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ACTA ARITHMETICA
XXXVIIT (1980)

On the residue mod 2 and mod 4 of p(n)
by
M. D. HmscaaorN (Kensington, N.8.W.)

For n > 0 let p(n) denote the number of unrestricted partitions of
7, ¢(n) denote the number of partitions of # into different odd parts, and
#(n) denote the number of solutions with n; > 0 of the equation
= ARy} +4d(n,) 16 A(ng) -+ ...

where A(n) = in(n+1).
We prove the following results, namely

TeEROREM 1.
pin) = ¢(n) =r(n)mod?2.
THEOREM 2.
p{n) = qln) = r(n).
THBROREM 3.

r(0) =1, r{2) =0,
and for n =0,
rdn) = r(m)+ D'{r(n—(8K k) +r(n— (8K + )},

k=1

r(dn-t1) = r(n)+ 2 {r (n— (8% —3%)) +r (n — (8K* + 3R))},

k==l

r(4n+3) = r(n)+ Y {r(n— (8% —5k)) -7 (n — (8%* +B5K))),

k=l
r{dn+6) =r(n)+ D {rin — (8K —Tk)) +r{n —(8K* + TR))}.
ka1
Temorun 4.
p(n) =q{n)4-2 2 q(n —2k)mod 4.
=] :
TemoREM 5. :
pn) =r(n)+2 > r(n—2k")modd,
t(.’g?:en
where t(k) is the highest power of 2 which divides k.
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THEOREM 6.

gln) =rm)+2 > r(n—8k)modd.

izl
{(kroven

Remarks. 1. The congruences modulo 2 for p(n) implied by The-
orems 1 and 3, na.mely

plan) =pm)+ D' {p

keml

— (8% — &) +p (n — (8% -1- }))

and 80 on, were first found by MacMahon [2] and were later cmployed
by Patrkin and Shanks [3] (who also gave proofs) in an mvemgatmn of
the parity of p{n) for » up to 2 x 10°%

2. Theorem 2 greatly understates the facts. Indeed p(n) is far groater
than r(n). The first few values of p(m), ¢{») and r(n) are given in the
following table

n 012348 6 7 8 910 11 12
pn) 11 235 711 15 22 30 42 b6 77
gn) 110111 1 1 2 2 2 9 8
n) 110111 1 1 0 0 2 0 1
Proof of Theorem 1.
142"
oot = [ o= - [T
7> =l nz=l
1+m2n- ®) . 1_|__w2n
“[Jer [[ () = 3 e [T (3250)
=l !;:1[ 1— .’.b' n=0 =l 1Hw2n
——«Zq y&"mod 2
a0

‘12

1___7!

2 gin)a® = n (1+m2n—-1) - ”(11+w""“")(1+w"”‘1)

>0 w30 N |

[1 e Z 2"2““-{—&0“’”‘24‘"' ]/n (1 —a*™) by Jaeobi
nz=l
- Zwa(n)/n (1—a'™) =2 g4 Zp('n)w'”‘
n=0 1ae0)

= 2 ﬁd(ﬂ) 2 q w’mmod2

nzd - =0

(since

= 1mod2}, so p(n) = g(#)mod?2.
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from which it follows by iteration that, mod2,

n_ Zmd(ﬂ) 2$4d(n)2m164(n} A Z rin)z®,

nz0 720 nz0 nz=0 nzi

80 g(n) = r{n)mod2.

Proof of Theorem 2. Clearly p(n) >
Let us write > a,a™> 3 b,a™ if

D am)a® = D at™ 3 p(n)

g(n).
a, 2= b, for every ». Then

P 2 A 2 q(n)m-in

=0 n=0

R0 n=0 120 nz0 azd

from which it follows by iteration that

or,

= Zr(w)m",

nzh

D alm)a”
nz{

g{n) = r(n).

Proof of Theorem 3. We have

2 r(n

n»0

H we now

2 24

=0

)mn — E wd(n) 2 wrl-_/l(n) Z ghealn) ,

= 2 24 Zr(w)w"".

n=0 20 nz=l w0 nz0

substitute

2 (xd(an)+md(an+7))+ 2 (mzr(sn4-1)+m4(8n+5))+

nz=l n=l
4 Sﬁ(matan+2)+m4sn+s))+ ($4(3n+3)+m4(sn+4))
[1_|_ 2 322 -4n+m52n‘ I-qn ]+$[1+ Z (m32n2-12n+m3311.2+12n)]_|_

el

+a [1 i— Y‘I gBant—2on | aandiaen ]-l-m [l+ Z(m32n~—zsn+maz"2+nan)]

1 nE=l

and eoropare coefficients, the regult follows.

Proof of Theorem 4.

nE0

PRICEEDY qmmn(iifi)

0 nzl

- Sumffes 5 =)

rL,U ﬂ;:l
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((1) eq. (2.2.12))
= ; q(n)a™ {1+2 HZ}: w2“2}1n0d4,

(since |1+2 3 &} {1+2 3 (=10} =144 3 «*
nzzl ngl np=l

= 1mod4)

from which the result follows.
Proof of Theorem b, Module 4, we have

Dlpma” {1 +2 2 2"2} 2 q(n)a™

l

nzz0 1zl Nl
{1+2 Z' m"’"'z} 2 w4} Z p('n)m"”
Rl n=0 n>0

from which it follows by iteration that, modulo 4,

ij(n)m = {1-}—2 2 m“‘”2} Z wﬁ(n){l +9 Z‘ s } 2 L4

nz=l nal figzl

{1+2 Z }{1+22m9n2} ér(n)m"
{1 (Zm”” “F Zm“" + 2 g’ )} Zr(n)m“
{

Ii

nzl nzl nzxl 0
= 1—]—22 (t(n) 1)@ 2“}21‘(%)#
nzl 0zl
{1 } 2 r{n)a®
i(n)even >0

from which the result follows.
Proof of Theorem 6. Modulo 4, we have

PSS B

n20 fi0 Tzl
= 3 g {1 +2 m‘mz} D r(wyat
il ] Nl
i{m)oven
={1+2 Z‘ o} 3 rimya”
i(n)e.ven 0

from which the result follows.
I am indebted to the referee for his very nice proof of Theorem 4.
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