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L. If {a, m) = 1, there exists a positive y such that a” =1 (mod m)
For example (Euler’s theorem) p = g(m). The least of these 4 *s Is ealled
the exponent to which a belongs modslo m.

The sets 4 and B of primes p for which a given integer ¢ + 0 belongs
to an even and an odd exponent mod p, respectively, were investigated in
the case of ¢ =2 by W, Sierpiniski [7], A. Brauwer [2] and A. Aigner [1].

W. Sierpidski proved that 4 contains all primes p = F35 (mod 29)
and an infinity of primes p = 1 (mod 29).

A. Brauer and A. Aigner proved that also B containg an infinity
of primes p =1 (mod 28).

H. Hasse {sce [4]) developed and wenemhzed those investigations
and determined the Dirichlet density of 4 and B for an arbitrary integer
@& 0. .

In [5] H. Hasse introduced the condition that the exponent under
congideration should be dmslble and non-divisible respectively by
a prime g > 2,

The aim of this note iz to prove =ome asymptotic formmlae for the
number of primes p for which a given integer ¢ % 0, F1 belongs mod p
to an exponent § divisible exactly by ¢, # = 0 (¢"i6). We obtain also some
stronger estimates under the hypothesis that real zeros of certain Dedekind
Zeta-functions are situated not too close to the point ¢ = 1 of the complex.
plane.

In the following the finite sets of primes p for which (p, &} > 1 will
be dropped.

2. The letter o iz a given non-zero integer, p, g arc prime numbers.
Consider the following sets of primes p:

Bla,q,r, 1) = {p: dip—1, 46, — order of a mod p},.
where r = 0,1,2,...,1, 1 =90, 1,2, ...,
. B(a,q,r “'{P g'le} = ILJB(“aQ: 7, 1)
. =T
r=01,2,...

~,
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‘Write further

-

(2.1) Nz, a,q,7, 0% Z’

LT
pEB(ﬂ o t,1)

- def
Nz, a,q,7) = .Z 1’

psE
veBla,q,r)
and

Mg, m,t) = ¥ 1.
2, m) =1
p=t {mod m)

Let k& be the maximal integer for which la| ean be written in the form

la, = b2 b being a positive integer.
We shaﬂl prove the following theorems:

Tasorem 1. If |a} = b, then for
(2.2} | gririe o 18T
log,

we have the estimate

: . , LAE+HE [ g0 p |2
(23) .N(a’-'g (N 27 'T) = a(a, '}‘)i -+ 0 ((—) ( Ogai __w_._..ﬁ),
logx 12 logy logw )

where for b = 2b;

e(Fb,0) = a(Fh,1) = £,
ki
. Y -— k:
a®@®, 0) = a(~b*", 1) = l“’ . 1
oy SR B 1O % 3
L 1 k=1
a(B, 1) = a( =0, 0y = *" ’
_ HY, k=2,
_ ) k=0,7r=23
a("r-"_bQR,?‘}:l%: " R
O EBE, B2, 022
and for b # 2B}
a(b™, 0) = a5, 1) = 1— 3(B),
(2.5) e 1) = f—bﬂ", 0) = 3(3)%,
| at,r) = o(— 8,0 = Y, vzl

The constant implied by the O-notation depends only on b.

Tarorew 2. If ¢ is on odd prime and if |a| = b‘lk, then for
(26) ‘ qﬁ-+ru§~2 log"‘r |
10
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e have the estimate

1\ 12
2.7 Nz, a,q,%) = a(a, g, 1) ——-+0 (_1) (_Igggw @\
log.r g logea] logm
where
( 1
b= st =0,
¢ g —1)
{2.8) (e ‘-11?)=| 1-
‘ T — r=1.
l g +1)’ _

The constant dmplied by the O-notoetion depends only on b.
TrworEM 3. Under the hypothesis that for the fields

def

K” =% (}/a, Vi)

UV=Tor U' =141 Il =k+r, k+r+1,...,
€
log(214])
of the fields K, ;. and Cy is a posm‘we numerical constant we have, for

the Dedelind Zeto-functions

':Ku {s} 20 for s>1— , where A denotes the diseriminant

_ logx
logyr

L r 0 LBEr-a2 g I
J— 5 0
logr N ((q) Tog*x gz )

where a{a, 2, r) = a{a,r) are defermined by (2.4) or (2.5) ond a(a, q,7)
(g > 2) by (2.8). The consiant implied by the O-notation depends only on b.

