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On the density of some sets of primes, II
by

K. 'WIERTELAK (Poznhan)

1. Denote by K an algebraic number field generated by an algebraic
number #. Denote further by n the degree of K and by 4 the diseriminant
of X..

The Dedekind zeta funcbion Zi(s), s = o+if is defined for ¢ > 1
by the absolutely convergent scries

Ep(s) = ZF('m)m“s,
P=1
where F(m) denotes the number of ideals of the field K, having the norm
equal to m.
The function [r({s} can be continued over the whole complex plane
as a regular function, except s = 1, where there is  simple pole.
In the region ¢ > 1 we have

(1.1). ' _ix (5) = TG (m)ym=,

=

m= 1
where

&F(m) = Z log Np
(¥p)=m

and series in (1.1) is absaiutely convergent in this region (see [1], p. 89).
It was proved by E. Landan that [g(s) # 0 in the region

1

1.2 S
(1.2) nC Jogt’

i=0,,

where () iz a positive numerical constant and the constant €y depends
on the field K (see [1], p. 105). B. Landau did not express €, in terms
of the degree n and the discriminant A of the field K. The purpose of
this paper is to express C, of (1.2) in terms of the degree » and the dis-
eriminant 4 of the field K, to extend (1.2} t0 —eco < 1< +co0 and also
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to determine the remainder-berm in the prime ideal formula in terms of #
and 4 in the cage of K heing a normal extension of the field of rational
numbers and in the general ease, nnder the hypothesis that there are no
exceptionad real zeros of [ (#). '

" 3. Write
Viw, Ky = N@Gm), Ve, K) = 2(1?_—%1)(%(-311.)2 i, By = M1
TRED . LT Npgz

We. shall prove fthe following lemmas, which were given without
proofs and applied in the first paper of this series (see [6], Liemmias 1
and 2). - ' _ o

© Ligsrra A, If K is a normal extension of the field Q of rational nmumbers
and if Gy, C5 are any positive numerical consiants, then there exists o numerical
constant Cy > O such that

' log*2e
(2.1 Iz, K} ﬂlime()(mexp(—(’g—‘@r)),
provided _
A c, logya
(2.2) L id;<log e, 1<a g_csﬁfﬂg,

and the constant implied by the O-notation depends only on G;mﬁ Cs.
Leaga B, Write '

loge
1/2

2.3 A ) = — )
(2.3) w(@,d, ) max(rn'log*x, log[4])

If K is a normal extension of Q and if there envists a numerical eonstant

® ., then there emist mnu-

C; > 0 -such that [g(s) #£ 0 for § > 1 — Tog (@ 4))

merical constants C. end ( such thot

(2.4) H(w, Ky =lio-+0rexp(—Crale, 4, )
' logx .
Jor 1< 4] € exp Gﬂ@, 2z and the constant in the O-symbol

is numerical.
3. The proofs of Lemmas A and B will vest on the following lernmas.
LeMMA 1. £g(8) #0, for 0> 1, —co<t< +oo (see [1], p. 141).
Limvwa 2. In the region —e/2 < o %3 (0 < g << 2) we have the estimate

1-+e 1+¢

31) i) (s < (o) 1415 (H+1) "

+1
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Proof (compare [5], Lemmma 7). Consider

2 B (. L)

C Ip(l—s)’

From the functional equation for Zc(s) it follows that

[
e {2s—1)
3

ra ;s))’ﬂ( {1 —s)

o o= (S (N

n
) JI,’Z-«S 2T3(28_1)x
where n = 2r, -7,

We estimate f(s) on the line s = —¢/2-14f, using the following in-
equality (see [3], p. 395):

—?!ﬁ

(84)  IT(s)i=@m2 5 T4 0(1Y) (s = o440)

for t-»co. The constant in O depeﬁds only on o.
From (3.3) and (3.4) we get
. . 1+e 1--¢
(a2 < (Cple)ld] * (t]+1) *
for —co<<t< Loo.
Since

n

2 n

we have from (3.2)

| g I4-& 1+e
B8 i~ ) <l
Write
e
(3.6) | G(s) = %ﬁ%
' (s+1)

From (3.5) we have
(3.7) (G —&/2 +if)) < [Chale) | |0+,
On the other hand, '

(3.8) : 168 +14t)] < Oy

Using the estimate _
s —1)Zz(s)] < aexp((n-1) 1))

(see [5], Lemma, B), which is valid in the strip —1 < o < 3, where a depends
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on I, we get
(3.9) ' G(s); < wexp( (i1}

for —ef2LoK3.
From (3.7)~(3.9) and the well-known theorem of Phragmen—Lindel6ff
we get

(3.10) ' iG(gn '~<._ 5014(‘9)J“ i‘dni(l_;—B)E

. in the strip —ef2<Co <3,
From (3.6) and (3.10) foﬂows {3.1).

