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On the greatest prime factor of (ae™-+b3")
by
T, N. Smorey (Bombay, India)

1. Suppose that fis a polynomial with rational coefficients and has
at least two distinet roots. Schinzel and Tijdeman [4] proved that the
equation y™ = f(x) (with =, y, m e Z, [y| > 1) implies that m iz bounded.
In [B], it is shown that the polynomial f can be replaced by & binary
form f(w, 2) (where f(1, 0) = 0) with at least two distinet linear factors,
with (z,2) = 1 and 2 composed solely of powers of primes from a fixed
set. In this paper, we prove a generalization of thiz resulf. The purpose
of this generalization is to strengthen Theorem 3 of [5] on the greatest
prime factor of {ax™+by"). All these results depend on Gelfond-Baker
theory of linear forms in logarithms.

2. For a real number ¢ between 0 and 1 and for an integer m greater
than 1, set

A = max (2 , 6XP (c ((logm) (loglog m))”z}) ,
B =max (2, ¢{(logm) (loglogm))”i").

Denote by S the set of all non zero integers composed of, primes not
exceeding B. Let f(», ¥} e Q[2, ¥] be a binary form of degree n with
J(1,0) # 0. Assume that f{x, 1} has at least two distinet roots. We define
the height of a rational number a/b, (o, b) = 1, as max(|al, [b]). Assume
that the maximum of the heights of the coefficients of f is not greater
than 4. Then we have: o '

TrmorEM. Let d-be a positive integer. Then there exist effectively com-
putable positive constants o, e; depending only on n and 4 such that the
equation

@ wa™ = f(, )

in infegers m, w, %, ¥, s with we 8, ye 8, (v, y) = d, g > 1 implies that

M < Oy
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The proof of the theorem depends on the results of Baker [2] and
Van der Poorten [3] on linear forms in logarithms. As remarked earlier,
the theorem generalizes the resulfg of [4] and [5], Theorem 2. The results
on the greatest prime factor of a polynomial or a binary form are used
in [4] and [5]. We remark that the theorem does not depend on thege
results. This feature appears to be essential for the proof of the theorem
on the lines of [4].

Denote by P[] the greatest prime factor of the integer w. An imne-
diate consequence of the theorem is the following result that strengthens
Theorem 3 of [5].

CoROLLARY. Let n=> 1 be an inieger. Let a and b be non zero integers,
Then for all nan gero integers @, y, m with |z > 1, (az, by) = 1 and m > ¢,
we have

Paa™ 4-05"] 4,5, ((logm) (loglog m))'

where theé constant implied b'y > depends only on a, b, n and is effectwely
compuiable.

To prove the corollary from the theorem it suffices to write amm+ by™
== ¢'2" for the smallest possible integer ¢’ and to apply the theorem to
the equation ax™ == f(y, 2) == - by"4-¢"2™

Proof of the theorem. We shall choose later suitably the constant
¢ depending only on % and d. Here, and below, ¢y, ¢, ... denote cffectively
computable positive constants depending only on » and 4. By straightfor-
ward simplifications, the equation (1) can be transformed to

vwd™ = gz, y),

where o with 1 <o << 4™ is an integer and

g{®, y) = (@E—ay)® ... (2 ay)

Here %, ..., k, are positive integers and ay, ..., o, ave distinet algebraic
integers a.nd gle, ¥) is a binary form with rational integer ns coefficienta
which, in absolute V&lue, do not exceed A%, Ohserve that Ia.‘ 1.“4,
1 =1,...,q. Here ‘ a| denotes the maximum of the absolute values of
the conjugaﬁ;es of a.

Set K = Q(ay, ..., o) and [K:Q] = ¥. Then N = n". We HIPPOHG
that there are 7 real conjugate fields of K and 2, complex (un]ug‘m*
fields of I and that they are chosen in the wusual manner. If o is in K,
then a is real, 1 i< », and

L IS R R

Set # =r-ry—1. We can choose » independent wnits #;,..., 7, such

icm
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that
T
(2) Hlog[njl <6 R,
- J‘#l

where B denotes the regulator of the field K. (For this choice, see Stark
[7], ». 283.)

