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The Marcinkiewicz interpolation theorem
éxtends to weighted spaces
by
HANS P. HEINIG* (Hamilton, Ontario)

Abstract. It is shown that under the hypotheses of the Marcinkiewicz interp-
olation theorem the strong type result extends to an estimate involving certain weight
functions. These functions depend on the weak type parameters of the operator.

The Marcinkiewicz theorern concerning the interpolation of operations
states that if T'is a sublinear operator of weak type (s, gG)H1l<p << o
i=0,1; Po<DP1, # g, then

1Zfll; < Alf s

" where 1/p = 0/po+(1—0)[ps,1/g = 0/0+(1—06)/0,0< <1, and 4

is a constant independent of f. ‘ .

The putpose of this note is to extend this. result to certain weighted
norms. The proof is seen to be 2 consequence of a generalization of Hardy’s
inequality (Lemma 1) and an inequality of Calderén (Lemma 2).

For notation and additional information we refer to [4], Chapter V.
The constant A appearing throughout the paper will depend on the
parameters only, but may be different at different appearances.

TEvmA 1. If w is & non-negative, non-increasing function defined
on (0, o) and g(:b) =0, then for 0 <1 < oo and p>1

o0 o

{f w(w)a ™} (f 9(y) dy)p dm}llp <plr {f w(z)e™" " [ag (@)F dw}llp.
0

0 0

Proof. The obvious changes of variables and Minkowski’s integral
inequality yields

([ w@a ([ s asf a0} = ([ wi@e [ stenanff oo}
0 0 0 [
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{

v ay{ [ w(o)aog (2)1° do}

.0

AN

°%»—- P T

w(@) e~ g (zy ) o dm}”p dy

w(efy)y ~Pa " g (o) dl dy

=TT =T

from which the result follows.

A dual inequality of this type is proved in a similar way, only then
w must be taken to be non-decreasing. However, we shall not need it
in the sequel.

- Levua 2. If g 48 a mon-negative, mnon-increasing function defined
on (0, ). and a real, then for 0 < p < ¢

{f [2°g (@) o do™ < 4 {f [w“g(w)]’”w‘%}”?-

Proof. Since

{f [Fo@re daf™ < | 3 pay kfk s g
: <4 {k 5’: ( Zkﬁl)zuk]q}p/q
<Ak§,’ [g(2"%)2%1®
<4 3] warea
B="co gh—2

<4 [ [Wg)Paaa,
o
the result follows.

The weight functions we consider in the next theorem satisty the
following : Let w be a non-negative function defined on (0, o). w € W*(a),
a > 0, if w is non-increasing and satisfies the estimate

T
[ 7 w(t) dt < Aatw (o).
0
Also, we Wy(a),a <0, if o is non-decreasing and

ftH BydE < Aatw (z).

icm®
TuroREM. Suppose T is a sublinear operator of weak type (9;, &),

1P, << 00, 6 =0,1; py<py, gy # g1 If o is the slope of the line
segment from (1/po, 1/qo) to (1/py, 1]gy) and

1jg = 0/go+(1—0)/gs, 1/p =0/po+@1—0)[p;, 0<O<T,
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then ‘
I @y ora” <a{f wa@rda)”,
0 0

for all we W°(l/q—1/¢;) if ¢o< gy and all we Wo(l/qg—1/q,) whenever
¢ < Qo-
Proof. Note that
_ lige—1jg l)g—1lgy  1{go—1/g,
T ljpe—llp  Ljp—ljpn  1lpe—1l/p
is positive if gy < g, and negative for g, < go.
£ > 0, define f!(#) = f(2) if |f(#)] > f*(#°) and f'(@) = 0 otherwise,
and f,(#) = f(w) —f'(z). Then :
. ffley i# O<ae<t,
() @K{o # <o,

and

) # =<t
(f)* (@ ‘j* )

o)y i <o
Since T is sublinear and satisties the weak type conditions, it follows that
(1) (TH*(t) < 20CTF* (5/2) + (T (¢2)]
< ALY, -+ |l ]

R (} f*(t“)mdw‘f r (y)”“@)um]; ‘
H 4

‘We now consider the case o < ¢y- By hypotheses, L< P < ¢, 80 that
Temma 2 and Minkowski’s inequality imply i g

(] otz ioea < 4 [ o oo (P
4 {[fo w (BPle-ol f FHypody)™ at]” +

o0 td .
+ [ f w(1)? {pla-plag-1 ( f frEPdy + f F* dy)””l dt]l/p}
0 H -
=4 [I 1 + I 2] H
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respectively. The change of variable t—>2"° and an application of Lemma
1 shows that

oo x
/;
=2 [ w@pan ([ fwroa) a
[
o [

<X (——’i—)' [ @ @
L ONP—Do :

The same variable change yields

r< f [w(t)f*(t")]”t“”q“p’qﬁ“p’pl‘l at+
o

+ f w(t)ptpia—p/ql—l( f * ()i )p/m

P/P1

[

— 1 [ 1/ ' v 1 1/0\D .—D/D (°° 1 )
== [ @ @) dw+aofw<m pan([ £y
and the last integral can be writben as

fW(W"")”w"”"”‘ (fm [P f* (@ -+ P PRy dy | da
0

< A [ waty pm—plm(f +f) y"”‘l“-lf*(m—{—y)z’dydw
0 x

o;ﬁg

<A f [ (a/°)f* (@) P do+ A f w (2 f’m—plﬂl( f YR (y) dy ) do.
Here we applied Lemma 2 to the inner integral and used the fact that
f* is non-increasing. Interchanging the order of integration of the second
integral, then applying Lemma 2 again, we have
o« v
[y ([ (@) o P do)ay
0 0
o v
<A [yt f (g w(@)a o ga) @y
0 0