The case & — O seems particularly interesting. Therefore we state
the resnlts obtained in this special case in the following corollaries:

CUoroLrAry 1. If b>1 is not a sqmae of “an integer, lhen for

log,2
-<~—-~ we have the estzmma

3 _
@ 1y f loge\'® @ )
2 ) = = r —_—
F0,2,7) = @l Fh0) o +0((2) (W oz )

where for b == 255 S

{2.9) qk-{-r-‘ri <

b

the estimale

(210) N(v,a,q,7) = ala,q,7)

2,.+n

(211)  N{x,

a(Fb,0) = a( Fb, 1) = 5,

4 r =2

212 g 3 ’
12 =g, v,
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and for b =+ 25

(2.13) a a(Fb,7) = [%’ =0

L, r21.

COROLLARY 2. If b > 1 48 not o g-th power of an integer, g being an
log.x

odd prime, ﬂl(:?.li!-.fl??‘ VIES logal.— we have

: Ive—nma loggein o
214 Nz, Th,q,7) = alFh, gy r)—-+0 ( (—-%) “)
a4) ¥lo, Fb,0,0) — ol Fb, g1 + O (S EEI 2
where

q
‘ - A1’ r=10,
(2.15) oFo,qm) =1 1
T

The constant implied by the O-notation in (2.11) and (2.14) depends only on b.
Remark, From (2.32), (2.13} it follows that

al =5, 2,0} = a(F6,2,1)
and we arve faged with the problem of mvesm,g‘atmg the osecillatory
pmperhe& ef the difference
Nz, =5, 2, 1‘)-’1\T(m, Fh,2,0).

3. The proofs of the theorems will rest on the following lemmas.
LeMMa 1. Let us denote by K a normal extension of the field § of rational
numbers, by n ond A the degree and the discriminant of K, respectively,
and by Oy and C, any positive constanis.
Weite further
Hix, K) = 2 1, p — prime ideals.

Np=te

Thew there exists a nnmerical eonstant C, such that

(3.1) x, K) = Kz +0 (fGE-XP( G)loi ))

provided

(3.2) 1< 4 <log%e, 1<a<(, log,»
log,@

and the constant implied by the (b--no_tatian depends only on Cy and C,.
LeMMA 2. Under the hypothesis that, for some special normal extensions
CTS

K of the field ) of rational numbers, we have '5(8) # 0 fors > 1.— _
_ ‘ : log (2{4i)
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{Cs — a numerical constant, C; > 0) where A denotes the diseriminant of K,
there exist nuwmerical constants C; and €, such that

(3.3) Oz, K) = ]i:.ﬁ+0($exp( —Cyw(r, A, ﬂ,)))
for '
1
1< diexp (07 o;g;w—), # = e,
L dogge :

where
. loga

(3.4) w(z, Apn) = e

max (r'*log"* @, log [4])

and the constant in the O-symbel is numerical.
The proofS of Lemmag 1 and 2 are postponed nntil the second paper
of this geries (see [§], Lemma A and B).
We mention only that the proofs follow the elassical Landan pattern,
taking into account, alse the dependence on the parameters of the field.
Tt is remarkable that application of analogous lemmas, worked oub
for the mueh stronger Sckolovskil zero-free domain for Dedekind Zeta-
functions (see [8]) would only produce weaker error terms in Theorems
1-3 of the present paper. The diffienlty lies in the fact that in Sokolovskil
zero-frec domain, the dependence on #n and A is not so simple as in the
classical case (see [107). Moveover the errors are influenced essentially
by the hypothetical real zeros of Dedekind Zeta-functions (see (3.2}).

Lz 3. Suppose 13 0. The condition p € Bla, g, 0,1) is equivalent

to the solvability of the congruence W o= @ (mod p) with g'lp—1.