Remark, Similarly, we ean prove that for 0 < o3

(sl < O+ () iy ™" log™ (1) 11}, 12 2,

(s —1) i ls)l < CM(L-+H 47 Hog™(214]), <2
LEMMA 3. In the regioh 1< o< 3, —oo <<l --oq,
- 1 A2

- ¢ )
£ (s)] o—1
where M 48 a4 numerical constant, M > L.
Proof. For o> 1 we have

i %1]] -3 < <[ [l K
< [ [a— = (o).
»

Therefore, owing to Lemma 2, we have (3.11).

(3.11)

Lesmms 4. For every e > 0 there exisls a positive constani Oy5(8) such
that for all fields K which are normal exiensions of  we have the inequalify
{8.12) res, Lg (5). 2 (Onsle) " (417
{see [2], p. 18') .

Lema 5. Lat f(5) be a function regulgr in the cirele 8 —8,| < v and
sotisfying the. mequamy

L fs) < I
i Fs0) |
If f(s} = 0 in the region 8 —8, <7/2, Ref{s—g;) > 0, then
Re lf—— ($) = ~i10gJI,
(3.13) o . ’
' Re—{s) = ——log M +Re R
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whers 9, donotes an arbiirary zero of order h of the function F(s) in the region
Is — 8ol << 7/2, Re{e—~s,)<0.

Leana 6. Let f(3) be a function regular in the eirde s %sai <r and ,
satisfying the conditions

F(s) f( ' il o4
<M, ()i —log3 A .
Fi5a) \ 7 (So)E , og ¥ (4>0)
If f(sy # 0 dn the region 's —8,) < r, Be(s—g,) > —2r,, where 0 < v, < v},
then _
Foa_ B
<— log M |8 — &g << 1y,
if( { - 0g .M, [8—8 =Ty

whers B depends on A, and is indspendent of f, r,ry, M.

For the proofs of Lemmas 5 and 6 see [3], pp. 384-385.

Lemya 7. There exists a numerical constant O > 0 such that
{x{8) 5= 0" in ihe region
Ois

3.14 1 o
(3.14) oL log(]A1(18 +2V)

—co < << 400,
except the hypothetical real simple zero f; of [x(s).
- Proof. We shall first prove that [ (s} ¥ 0 for any 4 > 0 in the
region
Ci. A
——f_——]f-———— ? t ; T AroRy |
log (|41 (t+2)") log(]4]2")

where (;; depends on A.

(8.15) o> 1—

- A
Let g = 8 414y be a zero of [ (s) such that 8= &, v = @W . Choose
log{14] (27 +3)")’
where (,; i a sufficiently small constant depending on 4 and
sy = by, s =opt2yi,  A@y 3P =T

From Lemmas 2 and 3 it follows that there exists a constant M, > 0
guch that

(3.16) =L iels) < (A (18 -+ 2y},
in the strip 0 <o <3 and '

o =1+

LA

S0 Lxls). ~ o—1

for 1 < o 3.
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Hence we gebt In the circles [s—g,! 1, §—8 =1, ls—a) £1, the
estimates

18

:K .S’) (S—l { TJID(EJJZ")J[O TSJ[Q

: | = = —

| Zx(so) (80—1) | (oo—l)ﬂ O
R Ol G VI B B R O] Chs VI IO
; - 7 T | g ] ! i S
| Cxls0) (8o —1) 18 :

':A.(UO) (Uu“l)

We apply Lemima 5 to the funetion (swl}g,\ (8} in the ecirele s —sg,| < 1.
If 8> o,—1/2, then

) T3ﬂ;{0 1
—Re = L—K (85) < tilog —p — :
. 30“‘1 Qe To—f
But ‘ _
1 1 1 log(|4|2®
Re <- < 1 loglidiZ)
sy—1 |8 —1i o A 3
Hence ‘
iy 1 1
——ReZ_—K( )< 12 (1T-1 A)BI Iog’l’ 8log O} —

Similarly, from Lemma 5 for the circles (AR zmd s —og < 1 we get

v-f 1 . .
—Re=E (gl) < 12 ) M, logT -+ 8log O,
K 244 '
e 1 _
e CO R +12MdogT +-8log Ot
=K D.“ml
Since '
31; CKr . i:irz "
—Re (3 ( u) 4 (So}+—1{8)] = 0,
) CK ZK SK
we have
3 _ 1
13627 Jog T+ 24log O -+ 48 I, (1 4 )10gT+
G‘n—l ’ ] ,JA

