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critical Jine Res = § does #nof contain an arithmetical progression. I
follows that fu ;-8 not constant.

Case 4. ¢ = %. In this case we invoke & theorein of ]?utnmm [2]
saying that the seb of zeros of {(s) on the critical line Res = % does not
contain an arithmetical progression. It follows that also in this ease f,
connot be constant, :

Case 5. 0 < ¢ < }. Becanse of the funetional cqusbtmn for £{s) thig
case may be rednced to Case 3.

Summarizing, we have the following

TEHEOREM. If a and § are positive consiants and f, 2 R—R is defined

log2

by (3) then [, is @ consiant funclion only in case ¢ = fi = , where k

8 any positive integer.
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Let p(n) denote Euler’s totient function and V{n) the number of
distinet prime factors of ». In this paper, we shall study the quantity
V((ﬂ, qo(n))) which arises naturally in group theory. For example, letfing
G(n) denote the number of non-isomorphie groups of order #, we have
by a classical result of Burnside that G(n) = 1 if and only if V(n, p(n))=0
(ie. (n, p(n)) =1). Brdos [1] showed that the number ¥, (z) of n<
satisfying the latber eondition is

1) Fyla) = [14+o(1))ae™" floge
where v is FEuler’s constant and we write log,x =log®s, log,n =

log(loga_lm)g‘. More generally, we ¢an define Fy (%) to be the number of # < 2
for which G{n) = k. The authors [2] have shown that for each %,

F(2) <€ x/log.
The proof depended cssentially on a weak form of the following result
stated by Brdss in [1]: for each &> 0, the number of n < o that Inil
to satisfy
(14 &)log,n
is o(@). (A proof of this was supplied by the authors in [2].)
Tt is an intercsting number-theoretic problem to estimate the number

A, (@) of n< e for which Vv, p(n)) = k Our main result here Is the
following theorem.

(L —g)logen < Vin, p(n) <

TaworeM. For each k=0, we have
(L-+o(L))me”" (logm)*
) _ _ Apl@) = Elogga ’

The proof will require several lemmas and intermediate results, The
first two lemmas are due to Erdds [1].
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Lemya 1. Lel p be o fimed prime. Then

1 1 loes 1-loo:
Zi s 4 " {logp +logya),
where the asterisk indicates thatl the swm 1s over primes s <L o, 8 = 1 (mod p).
We remark here that unless otherwise stated, p, g and s will denote
primes.
Leuna 2, Let p < (log,@) % Then the number of pm < @ such that m
fas no prime divisor =1 (mod p) s o{m/(loggm)z), wniformly in p.
Lmvina 3. Let H () be the number of n < » of the form n = p,p, ... pym,
where
(i) p; < (loge®)'™5 4 =21,2, ..., &,
(i) all the prime divisors of m are > (log,x)' ",
(itl) (in, g(m)) = 1.
Then for each fized F,

(1+o(1))me 7 (log,z)"
Hyle) = INogyw )

Procof. By definition,
(8) Hyw) = D) 31
P M

where the outer sum is over all p; < (log,2)'™* (1 <4 < k) and the inner
sum I over m < #/p, ... p, satisfying (ii) and (iii). Erdos® proof of (1)
shows that ‘

. S7o o retae
ot (P22 - Dy)logew

and as the pi‘oduct P1.-0 Py 15 obtained k! times in the k-fold outer sum
of (3}, we geb

_ [Lte@))ee 1V L4 e(1))we (log,z)
Hylw) = Kllog,a (2 }7) - Lllog,x

proving the lemma.
We are now ready fo prove our theorem.

Proof of theorem. We shall give the proof for 5 = 1 and then
sketch the modifications needed for general %. Write

(5) Ay (@) = A () + 47 ()

where 4;(%) counts the contribution of squarefree n to A,(#) and A (@)
counts the remaining . First we estimate A7 (w). Tf » is not squarefree
and V(n_, p(n)) =1 then certainly n = p®m (s > 2) with (p, m) =1 and
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(m, q:(m)} =1, The number of such # <o with p > log,o = ¥ (say) is
clearly '
: & &
< Y ?7 <€
Sid ied D Y
B>y 432
and the number of remaining non-sguarefree n in 4,(z) is