Lrsa 4. Suppose 0 < k<l ¢lp—1. Then the solvabilily of the
CONGruence W= bqk(mod p) is equivalent to the soluvability of the congruence
@7 — b (mod p). _

LEwA 3. Suppose s = 0. The congrusnce v * = b (mod p) with ¢°p—1
has solutions if and only if this congruence has ¢° different solutions.

The proof# of Lemmag 3-5 are obvious and we omit them:.

For any algebraie extension 3 of a field L, we denote the degree
of M over L by [M: L]

Put % =27, 2 =27, v 221, whae 1, 7' gre natural numbers.

-Write further

L v .
(3.3 ) Glu,v,b) =0(rd, V1).
LEMMA 6. If the integer b > 0 is not a square of an integer, then -

(3.8) n{eé,i‘,? b) = [G(u, 2, 0):Q] = (v, Hug),
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where

b rh =2, v=8 (b, — infeger = 1
(8.) Cle, b) = { & fo 13 {b, il )y

otherwise.

J=y

Prooﬁ. Write
L= L{u,v,8) = Q0)nQ(¥1).

If L 4§, then L isx & normal extension of ¢ and the polynomial a*—b
splita into m conjugate irreducible polynomials over I and miju.

Hence, denoting by r the degree of the conjugate polynomials, we
have v = rm and the constant terms of these polynomials are of the

. U . . .
form (¥b)'s!, where ¢ is the uth primitive root of nnity and § is a natural
nuniber.

Therefore H} EQ(}/ 1) and thl% is possible only if m =2 (see [3],
Lemma 2). Tt follows that 2" factorizes into two polvnom_]a,ls over L

and both are of degree #/2. Hence [IL:Q] = 2. Since 1% eQ(Vl) and
3 eQ(l/b), we have vbelL and T = Q(¥b).

But L = @(Vb) if and only if & = 283, = 8.

Indeed, if T =Q-(V’E) then 1"'3E-Q(I‘}I), and therefore b = 2b7, v 3> 8
(see EB], Lemma 2). If & = b;, »3> 8, then ¥2 eQ{ I/l Hence Q{Vb)n

AQ(¥1) = 0 and further Q(v’b)ng(h) # @. Therefore L = Q(Vb).
Finally we concinde that in the case of & = 2b}, ¢ = 8, the fields

— v Pl
Q(¥'b), Q(¥1} are linearly disjoint over @(}5) and in the remaining cases
they are linearly disjoint over @ (see [3], Lemma 1).

In the first case

. nltw, 0, b) = dugi{z) for . b - 20, 1= 8 -
and in the remaining cases - - '
(1w, v, b) = wy(v).
CQROLLARY 3. If an dwleger b > 0 is not o sguare of an ‘i-nteger,. then
(3.8) Glo, v, b) = Glu,20,8) = b =2}, v =3 =4,
COROLLARY 4. If w = 2, 032 8, b = 28, fhen
@lu,0,b) = QUV1). _ _
Leywa 7. et g _ba an odd prime, T, v naturel numbers, ¥ 21> 1,

;
. u_. v
=g, v=g and Glu,v,¢,b) =Q(y b, V1)
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If an indeger b is not the g-th power of wn -inteyar,”ihen

(8.9} w(u, v, q,0) = [G(u,v,q,0):Q] = up(v).
Proof. Write '

L = Liu, s, q,b) = 0(5) Q1)

If L 5= ¢ then L iz a normal extengion of @ and the polynomial »*-b
splits into m conjugate irreducible polynomials over L, where miu. Hence

L

¥Ybhe@( Vl and m = 2 (see [3], Lemma 2) and this contradicts the eon-

dision mju. Finally L = @ and the fields Q(ﬁ), Q (VI are linearly disjoint
over (. Hence (3.9) follows.

Let the condition that the prime p sph’ts completelv in the field
& be indicated by Rip, &.

