral vector w such that

(5.4) L 0< < T, max|Diw) < U
l .
" Then |@{ < sUP and o
(5.5 max [|("(x)f < U4 UP4
] - H .
We take
(56) 7= (A“rfs)Zf(Z+s+3) and, P o= _(N"]S)(s+3},i(z+u+3)
B0 that
(BT mI< N and max| o*’(m) ¢ N ol oz~ e

icm
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If @, ..., ave linearly independent this provides a suitable integral
vector @. If @', ..., a® are linearly dependent then an argument similar
to that in § 3 shows that for some o there is an integer «; such that for
i=1,..,R

(5.8) 10" (gya?)| < PUNPE ¢ PRZ ¢ N7,
provided that
(5.9) _ Z > 48+ o+ (ot +480)[B = 7, 8ay,

and |o;0’] < sP* < N, which will be satisfied when Z > (s~1)(c+3) and
this lagt condition is weaker than {5.%). ' :

THEOREM 5. Suppese that the proposition holds for some o. If Z satisfies
(0.9) and there ewist integers ny, ..., 0, satisfying

(5.10) n, R{(g —1)+in +1{9 i HZ+2Y for j=1,...,8-1
and '
(5.11) . w,=RE-1)Z

then for any &> 0, N> 1 and R cubic forms C'{x) in n>n, variables
theve exists o non-zero integral veclor ® salisfying ‘

(5.12) max|zl<in and ~maxC'(m)j] < N
1{17:@'@
. oZ o(0+3)
f13 : = - = g —
{6.13) . I Zrois a Ziois’

and the implicit eonstant in (5.12) depends only on &, R, Z and s.

The inequalities (3.10) and (5.11) will be satisfied if

(8.14)  m,=R{(s—1)7% - and ny 2 RIng, - for i= 1 ,8—1,

since (5.9). implies that Z > 8. Then
L2 (RETT T (31

¥

for r=0,...,8=1

and in particular

36—1

(5.15) ‘ = (RZ) ”’*l(s 1)
Write
(5.16) fin)

L fn) =

=[5~ (nit i

T we may take Z = = f(n) in Theorem 5.
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CoROLLARY. Suppose that the proposition holds for some o and that
f(n) = 7, where f(n) and T are as above. Then for any ¢ >0, N> L and R

cubio forms in n variables there exists a non-zero indegral vector x -satisfying

(5.17) max ol < ¥ and  max 0'(e)] € N0
i 1 .

where

(5.18) 0 =c{1+0(m "M g oo

and the implicit constants depend only on & R, n and s.
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DarstellungsmaBe bindrer quadratischer Formen iiber
totalreellen algebraischen Zahlkérpern

von

HorsT PreUrrez (Mainz)

Von den lokalen Fakioren in der MaBformel des Haupésaizes der
Siegelschen analytischen Theorie der quadratischen Formen iiber al-
gebraischen Zahlkérpern: sind die dyedischen Darstellungsdichten am
umgstindlichsten zu Dbestimmen, jedoch hingt der Aufwand sehr von
der Berechnungsmethode ab. Die Darstellungsdichte einer bindren, lokal
wicht modularen Form duxch sich selbst, die von Xorner ([6], Satz 3)
fiir quadratische Zahlkorper bestimmtb wurde, 148t sich ohne Mebranfwand
aueh fir beliebige Zahlkdrper angeben, wenn man geeignete Invarianten
vor, O'Meara [3] benutzt. _ - .

Die p-adische Darstellungsdiehte eines Gitters hangt nur von semer
Tokalisierung nach p ah. Bs geniigh daher, o-Gitler G auf einem zwpeidi-
mensionalen Rawm mit nichtousgearieter quadratischer Form iiber einem -
p-adischen Zahllorper mit Ganzheitshereich b zu betrachten. Ein nicht
modulares Gitter ist bis auf Skalarfaktoren an der Form von der Gestalt

' 10
@ =om14_nm2 0 a

nit e g, 55 =p° = 26 und 3G = 7° a. Die Bezeichnungen sind ang [3]

. - . 3
_entnommen oder in [7] erkldrs. ©

Mit den Frilfsséitzen 2, 4, 8 und 7 sowie (28) aus [7] folgt

dy (0, G) = Np***d, (G, 021)y
worin . : '
A (&, 024)

dp(Gv D"T’I) = mpv

* fiir geniigend grofes » und A (G, ozy) die Anzahl d_er modulo p’a ver-

schiedencn Velktoren o == &p, 47, aus G mit

() | (z, ) = & +nan’ =1 (mod p’)



