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THE IDFAL STRUCTURE OF SIMPLE TERNARY ALGEBRAS
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JUHANI NIEMINEN (HELSINKI)

1. Introduction. Let V be a non-empty set and @ a ternary operation
defined on V. The pair (V, Q) = A is called & simple ternary algebra if Q
satisfies the following conditions:

(1) 9(a,a,d) =a, a,beV;

(2) @(a, b, c) is invariant under all 6 permutations of a,b,ce V;

(3) Q(Q(a” b, o), d, 3) = Q(Q(a) d,e),Q(b,d,e)), 0)7 a,b,c,d,ecV.

Simple ternary algebras are considered by Avann -[1], Sholander
[10]-[12], Nebesky [6]-[7], and Nieminen [8], [9]. In [5], Nebesky defined
the ideal concept for a class of simple ternary algebras. The purpose of
this paper is to prove a few properties of the ideals of simple ternary alge-
bras. These properties are analogous to those of the ideals of distributive
lattices (see, e.g., [3], Section 7). The results obtained here are also gen-
eralizations of the filter structure of prime semilattices determined by
Balbes [2] and of the structure of the convex sublattices of distributive
lattices given by Koh [4].

Each distributive lattice is a simple ternary algebra when we define

Q(a,b,c)=(arb)v(arnc)v (bAao),

but Theorem 3.4 in [2] shows that not every property of distributive
lattices can be proved for simple ternary algebras.

2. The lattice of ideals. Let A = (V, Q) be a simple ternary algebra
and let U and W be two non-empty subsets of V. For any s € V we write

QU,W,s8) = U{Q(u,w,8)|luecU and we W}.

We shall use the definition given by Nebesky [5]: A non-empty
subset W of V is called an ideal of the algebra A = (V,Q) whenever
Q(W, W, z2) < W for each z € V. The converse inclusion is obvious in virtue
of (1), and thus W = Q(W, W, 2) for each z e V if and only if W is an
ideal of A. Furthermore, an ideal P is called prime if Q(x, v, 2) € P implies
|Pn{z, y, 2}| > 2, where |B| denotes the cardinality of the set B.



24 J. NIEMINEN

Avann [1], Lemma 3, has shown the following useful connection
between simple ternary algebras and meet-semilattices. Let A = (V, Q)
be a simple ternary algebra and let # € V. Then A can be associated with
a partial lattice L(4, #) by the following properties:

(4) The order relation in L(A, ) is given by

b<c<Q(z,b,c) =0D.

(6) The zero element of L(A, x) is x.

(6) L(4,x) is g'closed with respect to the meet given by bAc
= Q(=, b, o).

(7) The existence of an element m (b, ¢ <m) implies the existence
of the join bve = Q(m,b,c).

(8) If bv e exists, then dA (bve) = (dAd)v(daec), deV.

(9) For all triples b,c,d € V there exists

(bace)v(bad)v(eand) =@Q(b,c,d).

Let W Dbe an ideal of a simple ternary algebra 4 = (V, Q) and let
@ € VN\W. In the partial lattice L(4, =), Q(a, b, ) = an b e W for each
two elements a,b e W, and if in L(4, ) there is an element m > a, b,
then also @(a,b, m) = av b e W. Moreover, if a <y < b, then Q(a, d, )

= 4y according to (7), and if Q(a, b, y) € W, then also y € W. Hence the
ideal W of A is a convex subset of the partial lattice L(A4, ). The defi-
nition of an ideal in 4 implies now the following obvious characterization:

LEMMA 1. A non-empty subset 8 < V i8 an ideal of the simple ternary
algebra A = (V, Q) if and only if snt e 8 for each L(A, z) with x € V\8
and for each two elements s,t € §.

If we treat the empty set as the least ideal of the algebra 4 = (V, Q),
then we can construct the lattice #(A4) of ideals of A. This is done in the
following lemma:

LeMMmA 2. Let W and U be two ideals of a simple ternary algebra
A = (V,Q). Then WU is an ideal of A, and

Z = {2|1Q(u, w,2) =2 for some we U and some we W}

i8 the least ideal of A containing U and W.

Proof. Ifz,ye UnW,thenQ(z, vy, 8) € U, W for each s € V according
to the definition of an ideal in 4, and so UnW is an ideal of A.

