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A note on Dirichlet’s L-functions
by

R. BALASUBRAMANIAN (Bombay)

1. Introeduction. The aim of the paper 1§ te prove an asympiotic
formula for 3 |L{}+it, y)|2 (see Theorem 1 below). This is an improve-

z

ment of result of Gallagher [3], who proves an upper bound for the sum.
e remarks that it is posgible to get by his method an agymptotic formula
In the range [t| < ¢°". (The condition |t < ¢"¥ as given in the paper
is a migprint.) He also remarks that Selberg and Paley have asymptotic
formulae for {f| < ¢*"~°. We prove below the agymptotic formula in the
range [tf| < ¢*47* In the range [f| > ¢**~*, Gallagher’s result is better
than ours. It is no doubt possible to deduce Gallagher’s result also by our
method, but since the proof ix essentially the same as that of Gallagher,
Wwe are not giving the proof. For some other results, see § 5.

This paper can be considered as a continuation of my paper A nole on .

- Hurwits's Zeta funetion [1].

2. Statement of the theorem.
THEOREM, The asymplotie formula

2 —_—
NG (E+it, ) = %ﬁ’—logth(q(loglogq)z) 0P
x .

+0 (gllstzlzs le10;/10—5,'5)

holds uniformly for all values of g, and t 3= 3.
ConroLrary, If [t| < ¢ then
T 7*(9)
ittty g - Lrogg

X

for all t= 3.

3. Notation. To avoid minor complications, we make the following con- -

vention. A sam of the form 3 fim) is defined to be zero if either b <
a<meh .
or the semiclosed inferval (e, 5] does not contain even one integer. In

5~ Acla Arlilimeliea XXXVIILA
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the sequel, f == 0(g) will mean If| = K'lg| for some abysolute constant JIC,
independent of every parameter, f= 0, (¢ will mean | fl = K lg| where K
may depend on o, ¢ and & Both f< g and g» [ will mean the same a8

=03 fg ~ g{g} will mean Jg{?) =1 s ¢ -+ o

4.. Proof.
Lmvma 1. We kove

(s, 1) - --:-]i,,- _}_j x(a)g(s;%),.

Q -1

where [(s; ajg) is the Hurwitz’s sela funclion.
Proof. Thig is easily proved in Res 2 2 and extended by analytic

continuation.
Iumma 2. We have
- R
Sizts, 2 el
X
where ¢ == Bes. _

Proof. This follows from Lemma 1 and the fact that
S o () it m s
2 x(m
x

“lo  otherwise.
Lemma 3. We have

9

}1
a-ml
{etyq} =1

n(modg) and (m,q) =1, {(n,q) == 1,

C(%’{‘ it, _3)‘« = glogqi+0(g)4-T,--1,

o=l
where
Togr-leel)
; LIEET 1 1
L i T g g

[ S TR
Proof, Mgt of all, observe that

. 1 L
v 8 3t
U 0n s 11 (*J‘e‘; - - ) .
' g
where T is the integer neavest to 4. Taing the hound

- '1- ]"u
N | = 0oy 4 0((2) )

ool (% ’ a)u i
g

- 0('!’ "~)
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. we have,
g a 8
\ ] ., @ U - 1 - 1
T - o ST P
Z C(% Hit, ) - f_\J | 0T log D).
a=1 a=1 0=t | -} —

a=1 n«’mf,l‘ a=] 0<a=T 0I<Sm<S

Q SERN 1 1
> ("F )H“ :gz 2 2 (gn +al* (gm-+ oyt

The terms corresponding to m = # give the main term qlogqt The
terms eorrespondmg to m # n give :

a
1 u 1 1
1 ;§'f 2 2/ (gn + ay+* (gm -+ a)i " +

=1 0T n<m

\% MY ! 1
T (gn -+ (l)H:ET (gm +- a)é'?'i't' -

1 Gsme " Pznsm

Obviously the second term iy the conjugate of the fivgt. We write
the first term as