B 4 . 1. .
~-32log Ot — p— +.12 (1 - A ) Mologl}smg = 0.
Therefore ‘ '
G~ f = o D)
5 96( + 57 )Jfoﬁla—vﬁéamlogcm
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and
. ’ 4 .
1-8= _ I —1Y(o,—1).
Since lim O log0;t = O it follows that for suificiently small C,,
Chg+0
(3.18) A<t Crs

Tlog(idi2y+3)")°
We therefore draw the conclusion that each zero

. 4
¢ =f+yi, f>ea—1%, ??m
satisfies inequality {3.18).

Hence {x(s) # 0 in the region (3.13).
In the next step we shall prove thad; e (8) =0 for smffmmntly smza]l B
and (f, in the region

(3.19) g>1mL 0<t
o ' log(]4]3"’ =

Pub

=14 1
70T Tog(14159 TogT,

where (s, is sufficiently small.
Suppose .
(3.20)" B < 105 < Hog?.
Suppose further that g, = ,8;1—;:1'5 is a zero of {(s) such thas
- b — <}
ﬁ>_°’ﬂ—'ia <71\ (}A|3n) = L

From (3.16), (3.17) we get in the circle |s — oy < 1-the estimate -
| Gkl s—1) | T
_ [ {rlog) (09— 1} ! 03, ] ]

Since gl'is contained in the circle [s—o,] < 1/2 and Tmpg, > 0, it follows-
that there exists in this circle another zero of [z(s), namely o, =8
= f—iy,.

Applying Lemma 5 to the funetion (s —1)}{x{s—1) in [s—epl <1,
we getb

. 1
= 12 M,log{|A|13") —8log 05, + — +
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Hence
] : 1
(3.91) 2(0—f) e — +12],l0g(;418") + 8log ('

(0o—BP+vi oo
On the other hand, from (3.20) we have

B B(aa—l)
log(1413Y ~  (a

A
[

{3.22) s {69 —£).

From inequalities (3.21)}, (3.22) we at onee infer that
| 8 1 _
— +12 M, log{]113™ + 8log Gt
5{0p-=f)  op—1

and for a sufficiently small (.,

B < 1—3(1).

Therefore {3.19) follows.

In the last step of the proof we shall show that there exists a nu-
‘merical constant ¢y, such that the function ¢, (s) has not more than one
simple zero on the segment '

C’
- (3.93 _—— s 1.
(3.23) Tog(la[3%) ~°
Put
q, c
Gy =1+ 22 1 22r ;
log{]4{3") log®,

where C,, is a sufficiently small numerical constant.
Suppose that e: =f; (¢ =1,2) are such zeros of I;(s) that
(3.24) Bizo—%, Bas<hi.
- From (3.16), (3.17) we get in the circle |s—s, < 1 the estimate
| | telo)(6—-1) | _ 73 |
i

| Exlon (o0 —1) | = L,
Hence owing to Lemma 5
I 1 ' o 1 1
—=(gg) -+ -z —12M,log(]4]8") — Blog (' - +
{x % ag—1 ’ - oy — By ay—fe T

- and owing to (3.24)

2 <
o= P A gy—1

+12 M log(j4]3") + 8log (', .

icm
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[

Therefore, if €, is snfficiently small

1 Can
S e T rrrel T
2 log(id;3") "

and: this means that on the segment (3. 23) the funetion Iz(s) has not
more than one simple zero.

Irom (3.15), (3.19) and (3.23) Lemma 7 follows.

LEvvaA 8. Suppose that H is o norinel extension of the field Q of rational
numbers. Then, for any &> 0,

(3.25) tels) 0 for

(Ole))”
§> 1— ——Emj-;“;-_.

-Remark If K is o quadratic field, then Lemma 8 implies the well-
known theorem of Siegel on exceptional real zeros of L(s, y) for real
characters y mod k.

Proof. Suppose 0 < ¢ < 1. Suppose further that there exists a real
zero fii, 0-< B < L of {z(s). Then the funetion

_ &
srwfz-l(s—ﬂ;)
and the

is regular in the circle |s — B8] < fi+¢/2. Henee from Lemma 2

maximum-modulus theorem we get
\ i
Luls) !
e Pg—1 1y o
| ST s — B |

for |s—f < B +5/2.
If s =0, we get

= ('023(3))" M{{l M2

!AJHE . 1 n| 4i(L+ekz
WTES1CK(S)<(623(E)) |4
1” 13
Hence :
(3.26) Br = (Cua(e))* 141 res, Lx(s).