Lemwma 8. If a.>0 & _bg kg, 120, then
{3.10) N (z, a, qg,0,0) = M{w, g, 1 —%, 1) —M{z, g,l—k, 141},
wher e : :
(311) Mz, g, l—k,) =" 3 1 (v =1 or I+1).

p<m
B{p, Gt %, 6% 0,b))

Proof. From Lemmsa 3 it immediately follows that

Nz, a,q,0,) = > L.

par, gfin—1
W' a(mod p)

Hence, owing to Lemma 4,

' (312) N(@,4,¢,0,0) = >o= Y 1= >

p<a,alln—1 pge,din—1 psz,gtlp=1

Ak b{rmod p) AFoy (mod p) A Fap (mod p)
From Lemma 5 it follows that for ' =1 or 7’ = Z+1 the simul-
taneous eonditions that ¢°|p — 1 and that the congruence W= (mod )
is solvable are equivalent tohthe simultaneous conditions that g lp—1
and that the congruence o (mod p) has ¢~ * different solutions.
Next these condltaons are equivalent to the fact t]m’b p splits com-

pletely in the field Q(V l) (see [6], th. 4. 14 P- 161) and mthe field Q( Vb
(see [67], th. 4.11, p. 163), where u = ¢ F v =q.

Therefore primes p sabisfying the conditions that p <, ¢ “ip—1
and' that the congruence 7% = (mod p) ) has g% different solutions

are the primes p< « that split completely in the field & (u,, b l/b 1” 1).
Hence owing to {3.12) Lemma 3 follows.



190 ) K. Wiertelak

icm

LEM:\I_A 9. Write

N
o T, f07" x> 0.
If la] =", then for

oti+I—k—r) o 063 log,@

log,»
we have the estimate

(3.13) N{w,8,2,7,0) =afa,l, r)lim—,'—O (wexp (—_C’B(W)Ih))’

log,z
where for b = 25 *
1
|2 =t
(F8,1,0) =a{Fb,1,1) =] 0, I =2,
1
IF_T: 1=3,
1
2:’.1? ls“:lgk;’
0, 1 =% 1, k= ,
l 0) = a{—d" Z 1)=11
ST l=FkE+1, k=2,
1 .
e (2 h42,
(3.14) '
6, - IIZE,
1

oy o5 -1t tds
a1, 1) =o(—0 1,00 =1 2 ’ '
. 0, l=%k+1, k=2

a1y L2 Rk+2,

0, r<l<kfr—1, r>2,
1
Ty lwk+¢':2;?>2
5 N :J'.l_k H s I =
a(b"’!c,l,*r)=cu(—ib“k,l:,;r)x 3 o ’
' 0, ba=Fktr>2,r>2,
1 .

Sy bEhktr4lyrz2
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and for b # 25
1
. . 'E{‘, ls‘:léks
a(b®,1,0) = a( -, 1,1) = .
22[—-7:_‘ Z'}}k":—l’
) _ . 0 1<i=k
3.1h ak - . . ak A ’
G a1 = a(-1% 1,0 = | 1 -
’ TRy 12 k41,
0, rlgrtk—1,r22,
a(bZL} byr) = a("'bﬂkj lyr) == 1
. : Izr=Ik, r=2.

:)‘Zl— Er1 ?

The constant implied by the O-nofation (leperbds only-on b, and in Hze case
ala, I, r) = 0 this consient 8 equal io zero.

Proof. It is easy fo notlce that
N, 52,5, 1) = Nz, 557, 2,0, ) — Nz, ¥ 77, 2,0, 1),
: ' 1gr<l,
(316) N, —0*2,7,0) = N(z, b, 2,7,1),
Nz, -7, 2,1,1) = Nz, ©*5,2,0,1),
Nz, —b%,2,0,0) = N, 5, 2,1, ).

" Therefore we have to investigate only the case o > 0.

(a) Let 1<% Then the congruence 2= bﬂk(mod p} is solvable for
any p such that 2%p —1. Hence, owing to Lemma 3, we have

317 - N(z,e,2,0,0) =@, 2, )—I,2",1)  for 1<k

(b) Let 1> &, [ =2, b = 2b% (k == 0,1). Owing to Lemma 8, we get

(3.18)  N(r,8,2,0,0) = M(x,2,1—k, 1) —M(z,2,1—k 1 +1).