A
g y > y 1 i
HE & cm+a*+” (gn+ g+ a)™"
o — 4
AR :
e = = et a)t ™ (gnt gh+ )

- qn -

= 1 1
L35S

g S TR YT
m T

b=l fhs=0 M l]H-;-l ( + ‘Q)
Hence the lemma,

Lrwna 4. If I, is defined as in Lemema 3, then

Iy = L4 I+ O (T log 1) - O (7' )"

where _
o
Lo—g NN D 1
: Lt Lt P (o ) &
B=1 mgadl
and
o .
Y ~y 1 1
IB =) l’ ‘

Tit Y
M -k
R ] ATk 1) ( + "Q)
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Proof. We have only to prove that (see § 3), if % is such -that
q(T —%-+1) < 2T, then replacing the upper limit by 27T gives an error
0(T*1log? T) + O(T|¢"). If ¢ =1, 2,3 or 4 it is trivial to prove. If ¢ > 5,

the exror is
S-r 1 ‘“1 1
(k) z...J mi

:c>r zT/a mRe
and observe that T—~2T/q » T. Thig gives the lemwa.
TavmA 5. We have Iy = O(gloglogt).

Proof. Using Lemma 4.10 (page 66) of Titchmarsh {5] wo prove
that

__,mr_i__ o o=ft(logm—log(m+Tg))
112 172
28 =msg(—k--1) (m + kg)
q{T—k+1) .
. 1 —it(logu—1log(u-k =12 =1/
- J ul"“‘(—d—{—kg)”z g~ Ht(logu—log(u f“))du—l—()(q (Tet)™ )
ftmTot-1
: 1
o g {logu—loglutk)) g, +O( ’“”2(7&)”"”2)
Ty
e W (u+k)
Hence
T Pl
1
13 = QZ ” g “il(lﬂﬂ'"*foﬂ(ulk))du_r_o( 1,'2)
I )
= oy (w4 To)2

Now an application of Lemma 4.3 (page 61) of Titchmarsh [5] gives
that

o eTlg 1-
1 X[ G e Ty = 0(¢").
Tl 1 :
Hence it follows that
21 T oefe 1 1 :
I, = Z f S i g t{loB = log(ud-K)) . Yy X
3 =g (g o) ¢ du 0 () = gI, 40 (g")
foeml 1
where
_I_H o Tofe 1 1
I mz f ~tt(logr-—logu--k))
* J W e 7 du.

Rl

I, = O(loglog#) bas been proved in Balasubramanian [1].
Ap we will show below, this almogb completes the proof of the theorem
except for the fact that we have to got a ‘good’ bound for I,.

Here I
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am not able to get anything better than the trivial bound. Any improve-
ment in the egtimate Lor I, proves directly the vahchty of the a;symptotw
formula in a wider range. '

LEMMA 6. We have T, = O (42 T**1log?T).

Proof.
»
1 1 5 1 - : N
Iy =" Z e Z (k+migt* g Z —rw L (Fmin 4 016"
mad k= w2’

Now use the bound £,(5;m/g) = O(Tlfﬁlogzl’) and take the trivial
estimate. This prover the lemma.

LMMA 7. We have the asymptotic formule

g

D +it, ajg)® = glog i+ 0 (gloglogg) +

el .
+ O (gloglogt) + O (¢"*T" ’310g2’1’) +0(Tel.