We show that Z is an ideal of 4. Let e V\Z and z,y €Z. If we
write s = Q(«, v, q), then 8 = Q(x, y, 8) by (3). Let us assume that 8 ¢ Z.
Then xAy = 8 in the partial lattice L(4, 8). Since # € Z, we have & =
Q(u,, w,, z) with v, € U and w, € W. In L(A, 8) this means that

T = (BAW,)V (BA u)V (WA Uu,),
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whence & > %, A w,. Similarly, y > w, A u,in L(4, 8), where y = Q(w,, %,,¥),
%, € U and w, € W. But

8 =DBAY = (WA U A (W, A Uy),
and so (w,A u,)A (w,A u,) = 8 in L(A, 8). On the other hand,

8 =8AY = (sz wy)A (uz’\ ’ll:”) = Q(Q(wza Wy 8)7 Q(“:u Uy, 8)7 8)9
where Q (w,, w,, 8) € W and Q(u,, u,, 8) € U. Hence s € Z, which is a con-
tradiction.

Let K < V be an ideal of A containing W and U. Then @ (%, w, p) € K
for each two elements v € U, w € W and for each p € V. But then Z < K,

and so Z is the least ideal of A containing U and W. This completes the
proof.

The following theorem is & generalization of the property of relatively
maximal ideals of distributive lattices (see, e.g., [3], Section 7, Theorem 15,
and [2], Theorem 2.2).

THEOREM 1. Let A = (V,Q) be a simple ternary algebra and let J
and I be two non-empty disjoint ideals of A. Then there exists a prime ideal P
of A suchthat I < P and PnJ = @. Moreover, let A’ = (V', Q) be a ternary
algebra satisfying conditions (1) and (2), and such that for amy pair J', I’
of two non-empty disjoint ideals of A’ there ewists a prime ideal P’ of A’ with
I' c P’ and P'nd’' = Q. Then A’ is a stmple ternary algebra.

Proof. 1° We show first the latter part of the theorem. Assume that

QQ(@,9,2),u,w) #Q(Q(x, v, w),Q(y, u, w),z) in A’
We put
J' = {Q@Q(z, u,w), @y, u,w),2)} and I'={Q(Q(x,y,?),u w)}.
According to (1), J’ and I’ are non-empty ideals of A’. As I' < P,
IP'n{Q(w, ¥, 2), u, w}| > 2.

If w,welP, then Q(»,u,w),Q(y,u,w)e P and, consequently,
J’' = P’, which is a contradiction. The proof goes along the same lines
if Q(x,y,2),uecP (or Q(»,y,2), weP’). Hence A’ is a simple ternary
algebra.

2° Let j € J. We consider the partial lattice L(4,j). As J and I
are convex sets of L(A4,j) and j is the least element of L(4, j), there is

no element j’' € J such that j' > ¢ in L(4, j) for some i € I. We define
now a set M in L(A,j) as follows:

M = {m|m >+ for some ¢t eI, me V}.

If a > b and b € M, then, obviously, a € M. Furthermore, if a, b € M,
then aAb>i,A1%,, where a>t,€I and b>1,el. Hence M is a filter
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of L(A,j) and MnJ =@. But now we can apply Balbes’ Theorem 2.2
to M and J, which shows that there is a prime filter P of the partial lattice
L(A,j) such that M < P and PnJ = @. We show now that P is also
a prime ideal of A.

If »,, », € P, then

Q(®y, Ty, 8) = (T A By) v (B, A8)V (DA 8)
implies
Q(w,, g, 8) > w2, A, for each seV.

As @, A2, € P, we have Q(v,, #,,8) € P for each s € V. Hence P is
an ideal of A. Moreover, if Q(», y, 2) € P, then the relation

(xAy)v (BAZ)V(YAZ)EP

implies that at least one of the elements 2 Ay, ¥A 2, and y Az belongs to P,
a8 P is a prime filter of L(A4,j). If sAy e P,then z,yeP,as v,y > 2A Y.
But this shows that Q(z,y,2) e P implies |Pn{r,y,2}|>2. Thus P
is a prime ideal of the algebra A4, and the theorem follows.

Note that although every prime filter of L(A4, j) is a prime ideal of 4,
the converse need not hold; this can easily be seen by means of trees.

The following theorem is also a generalization of the corresponding
results for distributive lattices (see [3], Section 7, Corollary 18).

THEOREM 2. A ternary algebra A satisfying conditions (1) and (2)
18 simple if and only ¢f every ideal of A is the meet of the prime ideals which
conlatn it.

Proof. Suppose that A is simple, and let U be an ideal of A such
that "

U+NP,
r

for all prime ideals P, containing U. Then there exists an element
ve \P\U.
r
{x} is an ideal of 4 and, according to Theorem 1, there exists a prime

ideal P of A such that U < P and {#}nP =@. This is a contradiction,
and then every ideal of 4 is the meet of the prime ideals which contain it.

