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Provability in arithmetic
and a schema of Grzegorczyk

by

George Boolos (Cambridge, Mass.)

Abstract. S4Grz is the system that results when the schema
(((B = DA)= DA) & (—B = DA) = DA)) = DA

is added to the modal (propositional) logic S4. Let @ map sentence letters of modal logic to
sentences in the language of P(eano) A(rithmetic). Define @4, 4 a sentence of modal logic, by:
Pp =gt (p); P(—A) = —(P4); P(4& B) = (PA& ?B); D(DA) = Bew( 24 )& P4), where
Bew(x) is the standard provability predicate for PA and [ 7] is the numeral for the Géodel
number of the sentence S.

THEOREM. For all sentences A of modal logic, Yage, A ift for all &,Vpa PA.

(This result was independently obtained by R. Goldblatt.)

We shall describe a connection between provability in PA (= Peano Arithmetic,
classical first-order formal arithmetic with induction) and a system of (propositional)
modal logic considered (*) by Grzegorczyk. We are interested in “readings” of
the box (D) of modal logic that concern provability in PA. Accordingly, we let &5 be
a variable ranging over functions from the sentence letters of modal logic to sentences
of PA and define the provability translation A2 (under ) of a sentence 4 of modal
logic as follows: if 4 is the sentence letter p, then A% = #F(p); if 4 = —B, then
A% = —(B®); if 4 = (B& C), then 4% = (B? & C?) (and similarly for the other
non-modal connectives); and if 4 = DB, then 49 = Bew(" B? 1), where Bew(x)
is the standard provability predicate for PA, and S is the numeral for the Godel
number of the sentence S of PA.

It is a well-known consequence of Godel’s incompleteness theorems and their
proofs that not every provability translation of every theorem of the modal system S4
is a theorem of PA. For example, if (Z/(p) is the undécidable sentence S constructed
by Godel, then since Fp(S e —Bew("SN), (Dp—p)?, = Bew( S H—9),
is not a theorem of PA; and if (f(p) ="0 = I, then if Fps(Dp— p)? then
Fea(Bew(T0 = I)— 0 = 1), Fp,—Bew("0 = 1", and (by the second incomple-
teness theorem) PA is inconsistent.

) In [2], p. 230.
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- Solovay has recently shown (*) that the sentences of modal logic all of whose
provability translations are theorems of PA are precisely the theorems of a system
of modal logic he calls G. The axioms of G are all tautologies and all instances of
the schemata D(4 — B) — (DA — DB), DA — DDA, and D(DA— A) — D4; the
rules of inference of G are modus ponens and necessitation. Of course, not ~¢Dp — p.

An interesting question thus arises: is there a “natural” way to read the box
of modal logic that has to do with provability in PA and on which all theorems of
the familiar system S4 represent principles that are universally provable in PA?

Yes: if we define the provability-truth translation 2 4 (of 4 under ) by setting
@4 — §(p) if A is the sentence letter p; 24 = —(?B)if 4 = —B; %4 = (°B& °C)
if A =(B& C); and 24 = (Bew("?B N&? B)if 4 = DB, then it is easy to see
that for all sentences 4 of modal logic, if kg, 4, then Fpa?4 for all . But is the
converse the case? And if not, what is the extension L of S4 such that F, 4 iff Fpa24
for all g5 7 That is, what are the sentences of propositional modal logic all of whose
provability-truth translations are theorems of PA?

Grzegorezyk studied (%) the modal system that results when the schema (Grz)

(B = DA) = DA)& ((—B = DA) = DA))) = D4

is added to S4. ((C = D) may be regarded as abbreviating D(C — D),) We shall
call this systém S4Grz. Grzegorczyk showed that although S4Grz is stronger than S4
(but incomparable with S5), only the intuitionistic tautologies are theorems, when
the intuitionistic connectives are interpreted in the usual way.

The aim of this note is to show that for all sentences 4 of modal logic, Fgsq,,4 if
and only if Fpy?4 for all (. Thus the sentences of modal logic all of whose prov-
ability-truth translations are theorems of PA are precisely the theorems of S4Grz.

The system, which we shall call S4Sob, obtained by adding to S4 the schema

(Sob) (4= DA =>A)— 4,

was studied (%) earlier by Sobocifiski. (Sobocinski called the system S4Sob K1.1;
Segerberg calls it S4Grz in his Essay in Classical Modal Logic (°). Segerberg states,
but does not show, that S4Grz and S4Sob are deductively equivalent. It is of interest
to prove their equivalence, and to do so it clearly suffices to show that all instances
of (Sob) are theorems of S4Grz and that all instances of (Grz) are theorems of S4Sob.

LeMMA 1. Fgugn((d = DA) = 4) — A.
Proof. From rg(—A = 4) = DA and tg, DA = A, we have

) Fsa(~A => DA) = DA.

But then, since

® Fsacu(((4 = DA) = DA)& ((—A = D4) = D4))) = D4,
(®) Theorem 4.6 of [5]: cf. [1] also. .
®) Op. cit.

(* In [4], p. 314, Sobocinski formulates (Sob) with = in place of ~.
(%) Cf. [3], pp. 168-169.
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(1) and (2) imply that

©) Fsagu((d = DA) = DA) = DA.

Now '

) Fga(d = DA) = D(4 => DA)

and '

©) Fsa((4d = DA) = 4) = (D(4= D4) = D4).