‘We can assume that m exceeds a sufficiently large integer depending
only on % and 4. Denote by D and & the diseriminant and class number,
regpectively, of the field K. It is easy to check that |D| < A%, From this
inequality and from. a result of Siegel [6], it follows that B < A%, Further
it follows that A < A%,

Denote by py, ..., all the prime ideals of K whick divide the in-
tegers in 8 or the ideal [v] [] [a;—a;]. Observe thatthe absolute value

N ii<i<g
of the norm of the ideal [»] [] [a;— a;] does not exceed. A%. Further the
Tsgi<i =g
number of primes not greater than B does not excecd Zc(logm)”z(log logm)~ 2%

Thus _
(3) t< cmc(logm)”” (loglogm)™

1/2_ ’

Put §, =z—ay for 1<igy and [7,] = pt for 1 <k < t. Observe that
log|Norm (m,}] < 41, Sut § = mf{m, {ky, ..., 5;}), where {k,, ..., %} de-
notes the least common multiple of k., ..., k,. Refer to [5] for details
and conclude thatb

-

Hd i
R b IUg e 3
By =o ”ﬂj"’ ” T WV
where o,

¢; i8 a root of unity of K, b,,eZ, u;,; are non-negative integers
and y; i3 an integer of K. Further ark is an associate on sy, and

() log [my) <

By incorporating every sth power in v, we may assume that the integers
b;; and u,; satisfy

log |Norm ()| + e B << A3,

(8) 0Ch <<, O, <s.
Set '

max ([y7], [§]) = maxmax (7, 19,
[

where the maximum ig taken over all the embeddings of K. If g% = g2,

then by the argnment of [5], we conclude that logmax(jzl, [y]) < 4%4,

Now it follows from (1) that m < ¢,;. Hence we can assume that g} = gf.
Let p be any prime ideal of K dividing a rational prime p < B. We
have )

’

0 = B~ Blly = o ay)* — (@ —any)* |, < 1y
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We can show that
logmax (|82, [Bull) = — A

Now it follows from a result of Van der Poorten ([3], Theorem 2) on p-adic
linear forms in. logarithms and from the inequalities » << B, (2), (3}, (4),
(b) that '

(6) iyl < explm®rrlogmax 1y, 7))
For this conelugion, we also require Lemma C of [5].

For convenience set ¢ = of?y 7 = a7, f; = A7, By = AP
assume that |8, < 4. Then we have

We may

. 1
M eyl = A > max(E, 18D ()

4
1

v
It follows from the earlier estimates that

R c
By > e

Now an application of Baker’s result [2] on linear forms in logarithms
gives

ma:x(lﬁjl ’

mae (47, )

; . 4f18 —m®®1
I(a; — ey > 67 (max ({7, [p{] ))

Using (6), we get

c 8 6020
(8) (0} — )] > & ™4 fmax (yP], )
Assume that
(9) € << (2e50) 7}

Now observe that s/h > mA ™, Since the left-hand side of inequality
(8) does not exceed. 24%, we obtain

@) logmax ({1, f?)) < 4.
Combining (6) and (10}, we get

(11 log [y] < m™*",
We can agsume that

2
(12) log lz] > 2m M,

otherwise log if (2, v}
-if we assume that

(13) ¢ < (do,,)7"
It follows from (11) and (12) that max(|g]l, |8) > exp(

< 20" and it follows from (1) that m < og

2 "
m "), Hence
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by (7) |
0 < MBI —1] < [a]~¥e,

Applying again a result of Baker [2] ox linear forms in logarithms, we claim
that the left-hand side of the above inequality exceeds exp( m™,
Thus we get log|s} < 4m™%, :

If we take

(14) o < (4a,)71,

we conclude, as earlier, from (1) that m < ¢,,. Now choose ¢ with 0 < ¢ < 1
satigfying the inequalities (9), (13) and (14). This completes the proof
of the theorem. : '

Remarks. (i) The theorem can be generalized further. For example,
it ig obvious from the proof that 4 can be taken to be less than 4. The
restriction on the greatest prime factor of the members of § can be con-
siderably relazed. We have not stated the theorem in this generality,
a8 our main purpoge is to prove the resolt on the greaJtest prime factor of
(@™ -+ by™).

(i} It is not necessary to use the result of [6] for the proof of the

\theorem. We could have utilized the choice of units of [1].
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