Since the zeros of [z (s) either lie on ¢ = 1 or occur in pairs symmetrical
about thig line, from Lemmsa 4 and from (3.26) we get Lemma 8,
© LEMMA 9. Wrile

1

7, - { :

If K 45 any cﬂ’gebmia number field, then there exist numerical cmsmms
Oy ond 0'95 such- that

if there is a real zero in the region (3.14),
otherwise.

Ay :
327) Vo, E)=2- El%———— Ofpexp( —Ouele,

1

4, n)})
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Jor
logx
l ‘\‘.: ,J‘ ‘<-. ef-p. C’jﬁ '“_"g;_ m;gd,
logsz

and the constant implied by the O-notation {s numerical.
Proof. Let us deduce the following formula:

! 1 E P 2
(3.28) By e T Ollog{14] (¢ +2)"))
SE s—1
valid in the region
3.29 ozl —— 0.
(5.29) 7 log (4] (1t+2)") ’
where Uy, is & numerical constant and the constant in O depends on (sq
Put i, 0, 8y = oy -+ ity
+ 021 e
T 7,
loglid|(, T.Z)"} SO
From (3.16) and (3 17) we geli in the circle s —ay) <

(s—1) | _ (14itt+2)7)*0

f

)
o) (0p—1) | i

2.

1 the inequality

x(
{xlo

-

Hence from- Lemma 3

1 :
~ 2 (o) € ~——— +16.M,l0g (] A]{f, +-2)") +-8log O
‘K op—1 .
< Jfllog(!diftn+2)n)
. : h ¢,
Thercfore we get
(3.30) B i M log|- 4 Gy +-2)" )
| i _I Oy
Write
fls) = CK( 5) (8-1) (s — BB,

From (3. 30) we cre‘b

CEMM A AL L __ &
i

F YT Tk 551 s—f
i ix . )gﬁ:_ . Malog (141 {t,-+2)7)
= ] é-K 03 ; i Ug—l ESS 017 .

Oy
log(i4[(it|4-2)7)

Therefore (3.28) is valid for o214
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CL s C..
bo2 0, Sp=o0,t0,, op =1 — 2%

Buppose —_—
log([d](z, +2)")

circle |s—gol < 1 we have the inequ&lity

Jis)
| Flsa)

Applying Lemma 5 to the function fls) with » = 1,

< G2

3.52
(5.52) o

Ci

1
<z Up<<-

20,
log{iA{(t,+2)"}

.32), we get -
ff
'

«in the circle js-—eg,) < 5y.-
Hence

o=
and using (3.31), (3

()' < M log{14]{t,+2)")

L1 m

(3.33) W=

in the strip

wﬁ—n_ggg 1L 30y
log {14} (Jt+2)")

From (3.31) a,nd (3.33) follows (3.28).
In order to get (3.27) we shall estimate the function ¥,{,
the well—known formula

C’[—!—oc’:. 0, 0<y§1’
s =
2w (s+1) 1——1,{?]; Tyl

C—ooi

(3.34)

for 0>1, y>0, we get for w > 1
! ( tx

- T(S)) ds.
22 ri 2 s{34+1) i

Frr e ( ;’K 1 El

s(8+1) EE(S)H.‘ 3—1_+_8—ﬁ1

Jas

207

o the

). From
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OTaoz

El) ! is
:.m g§—1  s—p;] s{s+1)
4 z mﬁl‘l N
2 TR+
o0t
1 " 2! S 1
= | el 2E ) )d+0( 3.
bt o s{e5-1) {x 8 — §—p
We shall estimate the integral
1 Ufuai e ;‘K(s) 1 B )d‘s
i Jo s(s+1) I =1 s—p

by the nze of (3.28).
We define the contour L consisting of the following parts:
Ly:s =0+, ~T<t<T,
¢ : ’
m <o<C (see (3.20)),
_ On
log (14](t+2)7)
and of Ly, L; situated symmetrically to Ty, Ds-

Ly s =0+iT, 1—

Lyt 8 = ity 0ILT

Let
Ik 1 &y
Fg) = —=(s + .
(%) .':K( s—1  s—p
From the Cauchy formula we get
~ —1 . ms_...l :
3.36 Flsjds = — f e F(5) ds.
( ) LJ s{8+1) (s)ds &(s+-1) (s)
3 Lg+Ly+Ly+Ly
From (3.28) we get _ '
‘,1;8-—1
_ d
Lf s{s+1) Fls)ds 750,
: B Cay
31 | (=T pgal < 0w | 2 12y 2t
Wiy () 5! < Cu | S loe (i)
]
- Tl exp( ———*———I'ogavmﬁwlog(u+l)
I s | log( LI u_rl) ) o ] i
= CEBJ _ i ~log(|41(u-+1)")du.
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Sinece
m.m( Car 1 (71 1
T loga -k Caglog (u—
wor \Tog [[A](u 1) 87+ Corloglud)

