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Some persopal reminiscences of the mathematical work of
Paul Torin

by

Pavr Erpis (Budapest)

Our friendship and collaboration spread over most of our active
and scientifie life. We first met at the University of Budapest in September
193¢ and immediately discovered our common interest in number theory
and prime numbers in particular. Gur last mathematieal disenssion 11 days
before his death was also about prime numbers. My last letter to him
(written from Canada) arrived after he was already gone . ..

I have written a fairly extensive and highly personsai article about our
collaboration, his personality (as I saw it) and some of his mathematical
work. (See [1] and also [2].) Here I just want to write a few more personsl
reminiscences and a few lines on his mathematical work and his influence
on My OwWn.

Paul Turén did outbtandmg and pioneering work in various branches
of mathematics; his subjects inciude number theory, function theory,
interpolation and approxXimation, pelynomials, differential equations,
numerical algebra, group theory, graph theory and combinatorial set theory.

Probably the most important, most enduring and most original
of Turéng results are his power sum method and its applications. T was
there when it originated in 1938. Turén mentioned these problems and
told me that they were not only interesting in themselves but their
positive solution would have many applications.

Their importance first of all is that they lead to mterestmg decp
problems of & completely new type; they have quite unexpectedly surprising -
consequences in many branches of mathematics — differential equations,
numerieal - algebra, and various branches of function theory.

I will not talk about it here in detail since others more competent
than I wrote about it. (See Haldsz [3].) My main contribution to the
subject was that during my stay in Canberra in 1960 I called the attention
of Atkinson to one of the unsolved problems. This problem of Turdn
was and is extremely fascinating: :
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Let &) =1, I <1, 2<i<n,. Put

f=1

Prove that- there is an absolute eonstant ¢ such that maxs, > . This
1<ksn

he conjectured arvound 1938 — it was settled by Atkinson in 1960 with
e = 1/6 and Atkinson later improved this to 1/3. Turdn later conjectured

that to every & > 0 there isan ny(z) 30 that for every » = n, max 8, > 1—e.
1<Shesn

Certainly a very fascinating and beautiful conjecture. Turdn never
seriously tackled it gince, as he offen told me, life is short and our time is
limited and the number of problems is lirnitless; therefore he preferred
to tackle those conjectures whieh have applications.

Turan had the remarkable and rare abiliby to initiate new and fruitfnl
directions of research in wvariouns branches of mathematics, in which he
gometimes had only & passing interest. I mention just two such examples.
The first one is Turdn’s problem in set mappings (see p. 37 of [1]). In this
case Turan’s interest in the problem was hardly more than momentary,
but the influence on mathematies of this question was cerfainly not
negtigible. The other example is his starting the field of extremal problems
of graph theory (see pp. 38-39 of {1] and Simonovits [4]). Here his interest
was deeper and he occasionally returned fo the subject. Both of these
ideas of Turdn’s greatly influenced my own work; all this is discussed
in some detail in [1}, [2L '

His principal work was undoubtedly number theory, his first and
Iagt thoughts dealt with this subject.

Turin as a student was deeply interested in analytic number theory,
but his attempts of solving many deep problems on prime numbers ab
that time were not successful; he finally abandoned his ideas of those
days as unsuccesstul, but the many hours were not wasted since he acquired
a puperb analytic technique.

His first important sumecess was in 1934 when he obtained a very
simple proof of the theorem of Hardy and Razmanujan according to which

almost all integers # have asymptotically loglogn prime factors. To see.

this Turdn simply proved in a few lines

(1) Zx(v(%)——logloga;)ze_ crloglogaz  {»(n) = 21).

pln

(1) immediately implies the theorem of Hardy and Ramanujan.

A few months later Turén proved that if () iz an irreducible polynomial

with infeger coefficients then for almost all »

|» (f(n)) —loglogn| < p(n)V logloén
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where () tends to infinity arbitrarily slowly. I proved, again using
Turén’s method, that for almost all primes » < &

Ir{p —1) —loglogp| < v(p)(loglogz)"?

and I used the method of Turin a great deal in the theory of additive
and multiplicative number theoretic funetions. His method has been
widely used ever since 1934, and there are various generalizations of it
{(Turdn-Kubilius inequality). '

Now I state some of our joint work from the 1930’s. Our first joint
Paper is on & problem of elementary number theory. (See [1].) We also
gave a simple proof of the following thecrem of Ramanoff: Denote by
I;(k) the exponent of 2mod%; then

—% 1 1
Zm < oo and ZLM ) < ¢clogloga.