Proof. The result follows from Lemmas 3, 4, 5 and 6.
LumMa 8. We have

g
M it(h+it, ajg)l* = e(@loggi+ 0 (¢(loglogg)?) +
(a?qTil .
+0 (g(loglog g) (loglogt)] + 0 (g €72 T) 4. O (T %),
Proof. '

2 2(3+it, afg)* = Zm (3-+it, alg)l® > w(@d)

geml dig
(@) =1 dla
gid
= > u(d) 'E+its afg/@)f
dlg a=1

and use Lermma 7. We have also to use the facts iike

EXDTET w0 ((loglog @)

S = 0.
d 2

dlg

Lemma 2 and Lemma 8 eomplete the proof of the theorem.
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5. Few more results. Ay can be cadily seen, our vesult improves the
result of Blliott [2], particularly the second paret of Theorem 1L (i), T4
is not difficalt to improve his other results also and prove the following
theorems. The proof which we have given for Theorem L can be adopted
to prove Theorem 2 and 3 given below. We are giving an outline of an
alternative proof. Accordingly we prove the following theorems,
THROREM 2. If ¢ 48 an integer = 2, s any compler wumber i the strip
Sk = o> 12, we have, for =0

i . y 1 - ] s
D =g | (l-w ﬁn,;)@(.zcr)w O old™0 ).
XAy Wi .

TuwontM 3. (1) We have

. B ) . o

S (g, )P = .(’.é 7

a1

logg-i-0,(q(ogg)?

wniformly in |1 < (logg).
(it) If 1/d <o 12 then

ML (o ity g)IE = 0,(¢* *logg).
: 7! (1]
- (iil) Let cS be a function of g which s

0 (((P (q;n)lL (log q)”)-

For each character y, let s, be a point tn the dise |8 —}| = 8y Then

N iLi(s,, )P Al

ALy q

Tuzorum 4. (i) If g is sufficiently large, there are » g(logq)™ "
L-functions to the modulus g, which are swsh tha

-log g.

1
]L(é‘: x| =0 (qi;ql) (log g)*?

in the vircle |s —3§] < 8, wheve i a small positive aorsland, Ln partieular
they are zero fres in ma virele s —}§| < §,.

. (1) If g 4s a sufficiently large prime, there are > glogg)*
to the modulus g, which are such thai

Le-fumnctions

112
[Els, 4l 2 O (29-%)) (log g)**

wn the cirele [s — 3| < &, where €' is o smau positive constant. In pmtwulw
they are zevo frée im me eirole 13—~~}|
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6. Proof. Tet T = |{|+2. Let y be any non-principal character.
Let £ > 0 be given. If ¢ > 1/2 we start with

oo nih
E 1 w
hz')r‘sx(ﬂ)e (X) =5 Lis+tw, x) X0 (QII) daw,
==l Rew=2
et 50 000
- g P 0 1
X = (¢m) , [ i ]+
and move the line of integration to Rew = Ty /2. This gives

LuMMA 9. For any non-principal character y, we have

o _{rik ] .
2wt me B Lis, 1)+ 0u (gD X7 df 1< o <34
n=1

Using the fact that

m =n(modq), (m,q) =1, n,q) =1;

Lm;ﬂ_) jete it
ijx(”)%( o -otherwise,

and Lemma 9, weprove

S 1 [y
3 2 . ‘“ < — .
2 WLis, I = old 24 {mm)° T

pES ] =l s

(=) (mndq)
o
>" \_‘ (m”) (X) 3! \%) 0 (g0

=1

’ =Y
=¢(q}z PEUDIPIE
n=Lg Wy nEg Mg

=0 (modg) m=n{mod g}
(=]

—;1" N N 2 (g0 T~
EEDDMETDIIEDS |
novg Wy q K101 Ne=l =1

wean (o g) 'm" 1 {mod q)

= 1‘1! ]ﬁ_ Er""‘()( v-IODT—I()t)), Bary

I \1!’ -!'_ 3\!

where 7 denotes the summation over those integers which are relatively
prime o 4. o »
Mo prove Theorem 2, take o> 1/2, ¢ any fixed point and observe

that

ot T
N\ A {(T’) = O (X741 i 12K o< 34,
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Thig gives

st ] 1= o) 016,

pla

Z w0y, (g%, § =2,8,4 or .