The converse proof is similar to that of the latter part of Theorem 1.
THEOREM 3. In the lattice S (A) every subset

[X) ={Y|Y>X,Y,Xes(4)}

18 a distributive sublattice of S (4A).
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Proof. Let Z, U, W € [X). As it is well known, the distributivity
of [X) follows from the relation

ZAUVW) < (ZAU)V(ZAW).

Let keZA(UvW). As ke UvW, we have k = Q(u, w, k), where
u € U and w € W. We consider the partial lattice L(A, k). For each t € Z
and for each s eV, we have sAteZ as sAnt =Q(s,2,k) and 2,k eZ.
If 2e UAWAZ, then
Qu,w, k) =urw =%

and, further, zAuAw = k a8 k is the least element of L(A4, k). Thus

k= (@Au)A(zAw) = Q(Q(z’ u, k), @2, w, k), k)
Ifz,keZ,thenQ(2,u, k) eZ,and if 2z, w € U, then also @ (2, u, k) € U.
Similarly, @(z, w, k) e ZA W. According to Lemma 2,
Q(Q(za u, k), @2, w, k), k) €(ZAU)V(ZAW),
and the theorem follows.

3. The ternary algebra of ideals. In this section we consider the ternary
algebra of ideals of a ternary algebra A = (V, @). We prove the analogue
of the well-known theorem concerning the distributivity of the ideal
lattice of a lattice.

THEOREM 4. The ternary algebra W (A) of non-empty ideals of a simple
ternary algebra ts simple.

Proof. Let U, W, K be three non-empty ideals of the ternary algebra
A = (V, Q). At first, we show that

QU,W,K) =U{Qu,w,k)ueU,weW and ke K}

is an ideal of A.
Olearly, Q@ (U, W, K)is anon-empty subset of V. Letz,y € Q(U, W, K)

and consider an element ¢ =Q(2,y,f) =@(z2,¥,t), where feV. We
consider the partial lattice L(A4,t). As 2,y €Q(U, W, K), we have

z2=0Q(u,w, k) and y=Q(u,w,k,),
where u,, u, € U, w,, w, € W, and %,, k, € K. Now
t=Q(2,9,1
= [(ugAw,) v (U AK) v (W, AK)IA [(uyAwy) v (uyARy) v (K Aw,)]
and, applying property (8), we obtain

b= (U, AW AU AWY) V (U AR AU A Ry) v (W AT AWy AKy) v
V(U AW AU ARV ...
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As t is the least element of L(A4, t), already the join of the first three
meets written above is equal to {. Hence we can write

t = [(uAuy) A(wAwy)]v [(uAuy) A (K ARV [(w, Awy) A (K, ARY)]
= Q(Q(“n Uy, 1), @ (w,, wy, 1), Q(k,, k,, t)),
where Q(u,, u,,t) e U, Q(w,, w,,t)e W, and @(k,,k,,t)eK. Thus
Q(U, W, K) is a non-empty ideal of A.
In #(4) = (£(4)\G, Q) the operation @ satisfies conditions (1)
and (2). As A is simple,
Q|e(U, w,K),8,T) <9|Q(U,8,T),QW,8,T), K),
whenever U, W, K, 8, and T are non-empty ideals of 4. Let
g EQ(Q(U7 s, T),QWwW,8,T), K)°
Then the following considerations are performed in the partial lattice
L(4,9):
g = Q(Q(“; 81, %), Q(w, 83, t,), k)
= {[(wA8) Vv (uAt)V (8,A8)]A [(WAS)V (WALY) v (83AE) ]}V
V(EAUAS)V(EAUAL)V(EAS AL)V(EAWAL)V(EAWASZY)V (EA8 ALy).

As g is the least element in L(A4, g), each term of a join equal to ¢
is also equal to g, and gAr = g for each r € V. Using these observations
and developing the term in { }-brackets above, we obtain

g = (8. A8 AL AL)V(UAWAS AS) YV (UAKEAB A8 Y
V(WAEAS A8V (UAWAT AL)V(UATAL AL)V(WATAL ALY
= [(8,A83) A (B Ate) IV {(81A8)A[(wAW)V(UAK)V(wAK)]}V
vV {(t,At)A [(uAw)v(uAak)v(wAk)]}
= Q((uAw)v (uAK)V (WAK), 8, A 8,y B, A 1)
= Q:(Q('"'y w, k), @(81, 832, 9), Q (b1 tay g));
where Q(3,, 8, 9) € 8 and Q(,, ts, g) € T. Hence also
Q(Q(U’ 8, T),QWwW,U,T), -K) = Q.(Q(U, w,K), 8, T)?
and so (3) holds in % (4) = (£(4)\0, Q).
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