My last mathematical discussion with Turédn was on September 15,
1976 (the next day I left for Canada). We talked about the dlstrlbutlon
of prime numbers, which was our oldest and most permanent interest —
we talked about it at our first and last meeting. By the way, both Turén
and Littlewood were “hereties”, i.e. they disbelieved in the Riemann
hypothesis! I myself strongly believe that primes are distributed at random
unless there is some obvious reason to prevent this (e.g. there are no
even primes > 2). By the way, this belief, if properly interpreted, implies
the Riemann hypothesis. Perhaps in & d_lstant and more enlightened future
mathematicians will smile at our naive belief in the random distribution
of primes.

One of Turén’s favorite problems was the distribution of primes
in arithmetic progressions, both locally and globally. The term “prime
number race” was coined by him. This is what he had in mind: Denote
by = (z; @, d) the number of primes p < @, p =amod d. Which of the
@{d) progressions g, mod d wins?, i.e. which of the numbers n{w; a,, 4)
i3 maximal ? Turdn and T — like every other right thm.kmg pergon —

believed that for every permutation Qgpy ones By OF {@1y ...y Gy} there
are infinitely many values o for Whleh
2) 7(@; @y d) > .. > (@ “1'.;(.1';’ d).

Turén obtained some partial results; the general case is intractable at
present. Turan believed that not all the permutations are, in general,
equally probable.

In a posthumous paper which has just appeared Turén and Knapowski
state a very surprising conjecture. The paper was put in its final form
not very long before Turdn’s death and since Knapowski died more than
ten years ago the final formulation and respomsibility for the conjecturs
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iy Turdn's slone. Leb p, < ... be the sequence of consecutive primes.
The subhors remark that no proof is known that for infinitely many »

(3) Pe Epv+l E_p,.i.g El(lﬂ@d 4:);
but they of eourse believe that (3) khas infinitely many solutions. Put
fal@) = Z 1.
Dple
P,.EP.-_;_lElmudt&

They prove that fo(») > (loge)”. Now comes the suri)rising conjecture:

@2
(4) falo) = o(mgm}!

I would certainly believe that
fal@) = (2 +o(L))

Togw

‘We discussed this gquestion on September 15, 1976. Several mathematicians
agked me if I know why Turan believed in (4); in our last conversation
we had no tite for details. Also owing to his illness he fired quickly and
it was very sad to hear him say: “It is too bad that I get tired so easily,
I have so many new ideas to work ont”. Mathemafics occupied Turin’s
mind up to the very end — a few hours before his death his last under-
standable word was G(1)

Using the Riemann hypo‘hesis, Turdn proved that if p(e, b) denotes
the smallest prime = o mod b then

p(a, b) < d{logh)™*

for almost all o, i.e. for all bub ofp{d)) values of 4. Presumably slightly
more is true — we discussed this & great desl 10 years ago; probably
p(a, b) < b(logh)** for almost all ¢ — perhaps for all a. I proved (ecasily
from Brun’s method) that p(e, b) > (1+o)p(bjlogh for at least o (d)
values of . It seems eertain that this holds for every ¢, and perhaps as
€ — o0, ¢, 0, bubt this seems to be beyond our methods even If one
assumes the Riemann hypothesis.

Turdn and T investigated some unconventional problems on primes.
E. g. putting p,,.1 — Py, = d,, we proved that both &, > d, and d, > d,.,
have infinitely many solubions; also ph., > PaPa—s and P2, < 2,00
both heve infinitely many solutions. We never could prove that 4,.,
> d,49 > &, has infinitely many solufions, and n fact we could not
even prove that ab least one of the set of nequalities d,> d,. > 4, .,
or d, < d,., < d,,, hag infinitely many solutions. In fach, there is no
doubt that all the k! orderings between 4, ..., d,,r_, Will occur, but
this again is probably beyond our powers.
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Perhaps I should state three of our favourite conjectures.

1. We started with the following problem: Iet i<, < ... << n
be a sequence of integers which does not contain an arithmetic progression
of %k terms. Denote max? by ry(n). We conjectured ,(») = o(n). This
far-reaching genevalization of the famous theorem of van der Waerden
was finally proved by Szemerédi a few years ago. More recently Fursten-
berg proved it by using methods of ergodic theory. Much further develop-
ment ¢an be expected in the not too distant future. Many unselved prob-

lems remain: presumably i,(n) = a( for every s. To obtain any

Tt
(IOgW)‘)
asympiotic formula or even a good two-gsided inequality for r.(n) or
even ry{n) would be an ountstanding achisvement.

2. Another of our conjectures of more than 40 years ago: Let 1< a,
< ... be an infinite sequence of integers, and denote by f(n) the number
of solutions of #n = a;+a,. Prove that f(n) > 0 for all » > n, implies
limsup f(n) = oo. A stronger version, but perhaps easier to tackle states:
It o <ek® b =1,%2,... then limsup f(n) = oo.