SV, (2] <8
<,~:.:’_42A0 p” <log3m

DRy azl

using (1), Thus, we have
(8) C AV (@) € mflogym.
If » is squarefree, then Vi{n, ¢(n)} = 1 impliey that
() » =pm, (mem) =1 and m has at least one prime divisor
_ ¢ =1 {mod p).
Let ¢ > 0 he fixed. Then, we write
Ai(w) = T+ D+ 5L I

where the sums are over those n <@ in 4;{#) of the form (7) and

in X, p>(logo),

in 2y, (logye) ™" < p < (logyw) ',

m X, p<(log,z)* and at least one prime divisor of m is
< (log,»)'™,

in %, p<{ogwy and all the prime divisors of m are > (log.#) ™"

Clearly, we have by Lemma 1,

* x
- -1 1 .
® ey o € Z’p (logp +log,2)
) P g P
£ ——m—:—(logam +log, o) = o(wlog,m/logys).
(logyz)* ™
Algo, we get from {1) that
iy i .
9 2, <€ A(—)< — & zflog.z
®) : Z \» Zplﬁga(m/p) "

where all the sums are over p in the range indicated for X,. Now from
Lemma 2, the number of m < #, {1, cp{m)} == 1 which have & prime divisor
< (log,a)'™* is _

ofw[(logy&)?] (logs)' ™" = o(w/log,a).
Hence, _

(10) S0 ( ”3; Vi) e (wlog4m)

Jdogyw
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where the sum is over p < (log,&)'*. For X,, we write

(11) Ty o= 24+ 2

where in the first sum, all the prime divisors of m are > (log,#)'™?, and
the second sum contains the remaining » of Z,. Thus, for the n in z/,
there is a prime divisor ¢ (say) with

{12) (loga@)'™* < g < (logyw)'**

80

5 < } ZA (wlre) < =

logaw »q

where the sum over ¢ i3 in the range (12) and the sum over p is in the
range specified for X,. The sum over g is cearly < & 50 we get

(13) Xy < exlog,a/log,s.

Finally, recalling the definition of I () from Lemma 3, noting that
our # are now squareiree, and that in the range of X, every number in (7)
satisties Vin, ¢(n)) =1, we get

Hy (@) > 2, > H,(#)— T (w)

where T'() is the number of pm = n << o such that m has no prime divisor
=1 {mod p) and p is in the range specified for 2y, Lemmas 2 and 3 imply
that
1+0{1))we"log,
logam

80 that combining (5), (6), (8)—(11), (13) and {(14), and noting that 6> 0
was '1rb1fra1y, the proof for & =1 is completed.

Now we sketeh the modifications needed in the above proof, for

general k. As before, we write 4,(s) = = Ay (#)+ A} (») nsing the notation
a3 in (5). Recalling y = log,», we get '

15 A m(logm)"“l
(18) () <22A,c_( ) <

PEY a=i

(14) 5l

by induection, To estimate Ay(®), we wrlte the n <
in the form

# that are counted,

16} n=pi...om;,  (m,pm) =1 and

(», 95("‘7')) =P Py
Then ag before, : '

Ailc(a’) = 21+_Zé+28 + &y

icm
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where now, the sums are over those n < o of the form (16) and

in X, some p;> (log,z)'™,

in X,, some p, satisfies (log,x)'"* < p; < (log,»)* ™5,

in X, all p; < (log,»)"* and at least one prime divisor of m is
< (logam)'™,

in Xy, all p; < (log,w)~® and all the prime diviscrs of m are

> (log,®)'™".
For %y, the estimate (8) holds as Dbefore, and also
(17} Ly Lolloggw, ;= o(m(loggm)kjlogﬂ;),
by simple medifiecations in (9} and (10). Finally, writing %, = 2,4 2}
in the same notation as in (11}, we find again by a simple modlfleatmn
thatb

(18) Z = o (w{log,n)* flogya}
and
) E—1
(19) Hy(w) 2 5> Hy(o)— > 4;(n)
. j=8
ag clearly all » counted by Hy(z) satisty V{n, p(n)) < k. By induction,
k-1

N Ay(@) < allog,ay logyw,
,*
go that by Lemma 3, we get from (19) that
. (LoD me 7 {log,z)*
(20) E4=( (1)) e (log, )
Elogye

17), (18) and (20),

and combining (15), (3}, { the proof of the theorem

13 complete.
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