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Abstract. There are given some theorems on factorization of a continuous map f: X— ¥ between

completely regular spaces through continuous maps X- 12—»\ Y such that 2| M is a homeomorphism
onto a closed subspace M CZ, with uZ = uM, where M CX is a fixed “well”-embedded, closed
subspace of the space X with infinite uniform weight uM=uY.

1. Preliminaries. The spaces considered in this note are assumed to be completely
regular and the maps are assumed to be continuous. We use the notation of uniformity
in the covering sense as in Isbell’'s book [4]. Some symbols and notations are taken
from [6].

An infinite uniform welght of a space X is a cardinal number uX = inf{¥,
+weight %: % is a uniformity compatible with the topology on the space X}
If uX = 8,, then the space X is metrizable.

Denote by %% the greatest uniformity compatible with the topology on the
space X. For each subspace M'=X, let %% M be a uniformity on M induced by 4%,
ie. UM = {P|M: PeU%} where PIM = {un M: ueP}.

A subspace Mc X is said to be w-subspace iff Uy = YYM.

2. Factorization theorems. In this note we shall show that under some additional
assumptions the following proposition is valid.

For each map [ X— Y and a closed u-subspace M= X, uMzuY, there exists

b v

a factorization of the map [ through maps X o Z > Y, ie. = gh, such that h|M is
a homeomorphism onto a closed subspace /1M cZ and uM = uZ.

THEOREM |, Ler M < X be a closed u-subspace of X with a complele compatible
uniformity on M of weight equal to uM. Then for each map f= X~ Y, uY<uM, there
exists a fuctorization of the map [ through maps X —» Z— Y such that h|M is a homeo-

morphism onto a closed subspace hM <Z with uZ = uM.

Proof. Let ¥ be a uniformity compatible with the topology on the space ¥ such
that the weight ¥"<uM. The map f: (X, #¥%)—=(Y, ¥) is uniform. Let # be a base
for ¥ with card #<uM. Since M is a u-subspace of X, by a countable operation we
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can choose a pseudouniformity % <% with weight % = uM, f~1 @ <%, and such
that %|Af is a complete uniformity compatible with the topology on M (for an
indication of the proof see Proposition 3 in [6]).

Now, let Xy = {[x]y: xe X}, where [x], = ) {st(x, P): Pe%}. The set
Z = Xy is a partition of X into sets [x],, x € X. Put h: X—Z, X+ [x]y, and define
2 uniformity %* on the set Z, #* = {P*: Pe@}, P* = {Z—h(X—u): ueP).
The map h: (X, %)~(Y, ") is uniform. Since 1™ '%* = & and f~'9 %, there
exists a unique uniform map g: (Z, %*)— (¥, ¥), g[x]y = fx, such that f = gh
(for detailed proofs see [6]).

Let Z be a topological space with the topology induced by the uniformity %*.
Since #|M = h™'%*|M and %|M is a uniformity compatible with the topology
on M, we have h|M: M—hM is a homeomorphism. Now, suppose that there exists
a zeclzhM—hM. Then
{h~1st(z, Q)N M: Qe w*} = {st(x, P) A M: Ped}: forve xeh™lz,. ..

¢

is a Cauchy filter in the complete -uniform space- (M, ;%IM).. Héhce' thére' f-:YiQts:

a point
y € N {elyst(x, P) 0 M: Pe%} =0 {st(x, P) A M: PE %} -

(because P'>, P implies {clu: u € P'}>P). Thus hy = z, y € M, which conuauwts

z¢hM. ) ‘

‘ A subspace M < X is said to be a G, subspace iff M is an intersection of m open

sets in the space X. For the case m = %o this means that M is Gy in X,
THEOREM 2. Let M= X be a G, and closed u-subspace. of a no_rmzﬂ space X.

If:m<uM, then for each map f. X— Y, u¥Y<uM, there exists a factorization of the

h .
map f through maps X < Z = Y such that h|M is a- horneomorphism onto a closed

. onto . . .

subspace hMcZ, kM A W(X-M) = @ and uZ = ulM.’
PF oof. Let #” be a uniformity compatible with the topoldgy on Y, with a'base
#<¥, cardB<uM, consisting of locally finite open. coverings.  Let. % with
card9<uM be a family of. open sets in X such that M = N {G: Ge¥}. The
uniformity %% has a base consisting of all the locally finite open coverings of X,

because the space X is normal (see e. g. [4]). Hence it is possible to find by a countable’

operation (see Proposition 3 [6]) a pseudouniformity % =% such that f~* @,
{G, X—M} e for each Ge ¥, weight % = uM and %|M is a uniformity on M
compatible with the topology. . ‘

Now, as in the previous theorem, define Z = Xy with the topology induced
by %*, h: X=Z, x[xly, and g: Z-Y, [x]gwfx. '

To see that AM<Z is a closed subspace of Z such that hX~M)n hM = @,
consider x¢ M. There exists a Ge¥ such that x¢ G. Put P = {G, X—-M3},
z =hx. Then st(z,P*)nhM =@. Since P* e%*, we have hx¢hM and
hx ¢ clzhM. This implies that hMX—M)n M = @ and cl,hM = M.
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A. space X is m-fear‘her‘ed iff there exists a family &, with card? <m, of co-
vérings of X with open seus in the Cecli-Stone compactification fX such that for
each xe X, () {st(x, P): Pe P} X. For the case m = &,, the space X is said to
be feathered or a p-space (see Archangel’skii [1]). Each G,, subspace of BX subspace’
is ‘m-'feathei'ed.‘ ‘ ‘ o . h ‘ '

.,A map h X_"-TZ is said to be perfect iff A1z is compact for each z e Z and
hM<Z is closéd for each closed set Mc X, _