029100'.’}3
,>/ )
max (n**logs, log|4})

= Cgo{w, 4,n)
(n < Clog(2]4i}, see [2], p. 184), we have

(3.38) | J T wsas)

[ s{s+1) !
3
log (1) (uw+1)"
= Caoexp(——("ggc) #, 4, n)) J %_—%1)—)-
< O exp{—Cypor(m, 4, n))tog(2]4]).
Similarly _
[ .
(3.39) l f s)dg} < Cyexp(—Cosor (2, 4, n))log(214])
and
: -1
(3.40) f3(3+1)1”(8)d5‘m0
- L logm ; ..
From (3.35)-(3.40) for 1< |4 < exp C‘agm (O3 I8 a sufficiently
2 .

small numerical eonstant) we have

(2, K) 1 gl
(3.41) —72-% f‘aE— 1m +O(QX§(“GSSC‘J($7A1”)))'

Suppose x> Oy, A = k(w), 0<h< zf2. Hence owmg to (3.41)
we have
Yilwth, ©)— ¥ (2, K)
k

' h 2’ @ .-
=24 —El?m + 01+ 0 (T exp | — Oy o (2, A,-n))).
= 1

(3.425

From (3.42) and in view of the inequality

%(!Iﬁ(m,li’)——}[’l(w—h,l{))glF(os,K) 5 (Pilo+h, B)—¥,(z, E))

g

with & = 7‘? exp (— —9;3 w(z, 4, ﬂ)) “Lemma '_9 follows.
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4. Proof of Lenmnas A and B. We shall use the following formulne:

YL E ¥, K
(1) NG B g, #l K
e logm ;  Hog®t loge
{4 1 G{m) Ty FLI ey I
wy N e = T ) M ) I R
T
T w plf2
= [f{p, K)-}-0 (Jog.r &z )
From Lemma 9 and Lemma 8 for s = 1/4(", it follows that
- | log*r)
(4.3) Vie, B) =2+ 0lrexp| — 0y — .y )
for 1< 1A] < log%a, 1< n < 0, o082
ol idlslog 10g3 @z

Hence owing to (4.1)

L . 2
(4.4) PN 0(r exp(_ ., log’ ))

L logm ni?
mea

Combining (4.2) and (-14, We ~get Lemma A. Similarly, the proof of
Lemma B follows.
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On the zeros of the Riemann zeta-function
and L-series

by

K. RayacHANDRA (Bombay)

1. Introduction. The object of this paper is to prove some theoreins
of which two typical ones are as follows.

TEEOREM 1. Lét y+iy, be any zero of :(s) with 8, > % and yy 2= 100,
With every positive constant A not exceeding % and every comples number
L+iu (u real) let Dy(1-+iu) denote the diso 1 +ip—s[ << . Then there
exist effective positive absolute constants ¢y, Oy, 5, €, {(depending only on 1)
such that for all Y satisfying C,loglogy, < ¥ < Op(l— Bo) " there holds

Ee-”*"*’ > 03(1’(1—~f5’o))""1—-~

where ¢ = f 14y runs over all the zeros of {(s),which lie in D, (1L tiy,) and
Dy (L +2dy,).

Remark. Since we let 0y, €y, ..., 0y depend on A, in Theorems 1, 2
the upper bounds like ¥ < 0h(1—g,)"! are plainly UNNecessary. But
we have retained them only for trivial reasons. However, we have good
reagsons to rebain it in Theorem 3 which we state at the end of the ‘paper.

TraeoreMm 2. Let f, -+iy, rmd Ba+iys be fwo zeros of C(s) with f, > 1,
Pazz 3, 100 < py < e < 2y, W08y —oy (1070 d5 wmsmportant and can
be replaced by smaller positive eonstant as well). Then there exist effective
positive absolule constants Uy, C, (7, Oy and €, (depending only on 1) such
that for all X satisfying :

Usloglogy, < T << ¢y min{(1 — 8,7, {1 —8y) Y
and all vy, v, satisfying o ' :
ve—v1 < exp(0;(loglogy,)” (logloglogy;) )
there holds '
D TP s O Y min (L — )7 (1-£,)77) — Gy,

whe;e ¢ = B-Hiy runs over ‘all the zeros of C(s) which Tie in D, Ly} and '
D;(l +'3"}"9)
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