Sinee b > 0 iz not a squarc of an integer, it follows from (3.11), (3.19)
and Oorollaury 3 that

(319) N{c, 4,20, 1) =0 for k<l 12,0 =20 (k=0,1).
(c) Consider the case I =Fk--1, k=2, b = 9b?. From Corollary 4
(see [6], Lemma 414, p. 167) we have '

1= 3 1.
) L
pgE . 1')-'«13

a7 2% |p--1
R(p,0( ¥}

Mis, 21—k, ) =
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Henee, owing to (3.18), ' - Finally from (3.16), {3.6), (3.17), {1.19), (3.20) and (3.23) Lemma 9
R ] : follows
(3.20) XN{r,e,2,0,0) = I{#, %, 1)—M(x, 2,1}y for [ =1F=+1, Lisvma 10, If o] = e (g — odd prime}, then for

k=2, b =2,
. = 4y 1 gk o 1088 log,2
(d) Consider the remaining cases. Since ¢ = & (2%, 27, b) is a normal logy

xbens f ; ) . i . .
e EI_MOH of §, we have {the function &(r) is defined in Lemma 9) we have the estimate

He, @) =n(275 27, 5)M (2, 2,1—k, ')+ O (n(2"%, 27, BYw (b)) + (3.24) N(e,a,q,7,0) .
+On{27% 27, by M 1) : 'log @l 12
( 7 p%; )’ = ale, ¢, 7, i)Iiw+0(mexp(—Gm(_9_ii?.§ﬁ) )),
where w(b) = ¥1. ' g2
L where
Therefore | _ 1
iz, ) — 1w —sy I=0,
3.21 Mz, 2,1<k, 1) = —s . —1°
( ) .($’ ’ ’T) ,n{zl—k’ 21.-" b) +0(V{X}), : G(CI‘, q,[}’z) | q
: A 130,
where the constant in O depends only on b. ' (3.25) ¢
' Denote by 4 = A{}) the discriminant of the field G(2*% 2 b) :
. 0 0gLligLktr—1, r=1
Then {see [6], Corollary 4, p. 262) ! . - TrehrEd
T al@, ¢, 7 1) =1 1 1 15k >.1
1)< (2b)221-k(2;mk) | 3R {g—1), zhktr, rz1.
{3.22) :
n(2E, 27, b) < 9FkaT g 9HE, . The constant in O depends only on b and in the case ala, ¢, 7,1) = 0 this
M . log.w constant 15 egual fo zero.
ence in this case, owing to Lemma 1, we have for 2 =2 — Tog,w Proof. Note that for ¢ =2
the estimate Nz, b%, g, 1) = N, 3, ¢, 0, )= N (@, 0777, ¢,0,1)
. logal, 12 . 2 for 1<<r<1
H{x, &) =11m+0(a:ex:p(—09( gmogam) )) = liz+ O {R(a)) (3.26) <L
log,z _ N(w, —b%, ¢, 1) = Nz, %, q,r,1) for o0<r<i
and the constant in 0 depends only on 5. ' Hence we have to consider only the case a>> 0. From Lemma 3 we get
Furth i ; . ; . : ' :
: er, owing to (3 2_1) and Lemmsa 8, we have (3.27) Nz, a,q,0,0) =, gl_, 1) —H(z, ¢+ 1) for 0<I<Ek
Nz, a,2,0,1) = ; ;L — 1 +0{R(a)). ’ Let I k. Since for the discriminant A and the degree » of the field
: w2752, 8) (2K 2H b) G{(¢"*, ¢*, b) we have the inequalities
Owing to Lemma 6, we have ‘ _ | (3.28) 1Al < (qb)qzl—k+l(2lmk+1)’ < fzw"iém,

therefore, ag in the proof of Lemma 9, we get, owing to Lemmas 6, 7, 8,

(3.23) Nz, 4,2,0,1) =
) (r,a,2,0,1) the estimate

1 o -
WMJFO(EW))

» log, = ' - ' : ) ' : ' log zlogya \ 9\
for 2% 9 log:m - 3 ' : (3.29) N{z,a,¢,0,1) = qﬂ —& hm—E—O (mexp( Gm( log,u
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for
-:I—k+1 logq" > k.
10

From {3.26)-(3.29) Lenmma 10 follows.
S L

Lesia 11, If for the fields K, . = §| 1/a L), T =lor e =14

Oy
"-J[;l, A8} =0 fm' s> 1— IOF;’"W where -
denotes the diseriminani of the fw!ds B ooand 04, 12 @ positive numerical
constant, then for

l=Fk+rk+r+1,...