From (4) and (5) we have
()] Fsa((4 = DA) = A) = ((4 = DA) = D4).

By (3) and (6), weakening = to —, we have

)] Fsa((d = D) = 4) — DA.
And since

® rsaDA— 4,

we have

® Feagu((Ad= DA)=>4) — 4. B

A Kripke model 4 is a triple (W, R, P) such that W # &, R is a binary relation
on W, and P is a function that assigns a truth-value to each pair consisting of a mem-
ber w (a “world”) of W and a sentence letter. Truth at a world in a Kripke model is
defined as usual, and validity in a model is, as always, truth at all worlds in the

model. .# E ,A4 means A is true at w in 4.
A partial ordering of W is a transitive, antisymmetric relation on W that is

reflexive on W.
LevMa 2. Let W be finite, R a partial ordering of W, and M = (W, R,P}.
Then for all w in W and all modal sentences 4, B.

M E,((B= DA) = DA) & ((~B = D4) = DA)))= DA.
Proof. Suppose that for some w in W, J not F,(Grz), i.e.,
M 00t k(B = DA) = DA) & ((—B = D4) = DA))= DA4.
Then for some x such that wRx,
ME, (B= DA)= DA, MF,(—B=DA)= DA and . not kDA .
Since R is reflexive,

ME, (B= DA)— DA, ME,(~B=DA)— DA, M notk, B= D4,
' and 4 notk, —B=>DA,
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and so for some y’ such that xRy and some p'' such that xRy",
Motk B—> DA, Mnotk,—B— DA, MFEyB, Muotk,DA, ME,~B

and ./ notk,.DA.
Thus y' # y”. Since R is transitive,

M Fy((B=>DA) = DA) & ((— B = DA) = DA))
and .
M Fy|(B= DA) = DA)& ((—B = DA) = D4)),

and thus .# notk,(Grz) and . notk,.(Grz). By the transitivity of R, wRy' and
wRy". But- not both w = 3" and w = y*. Thus for some y, wRy, w s v, and
A not F,(Grz).

Thus if .# not F,(Grz) for some w in W, there exists a sequence {w;};q, of
elements of W such that w;Rw;,; and w; % w;,, and thus, since R is transitive
and W is finite, for some i and some j>i+1, w;Rw;, 1 Rw; and w; = w;, whence
by the antisymmetry of R, w; = w;,,, contradiction. B

According to Theorem 3.2 of Chapter IT of Segerberg’s Essay, Fgasond if and
- only if for all W, R, P, w with W finite and R a partial ordering of W, (W, R, P) k, 4.
It thus follows from Lemma 2 that all instances of (Grz) are theorems of S4Sob.
By Lemma 1, all instances of (Sob) are theorems of S4Grz. Thus for all modal
sentences A, bgygrd i Fgugr,4, iff 4 is valid in all Kripke models W, R, P),
with W finite and R a partial ordering of W.

We define a mapping of modal sentences A to modal sentences "4 as follows:
if A is the sentence letter p, then "4 = p; if 4 = —B, then "A = —(B); if
A= (B&C), then *4 = (*B&"C); and if A4 = DB, then "4 = (D"B&"B).

A strict partial ordering of W is an irreflexive, transitive relation on W. The
correspondence I defined by:

I(R) = R—{{w, w)| {(w,w)e R},
maps the set of partial orderings of W one-one onto the set of strict partial orderings
of W.
LemmA 3. Let R be a partial ordering of W. Then {W,R,P)F,A iff

(W, I(R), Py k' .

Proof. - Induction on the complexity of 4. The only slightly
non-trivial case is that in which 4 = DB. So suppose 4 = DB. Then
(W, R,PyF,A iff for all x such that wRx, (W,R,P)F B, iff for all x
such that wIR)x or w=x, (W,R, PYE.B, iff (by the induction
hypothesis) for all x such that wI(R)x or w = x, {W,I(R), P) k. "B, iff
{W,I(R), Py ¥, D"B and (W,I(R),P)E]B, iff (W, I(R), P) k(D"B&"B), iff
(W,I(R), P>k 4. B '
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According to Theorem 2.2 of Chapter II of Segerberg’s Essay, g A if and only
if for all %, S, P, w with W finite and S a strict partial ordering of W, {W, S, P) k,, A4.
(Segerberg refers to the system G as K4W.) By Lemma 3 and the fact that if S is
a strict partial ordering of W, then there is a partial ordering R of W such that
I(R) = S, the completeness theorems for S4Grz and G quoted from Segerberg
immediately imply

LEMMA 4. For all modal sentences A, Fsagred iff F6'4.

LEMMA 5. For all modal sentences A, 24 = (*4)°.

Proof. Again, all cases except for 4 = DB are trivial. And if 4 = DB, then

%4 = Bew(’BH& )= (Bew("(*B)? ) & (*B)?)
= ((D"B)? & ("B)?) = (D"'B&"B)? = ("4)°. &
Solovay’s theorem on provability translations (°) is that k4B iff Fp, B? for all .
By Lemmas 4 and 5, then, Fgag,4 iff Fg'd, iff Fpa("4)? for all ¥, iff 5,24 for

all &f. We have thus established. ’
THEOREM. For all modal sentences A, FsagnAd iff Fea®A for all 5.
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