3. Let 1<a, <... < g <\n Assume that the sums a;-+a are all
distinct. Prove maxk = »n'*+0(1).

The last two conjectures are still open. For further details see [1].

Turdn and I did & great deal of work on uniform distribution of se-
gueneed. As is well known, Weyl proved thatif (z,) i3 an infinite sequence
of real numbers and if

N .
1 o1
2nike,
— X [ ()
N Z I
Aa=1

holds for every k then the sequence is nniformly distriboted modl. We
obtain the following guantitative version of this theorem:
Agsame

N . )
(5} sk:iZemnigw(k), Fel,...,m.
=1
Then

| b-a | v\
1-— <¢ i .
] 2 2z n| Nl LTk
a<ry<F{mod ) k=1

Probably our result is not very far for being the best possible. Cur resulb
turned out to be very useful and it has been used a great deal. Turdn
and T obtained 5 very much stronger result on the error terms by using
interpelatory properties — fhose papers were very little msed and
seem to be forgotten. While (5) is often easy to check, i.e. it 18 easy
to apply, our interpolatory conditions are very hard to verify and this
is the reason why they have almost never been uged.
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To finish, T state a few facts about Turin. He himself probably
considered his “new method” to be his most important contribution.
Once, several years before his death, I found him af his desk deeply ab-
sorbed in work. I asked him: “What are you working on?” He answered
smiling “I am building my pyramxd” Perhaps I should explain the
meaning of this to the non-Hungarian reader. They refer to a play of
a fagnous Hungarian writer Maddch (the play, “The tragedy of Man”,
was translated into many langnages, bub is probably not very well
known abroad). In one of the scenes, enacted in ancient Egypt, the Pha-
raoh te accomplish an immortal achievement is building his pyramid.
Thus “building my pyramid” would mean: trying to acecomplish an im-
mortal achievement, which will ive for ever, In fact, he was writing his book.

Several years later, in July 1976, at the meeting on combinatories
at Orsay in Paris, V. T. S6s (Mrs. Turdn) gave me the terrible news
(which she had known for 6 years) that Paul had leukemia. 8he told
me that I should visit him ag soon as possible and that I should be careful
in talking to him beeause he did not know the frue nature of his illness.
My first reaction was to say that perhaps he should have been told s6 that

he could “finish his pyramid”. She said she felt that Paul loved life too.

much and with the death sentence hanging over him would not be able
to live and work very well. (In fact, he could work very well underad-
verse conditions. For example, the theory of extremal graphs was started in
a labour camp in 1940 in the nazi-faseist era.) Nevertheless, 1 am now
fairly sure that her decizion was right, since he clearly never tried to find
out the frue nature of his illness. In fact, a few days before his death,
V., T, 8ds and thefr son George (also mathematician) tried fo persuade
him to dietate some parts of his book to Haldsz or Pintz. He refused
saying “T will write it when I feel better and stronger”. Unfortunately
he never had the chance. Fortunately his book was finished by his stndents
. Haldsz and J. Pintz and will soon appear.

It is always sad when a great man dies while still mentally in his prime.
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The mumber-theoretic work of Paul Turin
by
G. Harlsz* (Budapest)

Paul Turdn made important confributions to many parts of math-
ematies bub it was nmmber theory that eaptivated his interest
unabatedly throughout hig life.

The power sum method. Turén made several attempis to solve the
deepest problems of aralytic number theory, first and foremost among
them being the over 100 year old conjecture of Riemann on the zeros
of the zeta function. The following has proved to be the most suceessful
{not exactly for the purpose for which it was originally intended).

For s, on the vertical line Res = oy > 1 let r(s,) denote the radins
of the largest zero-free disc around s, of the zeta function {(¢); Riemann’s
hypothegis is then equivalent to r(sy) = 0y~1/2. In other words, r(s;)

is the radius of regularity for -%(s) around &, (provided that Ims, is

guffieiently Iarge, so that the pole at ¢ =1 does not come into play)
and by Cauchy’s elementary formula
r(éu) )

r [
Bim sup g/v—* (—( )
r=eca 3-:!0
e

By differentiating a classical approximation to —? (#), the quantity under

1

the »th root can be replaced by

' 1
Z (so— )™’

the summation being extended over a finite number of zeros g of (s}
in the “vicinity” of s,, and attempts to replace the limsup, impossible
to calculate, by finite explicit estimations lead to general inequalities
for sumsz of powers of complex numbers.

b}

* | am grateful to Dr. J. Pintz and Dr. M. Szalay for their valuable help.