Iagr
.30 I42 24 —Fe—r) < -
(3.30) g 10“,1

we have the estimaie

(3.31)  N{2,a,q,7,1) = als, ¢, 7, Dliz+ O{zexp( — Oyalogie)),

. where the constant implied by the O-notation _depends only on b and the co-
- efficients a(a, g, 7, l) are defined by the for mui’ae (3.14}, (8.15) or {3.25).
' ‘Proof. Put ¢ = 3. It suffices to consider the case {d) from the proof
of Lemmia 9. From (3. r?1) and the estimates {3. 2‘)) and owing to Lemnma 2
we get for
gu- - 1087
= logty

. t}lé estimaﬁé
L

Mz, 20—k, 7') = o oo
=, 2 > n{2k v by

+ 0! .rexp(—— "15l0g 2&)}

where the constant in 0 aepemlq only on b. The further. part of the proof
is similar to the proof of Lemma 9.
For g2 3 the proof is similar.

4. Proofs of Theorems 1, 2 and 3. From the definition of _Z\*(z'c @, #)
we have

Nz, a,q,7) E {r, a, Q-7~l)_= E Nz, a,q,7,1). %
I=r q’" qls T—1 )
Choosge

sr-nay / 108a2
£ =gt -l’/ Iogﬂw
3
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and write N(r, a, ¢, 7) in the form
(4.1) N, a,q )

= T Ny, gy, 4+ N f(un a,g,r H=141,.

gregi s syl a1

Bince owing te (2.2) and (2.6) for I satisfving the inequality F<q<t
the conditions ' :
Iogo

72 -,-LM— r)
© logsr

T E

are satistied, therefore owing to Lemmas 9 and 10, we geb

_ N s o log*?s
(4.2) I, = ‘}2_, ala, g, 1, 1)11-?-?%0('1"'.5‘3‘1’ (_CH '10g;12£))
syt

qix——r
== ) g, T
ala, g, )izt O(E)

{Fe-br—
. logam @®
=== Py ile 4 ‘*\ -
ala g, iz O((QJ' l/ log,x lngm)

Next
% T o 141 3]
(43) I, ) V@6, 0,m,0< > (@, ¢, 1)~ Mz, 4, 1)
: I<‘:r— i ssdlsa—1
=
Eloga LY -l" 100"2.1“ logx : ?

From (4.1)—(4.3) Theorems 1 and 2 follow.
~ We prove Theorem 3 similarly by the use of Lemma 11, choosing

2y, log™

— plh+r—
t=0" logiz °
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On the density of some sets of primes, II
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K. 'WIERTELAK (Poznhan)

1. Denote by K an algebraic number field generated by an algebraic
number #. Denote further by n the degree of K and by 4 the diseriminant
of X..

The Dedekind zeta funcbion Zi(s), s = o+if is defined for ¢ > 1
by the absolutely convergent scries

Ep(s) = ZF('m)m“s,
P=1
where F(m) denotes the number of ideals of the field K, having the norm
equal to m.
The function [r({s} can be continued over the whole complex plane
as a regular function, except s = 1, where there is  simple pole.
In the region ¢ > 1 we have

(1.1). ' _ix (5) = TG (m)ym=,

=

m= 1
where

&F(m) = Z log Np
(¥p)=m

and series in (1.1) is absaiutely convergent in this region (see [1], p. 89).
It was proved by E. Landan that [g(s) # 0 in the region

1

1.2 S
(1.2) nC Jogt’

i=0,,

where () iz a positive numerical constant and the constant €y depends
on the field K (see [1], p. 105). B. Landau did not express €, in terms
of the degree n and the discriminant A of the field K. The purpose of
this paper is to express C, of (1.2) in terms of the degree » and the dis-
eriminant 4 of the field K, to extend (1.2} t0 —eco < 1< +co0 and also