Now the change #—1° and the condition w € W°(1/g—1/q,) show that this
integral is also dominated by

@) [ @ W) Py

° © ‘
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Next, we consider the case ¢, < g,. Now we W,(l/g—1/g,) and
0 < 0. By (1) and Minkowski’s inequality,

( f [w(t) ]th)llq <A {[Dfmw(t)qt—q’qo ( fiaj*(y)“d?/)qwo clt]”q+

) i° L
+ [bf w (1) 9n (Of Fr Py + ff*(y)pldy)(llm dt]ll'l}
i”
= A[J;+J,],

respectively. As in the estimate of I,, the change i-»2"" and an application
of Lemma 1 and Lemma 2 yields

Ji< ~i(

apy & o g
w (2t 7)1 g,
- p_po) hf[ ()" (@)= d

3

<4 ([ mr @)™,

[

Observe that now p; < g, hence we may apply Minkowski’s inequality
to Ji to get

I { f [w () () J24 /et oatny dt}l’llfl +
0

U'w )qt““/ql(ff pldy)qml dt}p‘/g

The chamge t—a"" and the use of Lemma 2 show that the first integral
is dominated by (2). The second integral is by Lemma 2 domainated by

41

=,

wt@pasin ([

-]

j?w(w”")”w‘f’”’l U [yMof* (o -+ y) 1Pyt dy)i’/ﬁl dw}wp
0 0
{[ o
o

=A{

z 00

w( 1/a gDy [U + )yp/pqut(m_l_y)pdy] dw}pl/p

0 @

<A

A{[ oy @+ [ u@pe | [y wpa) a.
0 0 &

The interchange of order of integration, the use of Lemma 2 and the fact
that w e W, (1/q— 1/q1) show as before that the last integral is also domi-
nated by (2).

This concludes the proof for.finite parameters.
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If g, = co and ¢; < oo 0r ¢, = oo and gy < oo, the result follows
in the same way by taking 1/g, = 0, respectively 1/g, = 0.
If p, = oo, it follows divectly that I, is'dominated by (2) and

U [0 () f* (g) Py dy)l/q <A (f [w () f* ()P df‘/)llp

by Lemma 2.
An examination of the proof shows that the result extends to 0 < p,
<¢< 0,4 =0,1, provided tha,t for 0<p<l, weWplg—p/a.)
Hg<gq and w eWo(:plq —plg,) Whenever g, < go.
We single out a specific weight in the following

COROLIARY. (3) If ¢y < ¢ and 0 < § < (1/9~1/g1)/(1/ge—1/q), then
(f Pl (Tf)* () ) < 4 (fw &P f* ()2 da) .
(b) If ¢.<qy and (1/g—1/g:)/(1/q—1]g) < B <0, then
U 0 (Tf)" (o)t < (f O (o) o)

Exampre. Let T be defined by Tf = f, where f is the is Fourier
transform of f. Since T is of type (1, co) and (2.2) we obtain for w e W,(1/2
_llp)v 1 <p< 27

{f [ (@)f* (o) o) " < 4 | [ wams or )",

1/q =1—1/p, an extension of the Hausdorff~Young inequality.
I wish to thank Professor A. Torchinsky for providing the proof
of Lemma 1 and the correspondencée we had on these topies.
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Suites concordantes d’espaces normés
et leurs applications I

par

CZESEAW GOZDZ (Lublin)

Résumé. Nous exposons dans ce travail une méthode pour I’“approximation”
des 8léments d'un cspace de Banach (on de Hilbert) donné par des suites concordantes
d’espaces normés (dans les apphcaﬁsmns pratiques ces espaces ont un nombre fini de
dimensions). Nous indiquons aussi une réalisation numérique de ces confsldératﬂons
dans les problémes variationnels aux dérivées partielles qui se présenteut dans’ Ia
théorie de 1’élasticité ([3]).

‘1. Construction d’un espace de suites concordantes. Soit une suite .
d’espaces normés (X, ||I-ll,) (» =1, 2,"...) et supposons donndes les appli-
cations linéaires continues @, ,: X,—»X,, (m>=n =1,2,...).

Par P(X,) nous démgnerons l’ensemble de toutes les smtes {w,} telles

‘que v, € X, (n=1,2,...) et satisfaisant & la condition

11) p({z,}) S Iim o, ], < oo.

Nous admettons les définitions suivantes:
DErFINITION (1.1). Les éléments de I’ensemble
12) . C=[{@}ePETIAYV A 00— PumTaln <&l

>0 ny M2NZN,

seront appelés suites concordantes.
DErrviTION (1.2). Les éléments de 1’ensemble
(1.3) 0, = [{%L}lEP(Xw): V Vo, = Png,n¥n, POUT 7 2= ]
7y Tng&¥ng
seront appelés suites presque constantes.

Remarque. Nous identifierons les suites qui ne différent que pa,r
un nombre fini de coordonnées.

LevMe (1.1). 8 les applications @, , satisfont & Uhypothése

A A sup ”‘Pno nwn‘,“n <

Ny Ty, E‘X"D n2ng
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