This completes the proof of Theorem 2.
To prove Theorem 3 (i), we proceed oxactly in the samo way, taking
o =1/2. By taking 1/4 € ¢ 1/2, and proceeding in t]w BANG Wiy,
. 5000
we prove Theorem 3 (ii). In thede cages wo take X = (g) “”’ s [ ]
- 8 )
7. Proof of Theorem 3(iii)., Wo argue as on page 226 of [2]. Lot
0 < B <1/3 and E= R, besuchthat 6, ;" — 0 a8 g -+ oo, Leb I be a eirelo
with centre 1/2 and -rading R traversed in the anti clockwise diveetion,
Then from the formula

I3(s,, 1) — L%

the theorem follows in view of Theorem 3(11) provided wo impose on B
‘the condition

I !
E'qz MG-Ropg = 0(_9_9_5.-(.1_)“ logq)S

we can choose for instance

<] o)

and this completes the proof.

8. Proof of Theorem 4.

LuMwma 10. Let for character x(xhod q), poinls sy, = @, - ity e givon
which satisfy the following conditions:

%S-“x,r‘{-l: "”Tsﬂé'ﬁx.lf\ﬁtx.z{ o

Tl 7,
C el =L iy ds principal,

ogir =t 31 of  R,2 2
Then

2

* T~d,r

( z,r"i_””x r! x)

C, (logq.[’)l‘m ) < qT

(T 3),

z(modqg) re=1
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and
Ifx L( ) ) 21——1;100
a Oy o4t .y % wr
i L ) AT g T=3).
Z 2 0, (log gTy™™® <1 (T'=3)

x(modg) r=1

Proof. This is Theorem 5 of Ramachandra [4]. (Incidentally, there
is & typographical mistake in the statement of the theorem, viz. Lemma 3
should read as Theorem 3, Further * is missing in the first result.)

Lemwma 11. For every x(modg), let s, be a point satisfying
1

N 1 4'
1084 (logg)

1<o, <t+ and |t <

Then for sufficiently large ¢
1L (o, +t,, 0)I* < g(logg)™.

z{modg)
XFXn )

Proof. Take B, = 1 in the gecond result of Lemma 10 and apply
Holder's inequalitiy.

From Lemma 11, we deduce

LeMuA 12. For every x, let s, be a point in the dise

1
logyg

[S'—‘%IQ a’nd 0-12%'

Then
D IL{s,, 01 < g{logg)*”.
A

Now we prove
Ligvma 13. For every x, let s, be a point in the disc

Then

2 sy, 1) < gl logq)‘“"’
xFExY

Proof. Applying maximum modunlus prineipal to the function

Fiw) = Liw, 1) 6(‘w—gx)2q2(‘w—'8x)
in tho rectangle
1 2
_2\0\%"|' T(')'é“q": “_txf<log 4,
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we can prove that
| 1P (s,)] < 1L+ 1K ()l

where s, i8 a point in ¢ = - 1flogg; [# —t,| < log?g whore the maximum
of the funetion is attained. Ience

DIl < g Y )
Ay 2y
Applying Lemma 11 to the right-hand gide, the resnlt follows.
From Lemma 12 and 13, we deduce
TuMMA 14, For every x, let s, be o point in the dise [s-~4] " 1 flogyg.
Then .
N, 1)1 < glogg™
PG
Now Theorem 4(i) follows from fthe facky

3 5y 2t < - P logg

x:E%y

(Theorem 3(i))

and
G| oy
Z IL(s,, 1)* < gllogg)*™  (Temma 14).
b ’
In case ¢ is o prime, we have o stronger version ol Lemia 14, viz.
Limvmva 15, For every x(mmodyq), ¢ prime, let-s, be o point in the dise
{8 —3% < 1L/logqg. Then
Ny 4 Y
(s, I < gllogg)*. .
AEAy
Thig lemma is casily deduced from the speeial cage of the theorem
given in the appendix of [4], which wo state as
LmMma 16, If g is a prime 2= 2, |lo— %

=< 1logy,
. 2 f |Le(o 1-it, p)I*dt < qllogg,
xek gy M0 :

This completes the preof of Theorem 4.(if),
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