., THEOREM 3. Let M'< X with uM<m be a closed subspace of an m-feathered
paracompact space X. Then for each map f. X— Y, uY <uM there exists a factorization
thrdug/z maps X -i;Z—-) Y such that h: X—Z is a perfect map onto an m-feathered
pargcompact space Z where uZ = uM and h|M is a homeomorphism. '

Proof. Let # with card # <uM be a base for a uniformity compatible with the
topology on Y. By a countable operation we can choose a pseudouniformity % ca%
such that %|M is compatible with the topology on M, f~ 1% <%, #|X <%, and for
each P e there exists a locally open covering Q e% such that Q*>P where
O* = {v*: ve 0}, v* =clpy U {(ucPX: un X =0, uis open in fX}. From the
compactness -of fX it follows that {st(x, P): Pe%} is a base of [x], and [x], is
compact. In virtue of A™*%™ = %; we infer that h: X—Z, xp[x], is a perfect
map. By a theorem of Michael [8] the ‘space Z is paracompact and the space Z is
m-feathered because h(BX—X)=pZ—Z for each perfect map..

3. Some remarks and applications to the factorization theorems. Dowker [2]
(see also Katetoy [5]) has proved-that for each closed subspace M« X of a collec-
tionwise mormal space X and for each locally finite closed covering {F;: se S} of
the space M and for each open in X covering {U: s e S}'of the space M such that
F,cU,, seS, there exists a locally open in X family {V,: se S} such that
FcV,n McU,. Since for each space M the uniformity %% has a base consisting
of locally finite closed coverings, the result of Dowker implies the following

LeMMA. Each closed subset M of a collectionwise normal space X is a u-subspace.

By putting in the factorization theorems Y = {point}, uM = x,, we find that
for each metrizable space M= X under some additional assumptions (as in the
theorems) there exists a map /i X—Z onto a metrizable space Z such that A|M is
a homeomorphism' onto a closed subspace hM<Z. Now, notice that for each
pair (X, M), M < X, for which there exists a map h: X—Z onto a metrizable space
such that 4| M is a homeomorphism onto a closed subspace AM<Z, the Dugundji
Extension Theorem is valid, i.e. there exists a simultaneous extender /: Cr(M)
- Cr(X), where R means a locally convex vector space (see [7]). Lutzer and Martin
have proved in [7] that in M is a closed subset of collectionvise normal space X,
then the Dugundji Extension Theorem is valid for the pair (X, M). Theorem 2 also
implies the result of Lutzer and Martin.

Theorems 1 and 3 give some new results for the question when a pair (X, M),
where M is a metrizable subspace, satisfies the Dugundji Extension Theorem. From
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Theorems 1 and 3 and from the lemma it follows that if M is a complete metrizable
closed subspace of a collectionwise normal space X or M is a closed subset of a para-
compact p-space, then the Dugundji Extensions Theorem is valid for the pair
(X, M).

In [3] we give an example of a hereditarily paracompact space and a closed
.separable metric space M< X such that the Dugundji Extension Theorem is not
valid for the pair (X, M). This implies that the theorems on the factorization of
a map f: X— Y through X5 Z—Y, uZ = uM>uY, such that h|M is a homeomor-
phism onto a closed subspace #M < Z, cannot be obtained without additional assump-
tions on embedding the set M < X, even if we assume that the space X is nice.

Another corollary which can be obtained from Theorem 3 by putting
M = {point} = ¥, is a result of Archangel'skii [1] stating that each paracompact
p-space has a perfect map onto a metrizable space.
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Uniform homotopy

by

Allan Calder (St. Louis, Miss.)

Abstract. For X a finite dimensional normal space and Y a compact space, let
B*:[BX, Y1—[X, Y] be the natural quotient map from the set of uniform homotopy classes of maps
from X to Y to the set of homotopy classes of maps. It is shown that if there exists a topological
group G with the structure of a CW-complex of finite type such that its classifying space dominates ¥
then kerf* = 0. Hence if #* is a homomorphism, for suitable group structures on the sets, maps
from X to Y are homotopic if and only if they are uniformly homotopic. The condition that Y be
compact can be removed when considering bounded maps.

This paper is concerned with the problem of when are uniform homotopy and
homotopy equivalent. More specifically, under what conditions on the spaces X
and Yare a pair of maps X—Y homotopic if and only if they are uniformly
homotopic? This is known to be the case when X is countably compact and Y is
compact [5], [16]. On the otherhand, if Y is the circle S* and X is not pseudocompact
then there is a map from X to Y which is homotopic to a constant map but not
uniformly so [5], [8] [25, p. 225].

In fact the techniques used allow consideration of a shghtly different problem,
namely, “when does the embedding f: X—BX of a space into its Stone~ ~Cech com-
pactification induce a bijection p* between the set [X, Y], of homotopy classes
of maps from BX to Y, and the set [X, Y] of homotopy classes of maps from X
to Y. This is equivalent to the original problem for Y compact.

For X a finite dimensional (covering dimension) normal space and Y a space
dominated by a CW-complex B, where B is the classifying space of a group G and G is
a CW-complex of finite type it is shown that f* is onto and has the null ‘class as
“kernel”. Hence if f* is a homomorphism then f* is a bijection. If in addition to
all this, Y is also compact then every pair of maps from X to Y are homotopic if
and only if they are uniformly homotopic. :

As corollaries we have that if X is a finite dimensional normal space-then the
Cech cohomology of X (based on locally finite covers) is isomorphic to that of X in
all dimensions over a finite coefficient group and in dimensions higher than 1 over
a finitely generated abelian coefficient group, and that a map from X into an n-sphere
(n>1) is uniformly homotopic to a constant map if and only if it is null homotopic.
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